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Foreword 


The study of the structure of Lie algebras over arbitrary fields is 
now a little more than thirty years old. The first papers, to my know¬ 
ledge, which undertook this study as an end in itself were those of 
Jacobson (“Rational methods in the theory of Lie algebras”) in the 
Annals, and of Landherr (“Uber einfache Liesche Ringe”) in the 
Hamburg Abhandlungen, both in 1935- Over fields of characteristic 
zero, these thirty years have seen the ideas and results inherited from 
Lie, Killing, E. Cartan and Weyl developed and given new depth, 
meaning and elegance by many contributors. Much of this work is 
presented in [47, 64, 128 and 234] of the bibliography. For those who 
find the rationalization for the study of Lie algebras in their connections 
with Lie groups, satisfying couhtei*parts to these connections have been 
found over general non-modular fields, with the substitution of the 
formal groups of Bochner [40], (see also Dieudonne [108]), or that 
of the algebraic linear groups of Chevalley [71], for the usual Lie 
group. In particular, the relation with algebraic linear groups has 
stimulated the study of Lie' algebras of linear transformations. 

When one admits to consideration Lie algebras over a base field of 
positive characteristic (such ..are the algebras to which the title of this 
monograph refers), he encounters a new and initially confusing-scene. 
It is not simply the case' that new methods must be found to establish 
analogues of the theorems for characteristic zero, but rather that 
almost the only analogues which remain true (with the same degree 
of generality) are those \VhOse traditional-proofs turn out-to have been 
independent of the characteristic anyway. Chapter V of this report 
deals with a number of analogues of fundamental classical theorems, 
and attempts in particular (Chap. V, § 4) to organize the rather awkward 
array of simple modular Lie algebras which would be totally unexpected 
to one acquainted only with the non-modular case. 

Chapter VI is an indication of some ways in which Lie algebras, 
especially those of prime characteristic, have arisen in other areas of 
mathematics; indeed, §§ i and 4 would be meaningless except for 
modular Lie algebras. Present indications seem to be that the Lie 
algebra is assured a lasting and prominent place in the theories of 
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formal groups and algebraic groups of arbitrary characteristic, even 
though it does not serve as handily for general fields as for non-modular 
ones. An attempt has been made in §§ 2 and 3 to skerch its status in 
these theories at present. It is quite likely that progress, especially 
concerning group schemes, has already made my comments obsolete 
at this writing; such obsolescence is probably inevitable by the time 
this monograph reaches public view. I beg the patience of my better- 
informed readers with my efforts to give a hint of these theories to 
readers who may be totally uninitiated. 

One setting in which a rather full modular analogue: of the classical 
theory exists, without constituting a word-for-word translation of that 
theory, is that of Lie algebras with non-singular Killing'forms. I have 
been influenced by the fact of my own participation in the develop¬ 
ment of this analogue to give it a considerable amount of space (Chap. II, 
III, IV and part of Chap. I). I have tried to make the exposition of 
this material nearly complete and self-contained, whereas the rest of 
the book consists more often than not of summary comments with 
references to the appropriate literature. 

It has been my intention to include in the bibliography all papers 
known to me to be relevant, with the occasional exception of short 
research announcements (as in Comptes Rendus or Doklady) whose 
results have since been published in more complete form. I have leaned 
heavily on Mathematical Reviews for guidance to these papers, and may 
therefore be less than complete as to quite recent work. My unfamiliarity 
with Chinese and Japanese, and my inadequacy in Russian, may have 
caused me to give insufficient notice to work published in these languages. 
Joint papers are listed under the name of the (lexicographically) first 
author only; I hope that my colleagues who share with me the tail of 
the alphabet will not feel neglected thereby. 

No attempt has been made to set or to follow fixed procedures as 
to notation. Rather, I have chosen notation and terminology on the 
basis of my own previous conditioning to the matter at hand and on 
the basis of the usage in original sources. Whenever a conflict between 
these guiding principles has arisen, I have not hesitated to follow my 
own preferences. As the reader will soon notice (perhaps to his annoy¬ 
ance) these include a choice of what I regard as local clarity over global 
consistency and a quite conservative attitude toward terminology. 

I regret that Professor Nakayama, who solicited this work for the 
Ergebnisse series, has been taken from us while it was in progress. He 
will be remembered with gratitude and deepest respect. 

It seems certain that I should not be authoring this volume, and 
quite likely that much of the material presented here would not yet 
have been developed, if it were not for the continuing contributions, 
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both to mathematics and to my education, of Professor Nathan Jacob¬ 
son. His methods and ideas are for me models of elegance and imagina¬ 
tion. As teacher, colleague and friend, he has every right to such honor 
as I may do him. 

A multitude of colleagues and students have given valuable advice 
and assistance in the preparation of this work. Among the former, I cite 
P. Cartier, Walter Feit, J. Peter May, T. Tamagawa, Maguerite 
Frank, Richard Block and John Walter. The last three have generous¬ 
ly supplied me with reports of their work prior to publication. My students, 
Richard Pollack and James Humphreys, have read portions of the 
manuscript and have taken me to task for some obscurities and errors. 
Harry Allen and Joseph Ferrar have kept me abreast of developments 
concerning Lie algebras related to the exceptional Jordan algebras. As 
student and later as colleague, David J. Winter has been a frequent and 
very helpful critic and contributor. 

The secretarial staff of the Yale mathematics department and the 
editorial staff of the Springer-Verlag have been most generous and gra¬ 
cious in the typing and further preparation of the manuscript for pub¬ 
lication. Financial support during several summers from grants 
AFOSR-402-63, from the Air Force Office of Scientific Research, and 
NSF-GP-4017, from the National Science Foundation, as well as a Senior 
Faculty Fellowship from Yale University, assisted by National Science 
Foundation grant NSF-GP-65 58, during the academic year 1966—67, has 
contributed to the completion of the work while the author is still rela¬ 
tively young. 


New Haven (Conn.), August 1967 


G. B. Seligman 



Contents 


Chapter I. Fundamentals . 1 

1. Definitions. \ 

2. The Poincar6-Birkhoff-Witt theorem . 5 

3. Free Lie algebras. Restricted Lie algebras. 6 

4. Iwasawa’s theorem. 10 

5. Nilpotent Lie algebras. Engel’s theorem. 11 

6. Cartan subalgebras.14 

7. Semisimplicity. The Killing form. 15 

8. Trace forms, derivations, and restrictedness . 17 

9. Extension of the base ring. 18 


Chapter II. Classical Semisimple Lie Algebras .21 

1. The Cartan decomposition.21 

2. Split 3-dimensional algebras and applications.24 

3. Classical Lie algebras.28 

4. Strings of roots and Cartan integers.30 

5. Fundamental root systems.31 

6. Semisimplicity and simplicity.35 

7. Determination of the fundamental systems.39 

8. Existence of isomorphisms.42 

9. The Weyl group.44 

10. Existence of the classical algebras.45 

11. Generalizations of the theory.48 


Chapter III. Automorphisms of the Classical Algebras 


1. The Che valley groups. 50 

2. The fundamental decomposition of G. Consequences.55 

3. Structure of the Chevalley group.60 

4. Conjugacy of Cartan subalgebras.63 

5- Structure of the automorphism group.65 

6. Realizations.66 

Chapter IV. Forms of the Classical Lie Algebras .73 

1. Forms and splitting fields . 73 

2. Galois semi-automorphisms and 1-cohomology.77 

3- Simple involutorial algebras and the types A — D .79 

4. Derivation algebras of alternative and Jordan algebras.84 

5. Other types.86 

6. Finite fields.88 

7- On automorphism groups..93 













































IX 


Chapter V. Comparison of the Modular and Non-modular Cases .96 

1. Solvable and nilpotent algebras.96 

2. Representations.98 

3- Cohomology.101 

4. Known simple Lie algebras.105 

A. The Jacobson-Witt algebras 28„.105 

B. Some simple subalgebras of 2B„ 106 

a) The class ©„.107 

b) The class SS.107 

c) The class .108 

d) The class %„ .108 

C. Algebras defined by finite groups of functions . . . ..109 

a) Generalized Witt algebras.109 

b) Another generalization of the Witt algebra.109 

c) The algebras of Block. 110 

D. Isomorphisms among known simple algebras.110 

5. Derivations.112 

6. Extension of the base field.115 

7. Cartan subalgebras.116 

8. Nilpotent elements and special subalgebras.121 


Chapter VI. Related Topics .126 

1. Nilpotent groups and Lie algebras. The restricted Burnside problem 126 

2. Linear algebraic groups and Lie algebras.129 

3. Formal groups, hyperalgebras and Lie algebras.133 

4. Lie derivation algebras and purely inseparable extensions.139 

5. Infinite-dimensional analogues of the classical Lie algebras.143 


Bibliography 


146 




163 
































Chapter I 

Fundamentals 

§ 1. Definitions 

Let g be a commutative ring with unit; by a Lie algebra over % 
we understand a unitary g-module £, together with a mapping 
(x,y) [x y] from £ x £ into £ which is a homomorphism in each 
of its variables when the other is fixed, and which satisfies in addition 
the following conditions: 

Anticommutativity: [x x] = 0; 

Jacobi identity: [[x y] z] + [[y z ] x] + [[2 x] y] = 0; 

for all x, y, z G £. If % = Z, the integers, £ is called a Lie ring; clearly 
every Lie algebra may be regarded as a Lie ring. 

Consideration of the quantity [(x + y) {x + y)] — [x x] — [y y], 
which is zero in any Lie ring £, shows that 
(l) Jxy] + \yx] = 0 

holds for all x,y£ £, and conversely if the additive group of £ is 
without 2-torsion, the condition (1) applied to y = x implies anti- 
commutativity. 

If £ and 211 are Lie algebras over the commutative ring §, we 
understand by a homomorphism of £ into 2K a mapping rj\ £-*-©! 
which is a homomorphism of ^-modules and which satisfies [x y] r/ 
= [xrj.yrj] for all x, y £ £. (We follow here the convention of writ¬ 
ing mappings on the right of elements of their domains, as well as the 
concomitant convention that the product written <prj of two mapp¬ 
ings <p, rj represents the result of applying first <p, then rj. Thus x(q>r]) 
— {x <p) r], if x is an element of the domain of <p such that x cp is in 
the domain of rj.) By an ideal in £ is meant a submodule S such that 
[x y] G Si for all x G £, y 6 SB; by (1), all ideals are two-sided. In this 
case, the quotient module £/® carries the structure of a Lie algebra 
over 5, the product being specified by requiring that the canonical 
mapping of £ onto £/£' be a homomorphism of Lie algebras. 

The fundamental homomorphism theorems of group and ring theory 
have their counterparts for Lie algebras. We cite: 
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(A) If rj : 2 -»• 9)1 is a homomorphism of Lie algebras, then the 
kernel 8 of rj is an ideal in 2, the image fij-j is a subalgebra of 9J1, 
and there is a unique isomorphism r\ of 2/® onto 2 rj such that the 
diagram 



2/S 


is commutative. If <p is any homomorphism of 2 into a Lie algebra 91 
(over the same ring) such that the kernel of <p contains S, there is a 
unique homomorphism ip of 2 rj onto 2 <p such that the diagram 



is commutative. The mapping 3 -* 3 rj is a bijection of the set of sub¬ 
algebras of 2 containing S onto the set of subalgebras of 2 rj, under 
which ideals in 2 and ideals in correspond. 

(B) If 911 is a subalgebra of 2 and if S is an ideal in 2, then 9H + 8 
is a subalgebra of 2, 9Jlcs 8 is an ideal in 9J1, and there is a unique 
isomorphism <p of SD r Z/(3K ^ ®) onto (9JI + 8)/8 making the diagram 

911-> 911+ 8 

SK/(SKo 8)(ffll+ 8)/8 

commutative. Here the mapping of 9Jt into 911 + 8 is the inclusion 
mapping. 

If 91 is an associative algebra over g, one verifies at once that the 
definition [pc y] = x y — y x gives 91 the structure of a Lie algebra. 
If 2 is a Lie algebra over %, and if 33 is an g-module, a representation 
of 2 in 33 is a homomorphism of 2 into the set of endomorphisms @(33) 
of 33, where @(33) has the Lie algebra structure resulting as above from 
its structure as associative algebra (the associative product of endo¬ 
morphisms being their composite). An associative embedding of 2 is an 
isomorphism of 2 onto a Lie subalgebra of an associative algebra 91 
over g- Since every associative g-algebra 91 (1 G 91 is assumed) is 
mapped isomorphically onto a subalgebra of @(91) by the map x ->■ R x> 
where y R x — y x for all y 6 91, we see that if 2 has an associative 
embedding, then 2 is isomorphic to a Lie subalgebra of some @(3S), 
33 an g-module; i.e., 2 has a faithful representation. 

Certain Lie algebras and their subalgebras will be especially import¬ 
ant in this exposition; they should also serve as examples to illustrate 
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the preceding concepts. For each x in a given Lie algebra £, the mapp¬ 
ing y [y x] of £ into £ has been traditionally denoted by ad x. 
The defining identities in £ yield: 

(2) [z [x y]] = [[* x] y] - [[z y] x]; 

(3) [[y *] x] = [[y *] z ~\ + [y D* *0 • 

From (2), ad [#y] = (ad x) (ad y) — (ad y) (ad x), the multiplication 
on the right being the associative multiplication in ©(£). Thus x -*■ ad x 
is a representation of £ in £, called the adjoint representation. The 
kernel of this representation is the set of all x G £ such that [y x] = 0 
for all y G £; this ideal is called the center of £. The identity (3) says 
that ad x is a derivation of £, where the notion of derivation may 
be defined more generally as follows: If 33 is an arbitrary, not-neces- 
sarily-associative ^-algebra (no identity element in S3 being assumed), a 
derivation of S3 is an endomorphism D of S3 as ^-module, which satisfies 
in addition the condition (b c) D = (b D) c + b[c D) for all b, c G S3. 

Now if S3 is as above, the totality of derivations of SB is a Lie sub¬ 
algebra 35(83) of ©(S3); for 25(S3) is clearly a submodule of ©(S3), and 
if D , E G $ (S3), we have 

{b c) (DE - ED) = ( b(DE - ED)) c + b(c{DE - ED)), 
i.e., {b c) [DE] = [b[DE]) c + b{c[DE\), so that [DE] G 25(S3) as 
required. In particular, 35(£) is a Lie subalgebra of ©(£) containing 
the image ad(£) of £ under the adjoint representation. If DG2>(£), 
and if x, y G £, then 

y [(ad x ), D] = [y x] D — [(y D) x] = [y(x D)] = y ad (x D ); 
thus [(ad x), D] = ad (x D) G ad(£), so that ad(£) is an ideal in 25(£). 
The derivations of £ belonging to ad(£) are called inner derivations. 

If £ is a Lie algebra over §> and if SOI is a subalgebra, then let 
31(311) be the set of x G £ such that [x 331] C 3K; 3t(3K) is readily seen 
to be a subalgebra containing 3K, and 3K is an ideal in 3 f l(3K); 31 (W) 
may also be characterized as the largest subalgebra of £ containing 3Jt 
as an ideal, and is called the normalizer of 3)1 in £. If ft and 3)1 are 
ideals in £, so are S + 3)1 and [ft 3JI], the latter being defined as the 
smallest submodule of £ containing all products [k m ], where /s G ft, 
m G 3k. More concretely, we may realize [ft 3k] as the set of finite 
sums Jj [k L m ; ], k t G ft, m t G 3k. In particular, [£ £] is an ideal in £, 
called the derived algebra of £. If [£ £] = 0 (in other words, if £ is 
its own center), we say that £ is abelian. 

A universal associative algebra for £ consists of an associative %- 
algebra 11 and a Lie homomorphism q> of £ into 11 such that: if S3 is 
any associative g-algebra and ip a Lie homomorphism of £ into S3, 
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there is a unique homomorphism rj : U —58 of (associative) g-algebras 
such that the diagram 


£^ XX 



is commutative. (For our purposes, associative algebras have an identity, 
and homomorphisms are unitary.) Being defined as a solution to a 
“universal problem”, IX and <p are unique in the sense that if S3, y 
is a second such pair, then the unique mapping rj as above is an iso¬ 
morphism of XX onto 58 (cf. [47, § 2; 234, Chap. 5]). The existence of 
a universal associative algebra for £ may be seen as follows: Ignoring 
for the time being the product in £, we form the tensor algebra 2(£) 
[46, 74, 75, 222, 234]. This may be constructed as the direct sum of 
the ^-modules g, £, £ 0 £, £ 0 £ 0 £, . . ., with a product u ■ v 
defined by bilinearity and <x-x = x-tx = cxx, «€ g, *££(£), 
(% ® • ■ • 0 x m ) - (y x 0 • • • 0 y n ) — x x 0 • • • 0 x m 0 y 1 0 • • • 0 y n , 
where x it y- } € £. What is important here is that T(£) is an associative 
^-algebra with an g-module homomorphism 99': £ ->■ %(S) such that 
if 58 is a second associative g-algebra and xp: £ -v 58 a homomorphism 
of g-modules, then there is a unique homomorphism of g-algebras 
rj\ % (£)->- 58 making the diagram 



commutative. Now let be the two-sided ideal in £(£) generated by 
the elements (x 9/) (y 99') — (y 99') (x 99') — [xy\<p', x , y G £. Let IX be 
the quotient g-algebra £(£)/Q, and let 99 be the composite of 99' and 
the canonical homomorphism of $(£) onto XL. Then if 58 is a second 
associative algebra over % and y> a Lie homomorphism of £ into 58, 
let rj' :£(£)-> 58 be as above; applying rj' to (x 9 o') (y 99') — (y 9/) (x 99') — 
— [ x y] 99' gives (x xp) (y xp) — (y xp) (x xp) — [xy]xp, which is zero by 
the fact that xp is a Lie homomorphism. Hence the kernel of rj' contains 3f, 
so that there is a unique homomorphism rj: 11 -»■ 58 such that 

£(£)^'U 

58 

is commutative. Thus we have 9977 = 99' (canon.) rj = (p’rj' = xp, and 
if f: IX -»■ S3 is a second homomorphism with cp'Q = xp, then 99' 
(canon.) f = xp, or (canon.) £ — rj' by uniqueness of rj'] then £ = rj 
by uniqueness of rj in the last diagram above. The existence of a uni- 
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versal associative algebra is thus settled; this does not however show 
that £ has an associative embedding, since the mapping q> may have 
non-trivial kernel [59, 90, 366]. We consider this question in the next 
section. 

§ 2. The Poincare-Birkhoff-Witt theorem 

Let £ be a Lie algebra over % as before, and suppose further that 
£ is free as g-module, with basis B Q £. We assume B to be linearly 
ordered (e.g., by the well-ordering theorem). Let IX be the universal 
associative algebra of £, cp the mapping of £ into U, both constructed 
as in § 1. Then the Poincare [321] -Birkhoff [31]-Witt [415] (or 
“P-B-W”) theorem asserts the following: 

Theorem 1.2.1. 11 is a free ^-module, with basis consisting of 1 
and the standard monomials (Zq <p) . . . ( b n <p) , b-^B, b x b„ , 

n = 1,2 ,...; that is, the restriction to the (free) submodule of %{2) 
with basis 1 and the b v ® ® b n , b x sj--:*-* • <X b n , of the canonical 

homomorphism onto XX is an isomorphism of this ^-module onto the 
^-module XX. In particular, £ is mapped isomorphically into XX. 

Proofs of this theorem are to be found in [234, 64, 56, 47, 269] as 
well as in a number of research papers. The proofs in these references 
usually establish as well that XX admits a filtration such that the as¬ 
sociated graded algebra is the symmetric algebra @(£) (i.e., the com¬ 
mutative polynomials in a basis) of the ^-module £. The fact that 
the latter algebra has no zero-divisors if g has none and is noetherian 
if B is finite and % noetherian implies, under these conditions, that XX 
has no zero-divisors and is left (or right) noetherian. It follows by 
theorems of Goldie [152] and Ore [ 313] (see also [234, Chap. 5, and 
387]) that XX may be embedded in a division ring of left or right quo¬ 
tients. For proofs of the embedding property of <p under other hypo¬ 
theses as to the structure of £ as g-module, cf. [59] (g is a Dedekind 
ring), [90] (the additive group of £ is torsion-free), [277] (£ is a direct 
limit of cyclic g-modules), [417] (3 is the integers). 

It is by means of the associative algebra XX that the homology and 
cohomology of the Lie algebra £ can be defined so as to fit into a gen¬ 
eral theory of homological algebra [56, Chap. 13]. The question as to 
which filtered algebras generated by the module £ have ©(£) as as¬ 
sociated graded algebra has been studied by Sridharan [3 77]. He 
showed that these algebras all arise from a Lie algebra structure on 
£ and a 2-cocycle / on the Lie algebra £ with values in the trivial 
£-module [5, by construction of an algebra XX/- which is analogous to 
XX in being universal for [y-homomorph isms q of £ into 6(9Jt), 3H being 
an [T mochde, and satisfying 

[xQ,yq\ = [xy] e + f{x, y) I, 
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I being the identity map of 2JI (cf. also [89])- The algebra IX; has many 
properties in common with XI (= Xl 0 ). Relations between its left global 
dimension [56, Chap. 6], the rank of the free ^-module £, and the 
global dimension of % have been studied in [155, 319, 324]. Bern at [30] 
has studied the center of the division ring of quotients of XX in some 
cases where such a division ring exists. 

§ 3. Free Lie algebras. Restricted Lie algebras 

Given a set M, one may define a free Lie algebra (over %) on M 
to be a Lie algebra £ over $ and a mapping <p: M ->■ £ such that when¬ 
ever 3? is a Lie algebra over $ and ip a mapping of M into there 
is a unique homomorphism of Lie algebras rj: £ ->• 3X, such that the 
following diagram is commutative: 

M —^ £ 

31 

A free Lie algebra on M may be constructed by forming the free non- 
associative algebra S3 (without 1) on M, then factoring out the two- 
sided ideal generated by all elements x x, (xy) z + (y z) x + (z x) y, 
*,y,zG93. By appeal to the P-B-W theorem, it is possible to give 
a simpler description of a free Lie algebra in the cases where that 
theorem applies, as well as to show that the mapping q> is one-one. 
Namely, let % be the free associative algebra with 1 on M, i.e., the tensor 
algebra of the free g-module 3Ji with basis M. Then 2 is a Lie algebra 
with \xy\—xy — y x, and since M is embedded in 3)1, which in turn 
is embedded in S, we have a one-one mapping cp of M into the elements 
of degree one of %, such that the image M<p, together with 1, generates 
the ^-algebra X. Let £ be the Lie subalgebra of X generated by Mcp. 
Then we have the following theorem, due to Witt [41 5]: 

Theorem 1.3.1. If % is a field, then £ is the free Lie algebra on 
M and % is its universal associative algebra. 

For if is a second Lie algebra over % and ip a mapping of M into 31, 
let U(3l) be the universal associative algebra of 3c. The mapping y of 
3X into XX (31) affords a mapping ip' = ip y of M into XX {31); hence there 
is a unique homomorphism 1/ of g-algebras: T XI (9X), such that 
cprf — ip'. Since g is a field, 31 is a free g-module, so that y is one- 
one by the P-B-W theorem; moreover, r]' maps £ onto the Lie sub¬ 
algebra of Xl(STi) generated by Mcprj' = Mip' = Mipy. Since y is a 
one-one Lie homomorphism and since Mip generates a Lie subalgebra 
of 9t, the Lie subalgebra of XX( S J1) generated by M 99 r/ may be identified 
via y- 1 with a Lie subalgebra of 31. Let rj be the mapping rj'y- 1 , a Lie 
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homomorphism of £ into 91 such that 9 >rj = ip; by the fact that Mq> 
generates £, r] is the only such homomorphism. Thus £ is the free Lie 
algebra on M. If 93 is an arbitrary associative algebra (with t), and 
if <7 is a Lie homomorphism of £ into 93, then <p a maps M into 93, 
so that there is a unique homomorphism t: % - > 93, with <p x — <p 0 . 
That is, a and r coincide on M rp , and since M <p generates £, they 
coincide on £. Now any algebra-homomorphism of % into 93 is deter¬ 
mined by its values on £, since Mq>QS generates 2. Thus r is the 
unique extension of a to %, so that % is the universal associative algebra 
of £. 

It will be noted that £ is always the universal associative algebra 
of £, without restriction on the commutative ring g, while the exist¬ 
ence of an extension of f. M -v 9? to a homomorphism of £ into 91 
depends only on the P-B-VV property for 91. 

Free Lie algebras and Lie rings (i.e., algebras over Z) have been 
studied by M. Hall [159], Shirshov [ 367—369] and Witt [418] with 
regard to the analogue of the Schreier-Nielsen theorem for groups, as 
well as to the determination of explicit bases. In particular, every sub¬ 
algebra of a free Lie algebra over a field is free [367, 418]. 

If the ground ring § is a field of prime characteristic p, and if the 
set M consists of the two elements x, y (which we identify with ele¬ 
ments of %), then it is known [58, Expose 3; 234, Chap. 5] that the 
element A p (x, y) = (x + y)P — x p — yt> oi % is in fact in £, and that 
A p (x,y) is a linear combination of monomials A x (ad x 2 ) . . . (ad x p ), 
where each x t is either x or y, and where one may always take x x = x. 
With this latter convention, the term in a (ad y)e _1 occurs with co¬ 
efficient one. Since A p (x , y) is a uniquely determined element of £, 
it makes sense to define A p (u, v) whenever u and v are elements of 
a Lie algebra 9J1 over $, as the image of A p (x , y) under the homo¬ 
morphism of £ into SOI sending x into u, y into v. 

Now in any associative ring 91, one has 

(4) *(ad y) k = 2' (-1)“'( * ) 

so that if 91 is an g-algebra, (ad y) p = ad (ye) for all y € 91. With the 
aid of the definition of A p (x, y) , one can define a restricted Lie algebra 
(Jacobsox) as a Lie algebra £ over a field g of prime characteristic p, 
together with a mapping z z'p I of £ into £ satisfying the identities: 

a) ad(ztP’) = (ad z)P] 

(5) b) (<xz)W = txPzM; 

c) (y + z)M = y'^p ] + * tp] A p {y, z); 
for all y, 2 6 £, all »€.%. 
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In particular, any Lie subalgebra of an associative algebra SR over 
g is a restricted Lie algebra if it is closed under p- th powers in SR. 
As a special case, one sees from the Leibniz formula that the Jy-deriva- 
tions of any (not necessarily associative) algebra over % form a restricted 
Lie algebra [211, 215]- Furthermore, if £ is an abelian Lie algebra 
over g, so that A p (x, y) is always zero, then £ is made into a restricted 
Lie algebra by any ^)-semi-linear mapping, i.e., an additive mapping 
P: £ £ such that (xx)P at’ (x P) for all xG£, »cg. Such 
algebras have been studied in [225]. 

It will be noted that if g is a commutative ring with p % — 0, 
every Lie algebra £ over % may be regarded as a Lie algebra over 
the prime field Z p ; thus the element A p (x, y) € £ is defined for x, y € £, 
and we may define the notion of restricted Lie algebra over $ just as 
when g is a field. 

By a restricted representation of £ in the g-module SB we mean a 
representation <p of £ in SB with (xtrt) cp — (x cp) l> , the right-hand side 
being the p- th iterate of the endomorphism x <p of SB. The notions 
of restricted homomorphism, restricted subalgebra, restricted ideal are 
now easy to express, as are the counterparts of § 1 above; in particular, 
it will be noted from (5) and § 1 that the adjoint representation is 
a restricted representation of £ by derivations of £. 

A restricted universal associative algebra for £ (restricted) is an 
associative g-algebra u and a homomorphism <p: £ -»■ U of restricted 
Lie algebras, such that if SB is a second associative algebra and tp a 
restricted Lie homomorphism of £ into SB, there is a unique homo¬ 
morphism U SB of ^-algebras such that 


£-^>U 



is commutative. The uniqueness of 11 and cp is clear; following Jacob¬ 
son [215], we shall refer to such an algebra U as the u-algebra of £. 
A construction for U and <p is now reasonably apparent; let IT, cp' be 
a universal associative algebra for £, and let $ be the two-sided ideal 
in IT generated by the elements (x'")) q>' — [% q v’)p, x € £; let 11 = U'/S, 
and let qo be the composite of cp' and the canonical homomorphism 
of U' onto U. One verifies easily that U, cp has the required properties. 
We also have the following analogue of the P-B-W theorem: 

Theorem 1.3.2 (Jacobson [215]). Let £ be a restricted Lie algebra 
over the commutative ring % with p g = 0, and suppose £ is a free 
[^-module with the linearly ordered basis B. Then the mapping cp of £ 
into its w-algebra U is one-one and, identifying B with B cp, U is a 
free g-module with basis the monomials b s p . . . b‘p, b t < • ■ • < b k , 
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1 5S s t < p . In particular, if B = {b l , . . b n } is finite, 11 has as basis 
the monomials by . . . b s ", 0 ^ s ; < p , hence is a free g-module on p n 
generators. 

The idea of the proof of this and several other results to be given 
below lies in the fact that one can choose a basis for the universal 
associative algebra U' which is compatible with relations of the type 
introduced in the formation of U. More precisely, the algebra U' is 
filtered ; IT is the increasing union of (lO, where \X' n is the set of linear 
combinations of products of at most n factors from B q >'; one has 
U' = g, U- 11 j £ Vi'i+j. We identify B and B <p'. Now suppose that for 
each b € B there is an element z (b) in the center of U' and an integer 
n(b) such that b n,b) = z(b) modU^ (6) _i. (For example, bP = bP — 

— b'-ib modllp-i, and bP — Up 1 centralizes S, hence IT, in the Theorem; 
it will be noted, though, that no assumption of restrictedness is made 
on 2 in formulating the general principle.) Then one has the following 

Lemma 1.3.1 (Jacobson). A basis for U' consists of the elements 

(6) z{biY l . . ■ z{b, n ) r ™ by . . . b%, 

where &!<•••< b m , 0 ^ fj, 0 ^ Sj < n(bj ), rj + Sj > 0, m = 0, 
1 ,2,... 

For by the condition 6 re(W =z(&) modU^.! and the P-B-W 
theorem, the above elements are independent; moreover, each standard 
monomial b^ . . . b'™ is congruent modulo U t '_ l , where t = £ h> do 
ziUyi. . . z(b m ) rm b{' . . . 6f“, where t t = r £ n{bf) + s it 0 ^ s £ < n(bi ), 
from which the lemma follows by induction on t and the P-B-W theo¬ 
rem. (For more detail cf. [234, p. 189].) 

With the notations preceding the statement of Th. 2, we see that 
the ideal ® contains all the basis elements for U' involving at least 
one factor z ( b ) = bP — bW ■ furthermore, it follows from the properties 
of the ^>-power in U' and the map x in 2 that S' is generated 

as an ideal by the z(b), b 6 B. Hence the basis elements (6) involving 
a factor z(b) must span S'. That is, the remaining basis elements have 
cosets which form a basis for U'/S = U. This is the assertion of Th. 2. 

Theorem 1.3.3 (Jacobson). Let 2 be a Lie algebra over the com¬ 
mutative ring g with p g = 0, and let 2 be a free g-module with 
basis B. Suppose given a mapping b -> Up'* of B into 2 such that 
ad(6'Pl) = (ad b)P for all b 6 B. Then there is a unique p -power opera¬ 
tion in 2 extending the map on B and relative to which 2 is a restricted 
Lie algebra. 

Uniqueness is immediate from the identities (5), b) and c). To see 
the existence, we may assume B linearly ordered, and set z(b) = bP — 

— fitPl in 11', as in the proof of Th. 2. Letting S' be the ideal in 11' 
generated by these z (b ), it follows as above that 2 is embedded in the 

2* 
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associative algebra U'/if = U", and that if y == v G £ £ U" 
(«i€g, bi£B), then f - G S, i.e., yP —or 

yP G £. The map a of U" thus maps £ into £ and extends b -> 

It is clear that any Lie algebra £ over % which has an associative 
embedding can be mapped isomorphically into a restricted Lie algebra. 
This is of course the case if g is a field. More generally, Cohn has shown 
that for the existence of an embedding of £ in a restricted Lie algebra 
it is sufficient that the mapping oc -*■ <x p of Tj be an automorphism; 
also sufficient are the joint conditions that g have no nilpotent ele¬ 
ments and that be pure in He has also given examples of Lie 
algebras, over rings satisfying each (but not both) of the latter condi¬ 
tions, which are not embeddable in restricted Lie algebras, and of 
restricted Lie algebras without associative embeddings [91]; cf. also [215], 

§ 4. Iwasawa’s theorem 

The P-B-W theorem has the consequence that a Lie algebra £ 
over a commutative ring §, which is free as [y-module, has a faithful 
representation in a free g-module, namely the universal associative 
algebra. However, this module has no finite basis, even though £ may 
have a finite basis. The theorem of Ado asserts that if £ is finite¬ 
dimensional, where % is the real field, then £ has a faithful finite¬ 
dimensional representation. Combined with the correspondence between 
closed connected subgroups of a Lie group and subalgebras of its Lie 
algebra, this theorem yields the conclusion that every real Lie algebra 
is the Lie algebra of a real Lie group of matrices. The theorem of Ado 
has been extended to Lie algebras over arbitrary fields, the proof being 
split into the case of characteristic zero, where Harish-Chandra [165] 
has given the proof which seems to enjoy (and deserve) the greatest 
popularity, and the modular case, originally treated by Iwasawa [208] 
and where a brief and elegant proof has been given by Jacobson [221]. 
In keeping with the central theme of this report, we give here only 
Jacobson’s proof in the modular case, referring to the extensive literature 
for the case of characteristic zero; for once, the modular proof is more 
elementary than the non-modular one. For the latter, one may consult 
[4, 3L 47, 55, 64, 72, 234], in addition to the references above. 

Theorem 1.4.1 (Iwasawa). Let £ be a finite-dimensional Lie algebra 
over the field jy of prime characteristic p. Then £ has a faithful finite¬ 
dimensional representation. 

Namely, let b lt . . b n be a basis for £. For each b it the space of 
linear transformations of £ spanned by ad b it (ad SJp, (ad J 1 ) p2 , . . . 
is finite-dimensional, from which it follows that there is a non-zero 
monic polynomial m^X) G g[A] of the form m^X) = JF xjXp* (a “p- 
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'll 

polynomial”) with m, (ad b) =0. By replacing m, (X) by m l (X )p if 
necessary, we may assume its degree d t > 1. Translating this condition 
to the universal associative algebra 11 of 2 we have that in U, xm l (ad £,) 
= o = [x, Wi(6 f )] for all x £ 2. Thus each m t (b,) is in the center of U. 

Now let ^ ( b t ) = ( b t ) for each i , and let 8 be the ideal in IX gener¬ 
ated by these z(b ; ). As in § 3, it follows from Lemma 3-1 that the cosets 
of the monomials b{'... b s ", 0 52 s k < d k , form a basis for U/3, and 
(since each d k > 1) that the canonical mapping is one-one on 2. That 
is, the canonical mapping defines an embedding of 2 in U/3. This 
completes the proof. 

It may be remarked that Jacobson’s analogue, for the w-algebra 
of a restricted Lie algebra, of the P-B-W theorem (Th. 3-2) proves 
the result analogous to the above for finite-dimensional restricted Lie 
algebras, namely: 

Theorem 1.4.2 (Jacobson). Let g be a commutative ring with 
p g = 0, 2 a restricted Lie algebra over $ which is a free g-module 
on a finite basis. Then 2 has a faithful restricted representation in a 
free [J-module with a finite basis, viz., in its w-algebra. 

Hochschild [200] has shown that the conclusion of Th. 1.4.1 can 
be sharpened to assert that there is a faithful finite-dimensional re¬ 
presentation q such that x« is nilpotent for each x £ 2 with ad x nil- 
potent. 

§ 5. Nilpotent Lie algebras. Engel’s theorem 

If 2 is a Lie algebra over $> we set 2 2 = [2 2], and in general, 
for k Sg 2, 2 ,! = [2 A " 1 2], with 2 1 = 2. Then all 2 k are ideals in 2, 
and 2 1 2 2 2 2 ' ' ' ■ The ideals 2 * make up the lower central series of 2. 
As with groups, 2 is called nilpotent if 2 ,v = 0 for some k. 

Now let 2 be a finite-dimensional Lie algebra over a field 5- The 
classical criterion of Engel for the nilpotency of 2 is valid over arbi¬ 
trary fields; that is, it is clear from the definition of 2 k that for any 
x£ 2, 2 (ad x) k Q 2* +1 , hence that if 2 is nilpotent then so is ad % (as 
linear transformation of 2) for every x£2. Engel’s theorem asserts 
the converse, which follows immediately from the following version: 

Theorem 1.5.1 (Engel’s Theorem). Let 33 be a non-zero finite¬ 
dimensional vector space over a field g, and let 2 be a Lie subalgebra 
of ©(33) consisting entirely of nilpotent transformations. Then there 
is a non-zero v G 33 such that v T = 0 for all T € 2. 

We prove the assertion by induction on the dimension of 2, say d, 
there being no difficulty if d = 0 or 1. Thus let d > 1, and assume 
that the result holds for all Lie algebras of nilpotent linear transforma¬ 
tions (of any finite-dimensional space) of dimension less than d. First 
we show that 2 contains an ideal of codimension one. Namely, let S3 
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be a proper subalgebra of £ (e.g., a one-dimensional subspace); then 
for each b € S3, it follows, by (4) and the hypotheses, that ad b is nil- 
potent, acting in £. Thus S3 is an invariant subspace of fl relative to 
the adjoint representation of S3 in £, so that a representation of S3 by 
nilpotent linear transformations is induced in the quotient space £/S3. 
Since the representing algebra for S3 has dimension -<d, this algebra 
annihilates a non-zero element of £/S3, i.e., there is c € £, c € S3, such 
that [c S3] C S3. Thus S3 is properly contained in its normalizer in £. 
Taking St to be a maximal proper subalgebra of £, one now sees easily 
that St is an ideal of codimension one. 

Now we may assume by induction that there is a vector x =]= 0 
in S3 such that x 31 = 0. Let SB be the set of all x € S3 such that x 91 = 0, 
a non-zero subspace of S3. Let T £ £, T € 91, so that £ = $T — St; 
then x£ SB, N £ 91, implies xTN = xNT + x[TN] = 0, since f TN] 
is in the ideal St. Thus SBT Q SB, so that by nilpotency of T there is 
v =)= 0 in SB with vT — 0, therefore with v £ = 0. This completes the 
proof. 

Corollary 1. Let S3 and fl be as above. Then there is a chain of 
subspaces S3 = S3 0 D S3! D • • • D S3,, = 0 for S3, such that S3 i+1 is of 
codimension one in S3; and such that S3;£ Q S3 i+ i, 0 ^ i < n. That is, 
there is a basis for S3 relative to which the matrices of all T £ £ are 
properly (upper) triangular. 

Corollary 2. Let £ be a finite-dimensional Lie algebra over g. 
Then £ is nilpotent if and only if ad x is nilpotent for all x £ £, and 
in this case there is a chain of ideals £ = fl 0 D £i D • • • D £„ = 0 in 
£, £ i+1 of codimension one in £ ; and [£; £] C £ i+1 , 0 <n. 

Corollary 1 follows by the fact that every composition factor of S3 
as £-module is one-dimensional and annihilated by £; the S3; may be 
taken as an arbitrary composition series. The desired basis is obtained 
by choosing a basis for S3 which contains a basis for each S3;. Corollary 2 
follows from the theorem and from Cor. 1 by noting that these together 
imply the existence of such a chain of ideals when every ad x is nil- 
potent, and then that £ ,c C £ fc+1 by induction on k; thus fl" -1 = 0. 

It is clear from the above that if £ is a Lie subalgebra of ©(S3), 
the nilpotency of all T £ £ is a sufficient condition for the nilpotency 
of the Lie algebra £. This condition is by no means necessary; for 
example, any one-dimensional subspace of ©(S3) is a nilpotent Lie 
algebra. In case jy is algebraically closed, the following may be regarded 
as giving a characterization of nilpotent Lie subalgebras of © (S3): 

Theorem 1.5.2 (Zassenhaus [419]). Let S3 be a finite-dimensional 
vector space over a field g, and let £ be a nilpotent Lie subalgebra 
of ©(S3) such that, for each T€ £, all characteristic roots of T are 
in b°r each fy-valued function <p on £, let S3,, be the set of v £ S3 
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such that for each T G 2, there is a positive integer n with 
V (T - <p{T) /)" = 0. Then 23„ 2 C 23,, for all <p, and S3 is the direct 
sum of the non-zero spaces 23,,. Conversely, if S is a Lie subalgebra 
of ©(LI), and if 23 is the sum of ^-invariant subspaces 23;, where for 
each i there is a scalar-valued function <p, on 2 such that T — cpi(T) I 
is nilpotent on 23;, then 2 is nilpotent. 

The converse part of the theorem follows from Engel’s theorem; 
namely, it suffices to show that the restriction 2; of 2 to each 23; is 
a nilpotent Lie algebra; and in 2;, ad T = ad(T — q t [T) /) is nil- 
potent since T — <p t [T] I is nilpotent as endomorphism of 23,; Cor. 2 
above now yields that 2; is a nilpotent Lie algebra. 

For the direct part of the theorem, we first prove 23,, 2 Q 23,. Thus 
let t;G23, S, T6 2; we wish to show that if v(T — X /)"* = 0 for 
some m, some AG %, then vS{T- XI) n = 0 for some n. By induc¬ 
tion, 

(7) vS(T - xiy = v(t- uys + Zv{T - xiy-j- 1 \st ] (t - xiy. 

Now if d = dim. 23, then the polynomial in T of lowest degree annihilat¬ 
ing v is a power of X — X, X indeterminate, and has degree at most d\ 
thus it divides (X - X) d , and v(T - X I) d = 0. Since 2 is nilpotent, 
we have S(ad T)'‘ = 0 for some k^O. We argue by induction on k 
to show our assertion; for k = 0, it is trivial. Hence we assume k ^ 1, 
so that [ST] (ad T)*" 1 = 0, and by induction [ST] maps into itself 
the space belonging to the characteristic root X of T, call it 23 a . Taking 
r ^ 2d in (7), with v G 23;., all terms on the right are zero except pos¬ 
sibly those with r — j — 1 <d, for which j> r - d — \ ^ d — 1, 
i.e., j ^ d. Since v{T - Xiy-J- 1 [ST] 6 23 ; . for these values of j, we 
have v(T — X [ST](T — XI)i = 0 here as well. Hence if <p is 

as in the theorem, we have SS V S = -S S H = 

(Here 23 9(T ) refers to the subspace belonging to the characteristic root 
<p(T) of T.) 

Next we note that if TG 2, and if T = T s + T n is the Jordan 
decomposition of T, with T, semisimple (being represented by a diagonal 
matrix) and with T n nilpotent, [T,T„] = 0, then ad T s and ad T n , 
acting in ©(23), are in turn the semisimple and nilpotent parts of ad T 
(cf. the proof of Lemma II.l.l). Moreover, both of these may be ex¬ 
pressed as polynomials in ad T (cf. [71, p. 71]), hence induce mappings 
of 2 into 2. On 2, ad T s induces the nilpotent mapping ad T — ad T n ; 
hence [2, TJ = 0, so that [S, T s ] = 0 = [S,, T,] for aU S, TG 2. 
Let 2 S = (T, [ T G 2}; from the above, 2 S is a commutative set of 
diagonalizable transformations of 23, from which we see that 
23 = £ ® 23' w , where the q>, are distinct g-valued functions on 2„ 
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and where S3',, = {v \ vT s = cp, ('/',) v for all T C 2}. Moreover, if <p* 
is an ^-valued function on 2 S , and if v £ * satisfies v T s = <p*(T s ) v 
for all T s £ 2 S , then v £ S3',, for some i. 

Since [2, 2J = 0, we have S3',, 2 g %. for all i, and if T £ 2, 

(T — <Pi(T s ) I) | S3^, = (T — T„) | S3^, t . = T„ | S3', is nilpotent. It re¬ 

mains only to show that if cp is an 5~ va l u ed function on 2, and if 
v£ S3,, then v £ S3^. ( for some t as above. But if T £ 2, we see from 
the above that T s and T n map into S3,,, where T = <p{T) I + N, 

N nilpotent. Thus T s | 93^ = <p{T) I, so that vT s = <p(T) v for all 

T£ 2. By the remarks above, this completes the proof. 

The functions ip with 93, =1= 0 are called the weights of 2. 

Corollary. If S3 and 2 are as above, and if S3 is indecomposable 
relative to 2, then every T £ 2 has only one characteristic root. 

§ 6. Cartan subalgebras 

Let S be a Lie algebra over the field g. A Cartan subalgebra § 
of 2 is a nilpotent subalgebra which is its own normalizer in 2, i.e., 
[x §] Q § implies x £ §. A powerful tool for studying the structure 
of a Lie algebra 2 over an algebraically closed field has been the study 
of the adjoint representation on 2 of a Cartan subalgebra $. Since 
the image of § in such a representation is a nilpotent Lie algebra of 
linear transformations, the considerations of § 5 apply, where the 
weights (p may be regarded as functions on § via the homomorphism 
h -> ad h. In this setting, one refers to these functions on § as the 
roots of 2 relative to §. Since we are here concerned with the modular 
case, where the trace criteria of Cartan fail (cf. Chap. V), and since 
these criteria constitute one of the most striking applications of the 
Cartan subalgebra, this notion cannot contribute positively to our 
study in so many ways as in the case of characteristic zero. On the 
other hand, it will be central to the study of an important class of 
semi-simple algebras in the next chapters. For the classical proof of 
existence of Cartan subalgebras for the case where 5 is sufficiently 
large cf. [53, 64, 72, 128, 234]. The result in question is stated below 
as Th. 1.6.1. 

An element x G 2 is called regular if the multiplicity of zero as 
characteristic root of ad * is minimal among all elements of 2; if 2 #= 6, 
then from [x x] = 0 it is clear that this multiplicity is at least one. 
If 2 = 0, then 2 is a Cartan subalgebra of itself. 

Theorem 1.6.1 (Cartan). Let the field 5 have more elements than 
the dimension over 5 of the finite-dimensional Lie algebra 2, and let x 
be a regular element of 2. Let § be the subspace of 2 belonging to 
the characteristic root 0 of ad a, i.e., § = {h | h £ 2 • /*(ad x) m = 0 for 
some m}. Then § is a Cartan subalgebra of 2. 
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A property of Cartan subalgebras which is formally stronger than 
the self-normalizing property is 

Lemma 1.6.1. Let £ be a Lie algebra over jy, .f> a Cartan sub¬ 
algebra, and let x £ £ be such that x (ad h) k = 0 holds for each A € £> 
and sufficiently large A. Then x 6 §. 

For if 901 is the set of all such x £ 2, then 911 is a subspace, and it 
follows as in the proof of Th. 5.2 that the nilpotent Lie algebra ad $ 
of linear transformations of £ maps 9JI into itself. Moreover, the re¬ 
strictions to 501 of all ad A, A £ §, are nilpotent, and § is an invariant 
subspace. Hence ad § induces a Lie algebra 91 of nilpotent transforma¬ 
tions in the quotient space SR/Jp. Applying Engel’s theorem, we see 
that if 5K =|= § there is x £ 9Jt, * € with [x §]££>. But lg is its own 
normalizer, so 901 = Jp, which proves the lemma. 

§ 7. Semisimplicity. The Killing form 

Of the several equivalent notions of semisimplicity for Lie algebras 
over fields of characteristic zero, we take as our definition in char¬ 
acteristic p > 0 the weakest one: £ is called semisimple if the only 
ideal Q in £ with [9 8] = 0 is $ = 0. This is equivalent to saying that 
the only solvable ideal in £ is the zero ideal, where a Lie algebra © 
is defined to be solvable if its derived series © l0) = ©, © (1> = [©©],..., 
@<w = r@(*-i) (g!A-Dj ) . . . terminates in zero. If £ is an arbitrary 
finite-dimensional Lie algebra over a field g, and if ©j, © 2 are solv¬ 
able ideals in £, then so is © x + © 2 , as one sees at once from the 
second isomorphism theorem: (©j + © 2 )/©2 = ©i/(©i f| © 2 ); as a 
homomorph of © 1( this algebra 93 satisfies 93 fw = 0 if ©^ = 0, i.e., 
(©1 + ©2)^ £ © 2 ; now if = 0, then (© x + © 2 )(* + » Q ©^ = 0. It 
follows that if © is a maximal solvable ideal in £, then © contains all 
other solvable ideals, so that £ has a unique maximal solvable ideal ©, 
called the radical of £. Furthermore, £/© is readily seen to be semi¬ 
simple. 

A Lie algebra £ is simple if the only ideals of £ are £ and 0, and 
if [£ £] =|= 0. Thus the radical of £ is zero, so that £ is semisimple 
and £ :r = [££] = £. More generally, let £ be a Lie algebra over a 
field such that £ is the direct sum of ideals £ = £1 © • ■ ■ © £,„, 
with each £,- being a simple Lie algebra. Then the only ideals of £ 
are of the form £ fi +••• + £,-,, 1 ^ ii < ■ • • < i, ^ m, and 

(£q + • • ■ + £,,) S1) = £,; +-b fl£ J = £ (1 H-f £,,, SO that 

the only abelian ideal is zero, and £ is semisimple. One sees the asser¬ 
tion about the ideals of £ as follows: Let 93 be an ideal of £, 93; the 
projection of 93 on £;. Then clearly 93 C ^ 2i } , where 93; = 0 if i =1= ij , 
1 ^ /|gf. On the other hand, [£; 93,] = [£; 93] C £, n 93 £ 93;, so 
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that 93; is an ideal in 2 ; ; thus if 93; 4= 0 we have 93; = 2;, 2; = [2; 93;] 
= [2; 93] C 93, which yields the assertion. 

Let 2 be a Lie algebra over the field and let o: x xe be a re¬ 
presentation of 2 in the finite-dimensional vector space 93 over %. 
Then the trace form (x, y) = Tr (xe ye) (where x rj ye denotes the ordin¬ 
ary composite of the endomorphisms xe, ye of 93) is a symmetric bilinear 
form on 2 with values in [J. It is moreover associative (or invariant), 
i.e., ([xy], z) m (x, [y z\) for all x, y, z. In particular, when o is the 
adjoint representation the trace form (x, y) = Tr((ad*) (ady)) is 
called the Killing form of 2, in honor of that pioneer in the structure 
theory [250]. 

Theorem 1.7.1. Let is be an abelian ideal in 2. Then 3 is contained 
in the radical of the Killing form. Thus if the Killing form of 2 is non¬ 
singular, 2 is semisimple. 

For the proof, we choose a basis v lt . . ., v n for 2 whose first s vec¬ 
tors form a basis for 3. Then if y £ 2, v t (ad y) is a linear combination 
of v lt . . ., v s , 1 ^ i ^ s. If x G 3, ti;(ad x) — 0, 1 ^ i 5S s, and i; ; (ad x) 
is a combination of v lt . . ,,v s in any case. Hence i \(ad x) (ad y) — 0 
for i sS s, while for * > s, (ad x) (ad y) is a combination of , . . ., v,. 
It follows that Tr((ad x) (ady)) = 0for#€3, y€2, and this is our 
assertion. 

Lemma 1.7.1. Let 3 be an ideal in 2. Then the Killing form of 3 
is the restriction to 3 of the Killing form of 2. 

For if the basis v lt . .., v n for 2 is chosen as in the proof of the 
above theorem, then for x,y £ 3, t>,(ad x) (ady) is a combination of 
v lt ... ,v„. Thus Tr ((ad x) (ad y)) is the sum of the coefficients for 
1 ^ i ^ s of the Vi in v c (ad x) (ad y); but this is just the value of the 
Killing form of 3 at the pair x,y. 

Theorem 1.7.2 (Cartan [53]-Dieudonne [105]): Let 2 be a semi¬ 
simple Lie algebra over a field and let (x, y) be a non-singular, 
symmetric, associative bilinear form on 2. Then 2 is a direct sum of 
ideals which are simple Lie algebras, and which are orthogonal with 
respect to the form, hence non-singular with respect to (x,y). 

We may assume 2 4= 0 and that the result is valid for algebras of 
lower dimension. If 3 is a minimal non-zero ideal in 2, then 3 1 , the 
orthogonal space to 3 with respect to the form, is an ideal by the as¬ 
sociativity of the form. If 3 1 n 3 = S, then for rt £, y, z 6 3, we 
have (x, [y z]) = ([x y], z) = 0. Thus [3 3] = 0 by non-singularity of 
the form, and this contradicts semisimplicity. Hence 3 1 f) -3 = 0 by 
minimality of 3, and from this we see that: a) the form is non-singular 
on 3; b) 2=3©3 1 ; c) [3 3 1 ] = 0; d) the form is non-singular 
on 3 1 . By b) and c) the ideals of 2 contained in 3 (or in 3- 1 -) are just 
the ideals of 3 (or of 3 1 ). It follows that: e) 3 is a simple Lie algebra; 
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f) 8- 1 - is semi-simple. By d), f) and induction, Q 1 is a direct sum of 
ideals which are simple Lie algebras and which are orthogonal. But 
these are ideals in £, and £ is the direct sum of 9 and these. This 
completes the proof. 

The lemma and the two theorems of this section yield the 

Corollary. If £ is a Lie algebra over % with non-singular Killing 
form, then £ is the direct sum of ideals in £, each of which is a simple 
Lie algebra with non-singular Killing form. 

Thus we see that each of these propositions implies the next: 

(A) £ has non-singular Killing form. 

(B) £ is a direct sum of simple Lie algebras. 

(C) £ is semisimple. 

Whereas these are equivalent for the non-modular case [47, 64, 72, 234], 
we shall see in Chapter V that all reverse implications fail in the mod¬ 
ular case. It is the equivalence of (B) and (C) in the classical case which 
reduces the classification of semisimple algebras to that of simple 
algebras, and the Killing form is an essential tool in carrying out the 
classification. The classification of simple Lie algebras over an algebra¬ 
ically closed modular field is an open problem, whose solution must 
include a rather complicated list of algebras (cf. Chap. V). On the other 
hand, the condition (A), or slightly weaker forms of it, leads to a clas¬ 
sification theory, parallel to the classical work of Killing [250] and 
Cartan [53], for Lie algebras over algebraically closed fields of char¬ 
acteristic p > 3 (Chap. II). 

§ 8. Trace forms, derivations, and restrictedness 

The assumption of the existence of a non-degenerate trace form 
on a modular Lie algebra £ allows the introduction into £ of the struc¬ 
ture of a restricted Lie algebra. This has been shown by Block [34]: 

Lemma 1.8.1 (Block). Let £ be a Lie subalgebra of (5(93), 93 a 
finite-dimensional vector space over a field %, and suppose that the 
trace form [x,y) = Tr (x y) of (5 (93) is non-singular on £. Let u € (5(93), 
[u £] Q A; then there is v £ £ with [u x] = [v x] for all r 6 £. 

One need only take v G £ such that (v, x) = Tr (u x) for all * t £; 
then if a, y G £, ([v x],y) = (v, [x y]) = (u, [x y]) = (u x],y), and the 
lemma follows by non-singularity of ( x,y ) on £. 

Theorem 1.8.1 (Block). Let £ be a Lie subalgebra of 6(93), 93 a 
finite-dimensional vector space over a field % of prime characteristic p . 
Suppose the form (x, y) = Tr (x y) is non-singular on £. Then an 
operation % -* can be introduced in £, relative to which fl becomes 
a restricted Lie algebra. 
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For by the lemma and the identity [y, xp] = y (ad x)i>, there is for 
each * £ £ an element v = v(x) in £ such that [y, xp] = \y v\ for all 
y £ £. The result now follows by Th. 3 . 3 . 

Corollary. Let £ be a semisimple modular Lie algebra, and let q 
be a representation of £ with non-singular trace form. Then there is 
a unique mapping x of £ into £ relative to which £ is a restricted 

Lie algebra. 

Corollary. Let £ be a modular Lie algebra with non-singular Killing 
form. Then £ admits a unique operation x xW relative to which £ 
becomes a restricted Lie algebra. 

Corollary (Zassenhaus). Let £ be a Lie algebra with non-singular 
Killing form. Then every derivation of £ is inner. 

The first of these follows from the theorem, using the fact that o 
is faithful and, for the uniqueness, the fact that a Lie algebra with 
center zero admits at most one structure of restricted Lie algebra. The 
second is then immediate, using Th. 7A. For the third, we have seen 
that ad(£) is an ideal in the Lie algebra ®(£) of derivations of £; the 
assumption is that ad(£) satisfies the hypotheses of the lemma in @(£). 
Then if D 6 ® (£), there is d £ fl with [(ad x) , D = [(ad x) , (ad d)} for 
all #£ £, i.e., with ad (xD) = ad [x d]. The corollary follows. 

From the first corollary and the results of § 7 it follows that a semi¬ 
simple modular Lie algebra with a non-singular trace form is restricted, 
and is the direct sum of simple ideals which are restricted. More gener¬ 
ally, one easily proves: 

Theorem 1.8.2. Let £ be a restricted Lie algebra, and let £ be the 
direct sum of ideals Si, .... S„, each of which has center zero. Then 
the £ ; are restricted ideals. 


§ 9. Extension of the base ring 

Let £ be a Lie algebra over the ring %, and let be an extension 
ring of g. An algebra over obtained from £ by extension of the base 
ring may be defined as a linear algebra 21 over ®, together with an 
^-algebra homomorphism cp: £ -> 21 , such that if 23 is a second ®- 
algebra and xp an ^-algebra homomorphism £ ->• 23, there is a unique 
E-algebra homomorphism rj: 21 ->- 23 making the following diagram 
commutative: ^ <p > ^ 

23 


It follows that 21 is unique to within a ft-algcbra isomorphism com¬ 
patible with the mapping <p of £ into 21. The existence of such an 
algebra is seen by taking the tensor product £ which, if £ is 

a free g-module, may be regarded as a free St-module of dimension 
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equal to that of 2 over The map cp: x * <g> 1 is ^-linear from 2 
into 2 $, its image spans 2 <8>g ® over ®, and there is a unique 

structure of St-algebra on 2 ®- s St 1 in which (x ® £) (y ® r]) = [x y] ® ij rj 
for x,y <t 2; £ ,1} £ ft'. With this structure, the pair (2 St, q>) sat¬ 
isfies the condition required of (21, q>) in the definition above. We shall 
normally denote the algebra 2 St by 2$, and when <p is one-one, 
we regard 2 as an ^f-subalgebra of 2® via the embedding <p. One sees 
at once that 2g is a Lie algebra. 

If e 1 , . . ., e n is a basis for 2 over fy, this set is again a basis for 2® 
over £. Since the conditions that 2 be, respectively, abelian, nilpotent 
or solvable can be expressed as the vanishing of all Lie monomials 
of a certain type in these basis elements, it is clear that 2 is respectively 
abelian, nilpotent or solvable if and only if 2 a is. We now assume 
that g and S are fields. If 21 is an ideal in 2, then 2f a is an ideal in 2 fi , 
so that if 2$j has no abelian ideals other than zero neither does 2, and 
if 2® has no proper ideals neither does 2. The converses of these pro¬ 
positions are false (Chap. V). The Killing form of 2 S is the St-bilinear 
extension of that of 2, and is thus non-singular if and only if 2 has 
non-singular Killing form. 

More generally, one may extend the base ring of an arbitrary linear 
algebra 21 over % to obtain an algebra 21 a over ffi, or of a module S3 
over g and of an g-module 911 of endomorphisms of S3 to obtain 9J1 S , 
a St-module of ^-endomorphisms of 33 a . In the latter case, if 91! is a 
Lie algebra of endomorphisms of S3, 911® is a Lie algebra of endomor¬ 
phisms of S3 a , and if <p: 2 ->• 911 is an g-Lie homomorphism (i.e., if S3 
is an 2- module ), then cp extends uniquely to a S-Lie homomorphism 
<Pix : 2 a -*■ 9Jl ffi (that is, a unique structure of 2 a -module on 3S a is deter¬ 
mined). If cp is a Lie isomorphism, then so is <p & , and if <p is an auto¬ 
morphism of 2, so is qj ix (of 2 ft ). Analogous assertions hold when 2 
and 9JI are replaced by arbitrary linear algebras 21, 23 over %. Now 
let g- and ® be fields, an assumption we make hereafter. If 21 is a finite¬ 
dimensional linear algebra over %, $(2I) the Lie algebra of derivations 
of 21, then a linear transformation D is in % (21) if and only if its matrix 
(relative to a fixed basis for 21) is a solution to a certain system of 
homogeneous linear equations with coefficients in By comparison 
of dimensions it follows that T (2f„) = (S(2l)) ft . [211]. If 23 is finite¬ 
dimensional over [5', and if 9K is a Lie algebra of linear transformations 
of 33 with non-singular trace form, then 9Jt a (acting in 23 a ) has non¬ 
singular trace form. 

If the finite-dimensional algebra 21 has no proper ideals (i.e., sub¬ 
spaces invariant under all left and right multiplications), the set of 
linear transformations of 21 commuting with all left and right multi¬ 
plications (the centroid of 21) is an ^-division algebra 3> by Schur’s 
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Let q be a representation of 2, and let q> =(= 0 be a root of § in 2, denot¬ 
ing the corresponding root-space by 2 rp . Then if AG !g, x G 2,, 
Tr (A 8 x«) = 0. 

Writing (x,y) for Tr (x r -> ye ), we have an associative form on 2. 
Since q> 0, there is an element h x G !q such that <p(hy) =|= 0. Now 
ad h y maps 2 ?l into itself, and has there the single characteristic root 
< f{hy ); hence there is an element y € 2 9 such that x = y (ad hy) k , where 
k may be taken so large that $*+* = 0. 

Thus (A, x) = (A, y (ad hy) k ) = (—i) k (A(ad hy) k , y) =0. 

Corollary. If the form (x,y) = Tr (xe y«) of Lemma 2 is non-sin¬ 
gular, then its restriction to § is non-singular. 

This follows by Th. 1.5.2 and Lemma 2. 

Lemma II. 1.3 (Zassenhaus). Under the hypotheses at the beginn¬ 
ing of this section (i.e., {x, y) non-singular, all characteristic roots of 
all hn in g), § is abelian. 

For suppose 4= 0, § ,f = 0, where A ^ 3; then 2)*- 1 is central 
in §. Let 0 =)= z G Q [,f> .<p], and decompose ® into weight spaces 
S3,. relative to fc. Let IX = 53,, for some <p, and let A G Sq\ let d = dim. IX. 
Then since ze and A 8 commute, there is a basis for IX relative to which 
they both have triangular matrices; thus Tr u (zb As) = d<p(z) <p(h). But 
^ G [.£) §] implies Tr u (^s) = 0, i.e., drp(z) =0. Thus Tr u (z'J A 8 ) = 0 for 
all A G §, and (z, A) =0 for all A G § since (z, A) is the sum of the 
Tr u (ze As) as IX runs over all S3,,. This contradicts the last corollary. 

By Th. 1.8.1, 2 8 , hence 2, admits an operation x -> *>i relative 
to which it is a restricted Lie algebra. If A G §, then for all * G !g , 
[*, Ah > j|;4& *(ad h)P = 0 by Lemma 3; thus Ai>l G 

Lemma II. 1.4 (Jacobson, Block). If AG§, (adA)p = 0, then 
(x,h)=0 for all * G § ^ [£ 2]. Hence if 2 = [2 2] the mapping 
A -> AM is a one-one ^-semilinear transformation of § into §. 

For let S3 = S3 0 D S3i D • • • D S3* = 0 be a composition series of 
invariant subspaces of S3 relative to 2, i.e., 2 has an irreducible re¬ 
presentation Q i+1 in S3j/SS i+ i; then for zG|), all characteristic roots 
of z e ‘ are in g, and (x,y) — Y Tr (x e < y°<) for all x,y. Now for all 

yG2, [y-\ (A 8 <)' J ] = (y(ad A)'') 8 ' = 0, so that (A 8 ')p centralizes 2 8i . 
Taking X to be a characteristic root of (A 8 Jp, we see that (A 8 ')p = X I 
on S3;_i/S3j. Thus the only characteristic root of A 8i is [i, where fiP — X. 
If x G § ^ [2 2], then Tr (x 8 ') = 0 since x G [2 2], and x e ‘ and A 8 * can 
both be taken in triangular form. Hence Tr (A 8 * x e ‘) — a Tr (x e <) = 0, 
so that (A, x) = 0 for all [g g], i n particular, (A, x) = 0 for 

all x G § when 2 ==[2 2], so that then A = 0 by the corollary to 
Lemma 2, and AM = 0 implies A = 0. Since § is abelian A -> AM is 
^-semilinear on §, and is thus one-one if 2 = [2 2]. 
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Lemma II. 1.5. Let g be a perfect field of prime characteristic p\ 
let SB be a finite-dimensional vector space over %, and T a ^-semi- 
linear transformation of S3 into S3. Then T is one-one if and only if T 
maps S3 onto S3. 

This follows at once by an argument on dimension. 

Theorem II.1.1. Let 2 be a finite-dimensional Lie algebra over a 
perfect field % of prime characteristic p ; let o be a representation of 2 
in a vector space S3, having non-singular trace form. Suppose that 
[2 2] = 2, and that 2 has a Cartan subalgebra © such that each 
he(h£ ©) has all its characteristic roots in iy. Then © is abelian, the 
restriction to © of the trace form is non-singular, and an operation 
% —>. jflpi can be introduced into 2 which makes 2 into a restricted 
Lie algebra. Each such operation maps © into ©, and is a ^-semilinear 
isomorphism of © onto ©. 

This theorem is a summary of earlier remarks and lemmas. 

Theorem II.1.2. Let 2, ©; e be as in Th. 1. Let cp be a root of © 
in 2. Then for h £ ©, % E 2,,, we have [x h] = (p{h) x. 

Namely, if d is the dimension of 2, f , then for #€2,,, y € ©, 
x (ad y — cp{y) I) d = 0. Choose k so that p k ^ d) then *(ad yY k - 

— q>(y) ph x = 0. Now by Th. 1, if AC©, then h = (. . . 

{{y> )>:) . . . [/'!)) for some y E ©, and we have for this y, *(ad h) — 

— <p(y)P*x = 0. Thus <p(y) p * is a characteristic root of ad h in 2, 
where ad h has the single characteristic root cp ( h ). Hence cp (y)v k = <p{h), 
and the assertion follows. 

Lemma II. 1.6. Let 2 be as in Th. 1. Let a and /S be roots of 2 
with respect to ©. Then [2* 2^] C 2„+^. 

For let * G 2 T , y £ 2 P , h 6 .©. Then by Th. 2 and the Jacobi iden¬ 
tity, [[x y] h] = [[x h ] y] + [ x[y h]~\ = (* + /?) (h) [x y]. It will be noted 
that [2, 2p] = 0 if <x + /3 is not a root. 

Lemma II. 1.7. With the notations above, let a and ft be roots 
of 2 with respect to ©; then (2*, 2/s) =0 unless a + /? = 0. Hence 
if tx is a root, so is — <x. 

For if either a or /S is zero, the assertion holds by Lemmas 2 and 
1.6.1. If a 0 and £ # —<x, let h£ © with oc{h) 4= 0; let 2 A , 
y € 2^; then (x, y) = -01(h)- 1 {[hx], y) by Th. 2; but ([M,y) 
= {h, [xy]) = 0 by Lemmas 2 and 6. This proves the first assertion; 
the second follows from the first and the non-singularity of the form. 

Lemma II. 1.8. With the hypotheses of Th. 1, the roots of © in 2 
are linear functions on ©. 

This follows at once from Th. 2. 

Lemma II. 1.9. With the same hypotheses, let a be a root of © 
in 2. Then there is a unique h a G © with (h ,h a )=<x (h) for all AC©. 
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This follows by Lemma 8 and the corollary to Lemma 2. 

Lemma II.1.10. Let e a £ 2 a , e_ x £ £_ a . Then [e_ x e a ] = (e_ x , e x ) h a . 
For if h £ §, we have ( [e_ x e„], /») = [«,, A]) = a(h) ( e _ x , e a ) 

— (( e -x> e x) h x , h), the middle step by Th. 2 and the last by definition 
of h„. The assertion now follows. 

Lemma II.1.11. If a =|= 0 is a root, then [£_» £ a ] is one-dimensional. 
This follows at once from Lemmas 7 and 10. 

§ 2. Split 3-dimensional algebras and applications 

If g is an arbitrary field, let £ be the 3-dimensional Lie algebra 
over g with basis e,f,h satisfying \e /] = h, [e h] = e, [fh] = -/. 
We first study the representations of £. Proofs are given only in the 
modular case; that of characteristic zero requires only minor changes 
and may in any case be found in standard references, notably [234]. 
The following is easily proved by induction. 

Lemma II.2.1. Let q be a representation of £ in S3. Let /?€ g, 
v £ S3, v (he) = fi v. Then 

(2) v(eiyh9 = fiv(e»y + iv(e?)‘; 

(3) v(eeyfe = ifiv (e»)M + (*) v(ee)i~* + vp(ee)i- 

for all i 2: 0, where for i = 0 it is to be understood that the first two 
terms on the right side of (3) are zero. 

Lemma II.2.2. Let £, S3, q be as above. Let fi £ ^ be a character¬ 
istic root of hf> such that /? — 1 is not a characteristic root of ho. Sup¬ 
pose that fi,fi + i ,...,/? + / are characteristic roots of hfi, while 
0 + j + 1 is not. Then 2/3 = —j, and if 0 4= v £ 93, v he = /3 v, then 
v(e<>y 4= 0, 7. 

If the characteristic is 2, then 7= 0, since /3 + 1 = /3 — 1 is not 
a characteristic root, and the assertion holds. Thus let g have prime 
characteristic fi ^ 3. By (2), if v is as in the statement, v{es)i+ 1, if not 
zero, belongs to the characteristic root /3 + 7 + 1 of he- hence 
v(ee)J+ 1 == 0. Also, j < fi — \; thus we have an integer k, 0 jS k <S 
^j<fi — i, with v(ee) k 4= 0, v(ee) k +i = 0. By analogy with (2), 
v fe he = (fi — 1) v fe, from which v fe = 0 by assumption. Applying (3) 
with i — k -f- 1 yields 2 fi = — k, since 0 <; k 1 fi — 7 and since 
v (ee) k 4= 0. Thus the lemma will be proved once we show k = j. 

Suppose k c 7 ; then let 0 4= u £ S3, u he = (fi + k + 1) u. By 
induction, w(/e) m hP = (fi + k - m + 1) w(/e)™, m ^ 0, from which 
M (/e)/c+2 = 0 . Now let m be minimal with u(fi) m (e«) m = 0, so that 
1 ^ m ^ k + 2. Then u(fe)™-i 4= 0, and for n ^ 0, 

(4) «(/»)“- 1 (ee)" + + w + 
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From ( 4 ) it follows that w (/ e ) m_1 (e Q ) n = 0 for some n < p, so that 
if we assume n minimal with this property, we have m — 1 < n < p. 
Applying ( 3 ) with v replaced by w(/e ) m_1 yields 
0 = u(f«) m ~ 1 [e«) n f e 

= {n(p+k-m + 2)+ Q) («•)- 1 + u{p)™ («•)». 

The second term is zero since n ^ m, so that the vanishing of the first 
gives 2(/S + k - m + 2) = — (« — 1) by 0 <n<p. Substituting 
2 /%S — k gives 

( 5 ) Ts= 2 m —m —3 (mod^>). 

Now k<j<p- 1 gives k + 2^p—so that k + 2 — m = m — 
— « — l and 0 ^/e + 2 — m <p — 1 ; furthermore, m — i<n <p 
gives 0 < m + 1 — w < £ + 1 — m<Lp, or 0> m — n — 1 > — p. 
Thus the congruence (5) can only result from the equality 

( 6 ) p + m-n-i=k + 2-m, 

from which n = p 2m — k — p m — k — 3 - Thus u (/o ) m_1 x 
X (eo)p+m-/(-3 ^ o; but application of (2) shows that this vector belongs 
to the characteristic root p — \ of he, a contradiction. Hence k = /, 
and the lemma is proved. 

Lemma II.2.3. Let 8 , S3, q be as above, and let j be an element 
of the prime field which is a characteristic root of he. Then so is — j. 

We again prove the lemma for prime characteristics p > 2, it 
being trivial for p = 2. We may also assume that not all elements of 
the prime field are characteristic roots of he. Thus we have an integer v , 
0 ^ v < p — 1 , such that /, / — 1 , . . ., j — v are characteristic roots 
while j — v — 1 is not. In Lemma 2, let ft = j — v. Then we have 
2/3 = — r, where /3,/3+l,...,/3 + r are characteristic roots, while 
P -f r + f is not. That is, 2(/ — v) = —r(modp ), and clearly r ^ r, 
so that rl>f — v^O. Let 0=MGS3, vhe=pv; by Lemma 2, 
=1= 0, 0 £ k g; r, so v(ee)r-" ^ 0 . But v{eey-'’ h« = (P + r — v) X 
Xv (e») r -*’ = —(p + v) v(e e ) r - r , and p + v = j. Thus — / is a charact¬ 
eristic root. 

Lemma II.2.4 (Jacobson). Let 8 , S3, g, g be as in Th. 1.1; let a 
be a root of § in 8 , and let h x be as in Lemma 1 . 9 . Suppose a (h ) =|= 0, 
and that p 2,3- Then not all integral multiples of ot are roots. 

For let p > 3 , and assume that all k oc , 1 < k ^ p — 1 , are roots; 

let Wi = % h x + y ■ Let 0 J= / € 8 _ a , and let e G 8 * be such that 

(e,f) = - ;x(h,)- L . Let h = a(/i a ) _1 h x . From Lemma 1.10 and Th. 1.2 
we have [e /] = h, [e h] = e, [/ h] = —/. By Lemmas 1.6 and 1.10, 
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9ft is a subalgebra of 2, hence is mapped into itself by all ad x , for x 
in the three-dimensional algebra 2 spanned by e,f,h. 

Now let 2 .< k ^ ft — 2, and let 0 =\= xd: 2**, [*/] = 0. By 
Lemma 1.6, x(ad e)P~ k £ 2o — .§, and is a multiple of A* by Lemma 1.10. 
Since ft — h ^ 2, and since h , (ad e) 2 = —<x(h a ) [e e] = 0, it follows 
by associativity of the form that (x(ad e)i‘- k , h x ) =0. From (h % , h.) 
= =]= 0, we have % (ad e)P- fc = 0. Thus if j is the first non-negative 

integer with x (ad e)J +1 = 0, the space 28 spanned by % (ad e)‘, 0 g i 'S h 
is stable under the adjoint representation of 2 in 9ft, and j < ft — k gp 

ft — 2. The characteristic roots of ad h in 28 are k, k + 1, . . ., 
k + j, but not k — 1. Lemma 2 now yields 2/e = — j(modft). 

Since h rx = r h x , we see that the hypotheses of the lemma are 
satisfied by each root ft = r oc =\= 0. Thus if 0 =]= y € 2 S( ?, 2 ^ s ^ 
<; ft — 2, and if 0 =|= z 6 2-p satisfies [y z] = 0, we have 2s = — t (mod ft ), 
where t<ft — s. Applying these considerations with /? = — 2ex, 
s = ^ we have s/f = —ex, — /? = 2«. Taking y = /, z = x above, 
we see that [x f] = 0 implies ft + i = —t (mod/)), where 0 <t < . 

This is clearly absurd, from which we conclude that the mapping 
x ^>-[xf] is one-one from £ 2 * into 2 a . 

Thus we have dim S 2a ^ dim 2 *, and in general dim2 2 ** g 
e dim 2 2 * ^ dim 2*, k ^ 1. With k = ft — 1, we find dim S 2 , = dim 2,, 
from which [2 2 « /] = 2„. Thus e = [xf], some « € 2 2 *, and 0 =)= (e, /) 
= [i x /] > /) = (*»[//]) = 0* in contradiction to the choice of e. This 
establishes the lemma. 

Lemma II.2.5. Let the hypotheses be as in Lemma 4. Then 2oc is 
not a root. 

For if % is the subalgebra of the proof of Lemma 4, let 28 = g / + 
+ % h + £ 2/ t *, where a, 2a, .... r « are roots, but (r + 1) <x is not 

(r sS ft — 3 by Lemma 4). Then 28 is invariant under the adjoint 
representation of % in 2, and in 28, ad h has the characteristic roots 
— 1,0, 1, 2, . . ., r, but not —2. If r 2, this contradicts Lemma 3- 

Lemma II.2.6. Let the hypotheses be as in Lemma 4. Then 2 X has 
dimension one. 

Namely, let £ be as above; if dim2, > 1, there is an x =j= 0 in 2* 
with (x, /) =0, hence with [x /] = 0 by Lemma 1.10. Now [*«] = 0 
since 2 2 * — 0, and the Jacobi identity yields [x h] =0; but [x h] = x 
since oc (h) = 1. The lemma follows. 

Lemma II.2.7. Let the hypotheses be as in Lemma 4. Then the 
only integral multiples of « which are roots are and 0. 

For by Lemma 5, is not a root; thus it kot, \eh eft — 1, 
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is a root, we have 2 < k < p — 2 , and we may assume 2 <k < . 

Also, k < ^ since 2 = —« is a root, which is impossible 

by Lemma 5. Now let k be minimal in the interval ( 2 , ) with 

k <% a root. Let £ be as above, and let SB = S,„ + 8 ( ; c+l) * + ■ ' ' 

+ 8 (ft +r ) : *, where k *, (k + 1 ) «_ (A + r) a are roots, (A + r + 1 ) a 

not a root; then k + r < and 23 is a representation-space for %, 
in which ad h has characteristic roots k,...,k + r. By Lemma 3 , 
_ k — k + j for some j < r, or j = — 2k(modp ); but 0 < 7 + k 

fix ^—, and 0 < k < so that 0 < / 4 - 2 ft < £ — 1 , 

a contradiction. 

Lemma II.2.8. Let 8 , 23, q, % be as above. Let ot and ft be non¬ 
zero roots of § in 8 , and let h x , ^ 6 § be as before. Let ft(h e ) 4 = 0 
and let p 4 = 2 , 3 . Let 0 4 * a, £ 8 ,, y = «, ±ft. Then if [e„ e„] = 0 
= [e a e_, we have (ft a , hp) = 0 . 

For since Qp,2-p are one-dimensional, we have (e_ p,ep) i= 0, 
hence [e„ |5 = (e_^, ep) 4 = 0. But [e a \e_p e^]] = 0 by the Jacobi 

identity, from which (e~p, Bp) (h x , hp) e x — 0. The lemma follows. 

Corollary. Under the conditions above on «, ft, suppose that neither 
of <x + ft, <x — ft is a root. Then (ft a , hp) = 0. 

Lemma II. 2.9 (Kaplansky [247]). Let 8, 23, q, % be as above, and 
assume further that the center of 8 is zero. Then if p 4 = 2, 3» and if 
ex 4 = 0 is a root of ,f> in 8 , we have oc(h x ) 4 = 0. 

For suppose <x(h,) = 0 . If ft(h x ) - 0 for all roots /?, then h x is in 
the center of 8 , which is impossible. Hence there is a root ft with 
ft(h a ) = (ft a , hp) 4= 0. Now all ft -f- k (x, 0 ^ k ^ p — 1, are roots; to 
see this, it suffices to show that ft — « is a root, since ft — oc then sat¬ 
isfies the same conditions as does ft. Thus let 0 4= <4 £ 8 ,,, y = ft, ±«. 
where (<?„, e.J = 1 . If ft — « is not a root, then [ep e_„] = 0 , from 
which it follows, using a (h x ) = 0, that ep (ad e,)i (ad £-4 — - ) ft(h„) X 
Xep(ade x )i~ 1 for all /> 0. Moreover 0,3 (ad € Qp- X = 0, from 
which we have by the preceding relation that ^(ad e a )> = 0 for 
j = p — 2 , p — 3 , . . 1 , 0 , i.e., = 0 , which is absurd. 

Now ft {hp) 4= 0; for if ft (hp) = 0, then (ft + ») (hp +a ) =2 (ft*, A/j) 4= 0, 
so that 2 (a 4- ft) is not a root (Lemma 5). On the other hand, (ft + 2a) (hp) 
= 2(A*, hp) =1= 0, so that (ft 4 - 2oc) + ft is a root by the above. Our 
assertion follows. 

Next note that y = oc -f 2ft, a. — 2ft are not roots; for in each case 
y(K) 4 0, so that y±« is a root, i.e., 2(« + ft) is a root. But 
(-x -j- ft) (ft*) 4= 0, from which (a + ft) (ft*+4 4= 0 by the preceding 
paragraph; Lemma 5 now yields the assertion. 
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Let % be the three-dimensional subalgebra flp + fl-/s + ?5 hp as 
before, and let A be a multiple of hp with f) (h) = 1. Let 28 be the sub¬ 
space 2 x -p + £* + S a +p of £, a subspace which is a representation- 
space for % (adjoint representation), and in which ad h has the char¬ 
acteristic roots oc (h) — 1, a (h) , a (h) + 1 , and only these. By Lemma 2 , 
2 (oc (A) — l) = —2, or 2 a (A) = 0, a contradiction to (h a , hp) 4 = 0. 
Thus the lemma is proved. 

Lemma II.2.10. Let the hypotheses be as in Lemma 9 , and let oc 
and /? be roots, /S 4 0. Then not all of oc, oc + /?, oc + 2/3, oc -j- 3/3, 
oc + 4)3 are roots. Thus not all oc + k /? are roots. 

Namely, if one of the above sequence is zero, then by Lemma 7 
either oc = 0, a = — /3, or * = /?(£ = 5). so that either oc + 2/3, 
a + 3/8, or « + /? is 2/8, which is not a root. If none is zero, and if all 
are roots, then ( oc + 2/8) ± oc cannot be roots by Lemma 5, nor can 
(oc + 4/3) ± (oc + 2/8). By the corollary to Lemma 8, (K+ 2 p, K) = 0 
= (A a+4 /S> K +2 p), from which 4 (hp,h a+2 p) = 0, andO = (h x+2 p, h x + 2hp) 
= (oc + 2 / 8 ) (h x+2 p), in contradiction to Lemma 9 . 

§ 3. Classical Lie algebras 

Let % be a field of characteristic not 2 , 3 . A Lie algebra £ over g 
is called classical if: 

i) the center of £ is zero; 

ii) [fl £] = £; 

iii) £ has an abelian Cartan subalgebra |> (called a classical Cartan 
subalgebra), relative to which: 

a) £ = 2 1 where [x h] = oc(k) x for all %€ h € .£>; 

b) if oc = 4 = 0 is a root, [£„ £_J is one-dimensional; 

c) if oc and /? are roots, and if /S =j= 0 , then not all oc -f- k /3 are roots. 

Thus §§ 1,2 show that if fl is a Lie algebra over a perfect field of 

prime characteristic =f= 2 , 3 > satisfying i) and ii) and having a repre¬ 
sentation q with non-singular trace form and a Cartan subalgebra § 
such that each he (h £ £>) has all its characteristic roots in the ground 
field, then £ is classical with § as classical Cartan subalgebra. If we 
observe that the only use of the assumptions that the associative form 
is a trace form and that § is perfect was made in proving Lemmas 1 .4 
and 1.5 and Th. 1 . 2 , we note that the relevant parts of these are trivial 
if we assume: 

(*) For each A 6 §, ad A is semi-simple and has characteristic roots 

in (i- e -. has a diagonal matrix). 

Thus we see that if g is arbitrary of prime characteristic 4 = 2, 3 ; and 
if £ satisfies i), ii), has a Cartan subalgebra § satisfying (*), and carries 
a non-singular associative symmetric bilinear form, then £ is classical 
relative to . In particular, £ is classical relative to every Cartan 
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subalgebra if g is algebraically closed and £ has non-singular Killing 
form (Th. 1.7.1, corollary to Th. 1.7.2, and results of §§ 1, 2). In fact, 
under the assumption of non-singular Killing form, it is enough to 
assume either (*) or that g is perfect and that £ has a Cartan sub¬ 
algebra £ such that every ad h {h £ ig) has its characteristic roots 
in in order to assure that £ is classical. 

It may be remarked here that every semisimple Lie algebra of 
characteristic zero, having a Cartan subalgebra § with all character¬ 
istic roots of ad h {h E ig) in the ground field, is classical (see, e.g., 
Chap. IV of [234]). 

Another procedure for the construction of classical Lie algebras is 
that of Chevalley [76], who has shown that if £ c is a semisimple Lie 
algebra over the complex field, then £ c has a basis consisting of a 
basis for a Cartan subalgebra § c and of root-vectors, such that the 
additive subgroup of £c generated by this basis is closed under the 
Lie product in £ c . Thus one has a Lie algebra £ z over the integers, 
and if $ is an arbitrary field, £ = $ <8>z 2z becomes a Lie algebra 
over g. When % has characteristic +2,3, then either £ is classical 
relative to <p = $ ®z §z> £>z = 2z> or £ c has a simple ideal 

isomorphic to the n by n complex matrices of trace zero for some n 
divisible by the characteristic of In the latter case, £ has a center 3 of 
dimension equal to the number of such ideals in £ c , and £/3 is classical 
relative to §>/3 (Steinberg [38I]). It will be a consequence of later 
results that all classical Lie algebras can be obtained by this procedure. 

Now let £ be a classical Lie algebra, § a classical Cartan subalgebra, 
to be fixed in the sequel. Thus roots are always roots of in £. From 
iii), a) and c), and from [fl a £^] Q £ a+ ^, it follows that if oc + 0 is a 
root and if cG£„ then (ad e)P~ 1 = 0 (in characteristic zero, that ad e 
is nilpotent). From iii), a), the roots axe linear functions on .§. We 
now indicate how some of the other results of the preceding two sections 
can be modified so as to apply in the new setting. 

Lemma 11.3.1. If a + 0 is a root, then «([£» £_«]) + 0. 

For by iii), [£* £_J — %h, 0 + h€ and (1(h) +0 for some 
root /?, by i). We may write h = [e a e_J, e y £ £,. Now let /S, /3 — , 

@ — ra be roots, while j3 — (r + 1) a is not; let 0 + y £ £^_ ra , and 
let 28 be the subspace of £ spanned by the y (ad e a )>, 0 ^ j < fi — 1. 
Then each of these generators is a root-vector, and for each j ^ 1 one 
proves by induction that 

y (ad e a )i (ad e_„) = j (ft — r a + *) ( h ) V ( ad fi *) J_1 - 

In particular if j (1 ^ j ^ p — 1) is minimal with y (ad = 0, we 
find (j} — r <x + a) ( h) = 0. Thus <x(h) + 0. 
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The proofs of Lemmas 2.5, 6, 7 now go over without essential 
change. We state them as one, incorporating Lemma 1 above: 

Lemma II.3.2. If oc =]= 0 is a root, then £* is one-dimensional, and 
only 0, are roots among the integral multiples of oc. 

Namely, in Lemma 2.5, we choose X as the subalgebra spanned by 
h 4= 0 in [£* £_J, so normalized (Lemma 1) that oc(h) = 1, and by 
e y £ 2 y , y = ±cc, such that [e a e_ J = h. In Lemma 2.6, with / = e_ x , 
the mapping x -+ [x /] maps 2 X onto the one-dimensional space [£, £_„], 
so that if dim £*. > 1, there is an % 6 £,, a; =|= 0, with [x f] = 0; the 
proof now goes as before. With X as above, the proof of Lemma 2.7 
goes through without change. 

Lemma II.3.3. Let oc and /? be roots, /? =|= 0. Let 0 =|= e % £ £,, 
0 + ^6 2f), 0 4= e-p £ £-/?, and let [« a = 0 = [e, e . p \. Then 

*([«* £-/>]) = o. 

By Lemma 2 and iii), b), [e p is a basis for [£„ £_»]. But 
« ([<4 «-/;]) e* = [c, [e p e_ ? ]] = 0 by assumption and the Jacobi identity. 

Lemma II.3.4. Let oc and/J be roots, /S =|= 0. Then not all of oc, oc + /S, 
* + 2/5, « + 3/S, « + 4/3 are roots. 

As in the proof of Lemma 2.10, one has in the contrary case, 
«([S a +2/j S-A-a/s]) = 0 = (oc + 4/S) ([£*+2,8 £-«-!/,]) (using Lemma 3), 
hence (oc + 2/S) ([£«+ 2/ s £-*-2/3]) = 0, in contradiction to Lemma 1. 

§ 4. Strings of roots and Cartan integers 

We assume that £ is a classical Lie algebra, with classical Cartan 
subalgebra !g. By “roots” we mean roots of § in £. 

Lemma II.4.1. Let oc, /S.a + yS be non-zero roots. Then [£*£^] = £* + /3 . 

By Lemma 3.2 we may assume oc is not a multiple of /?, and it suffices 
to show [£* 2p\ =j= 0. Each £ a+fcjS which is non-zero has dimension one, 
and we may assume oc — r/S, . . ., oc — /S, oc, oc + /S,. . ., oc + qfi are 
roots, while oc — (r + 1) /S and oc + (q + 1) /S are not roots; here q 
and r are non-negative integers, and q > 0 by assumption. Let X be 
the three-dimensional algebra 2 P + [£ fl £_^] + where h € [£^ £_.,] 
has fi(h) = 1, and where e£ f € 2- P have [ef] = h. Let 
SS = 2 x - r p + '•• + £a+ 9 /s; then 2B is invariant under the adjoint 
representation of X, and the characteristic roots of ad h in SB are 
oc(h) — r, . . ., oc(h) + q, but not oc(h) — r — 1, «(/>)+?+ 1. By 
Lemma 2.2, if 0 4= w £ 2 x - rfl , then w( ade)‘4=0, 0 gLi<Zr + q. 
In particular, w(ad e) r is a basis for £,, and 0 4= ®(ad e) r+l in [£* £ /9 ]. 

Lemma II.4.2. Let oc and /S be roots, /5 4= 0. Let r and q be the 
smallest non-negative integers with oc — (r + 1) (} not a root and 
« 4- (q + 1) /S not a root. Let h p £ [£ fi 2- fi ]. Then 2oc (h fi ) = (r — q) ft (h p ). 

For let X and SB be as in the proof of Lemma 1, admitting now the 
possibility that some oc + k j 3 = 0. It suffices to show 2 oc(h) =r — q. 
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But this is immediate from Lemma 2.2, since this lemma yields 
2 (oc(h)-r) = -(r + q). 

The rational integer r — q of Lemma 2 will be written 4 j fl and 
will be called the Cartan integer of the ordered pair of roots a, /? (/? =1= 0). 
By Lemma 3.4, we have —3 Ss A x p 3> and A x p < —2 implies 
that a — /J is not a root. Clearly 4^^ = —41^^ = A- Xy p, and by 
Lemma 3-2, A 0 p = 0. It will be noted that A a p < 0 implies that 
a + is a root or, by Lemma 1, that [8* S/s] 4= 0 (since 4= 0, this 
holds even for a — 0, a = — /?). 

Lemma II.4.3. If a,/S are non-zero roots, then A Xy p = 0 implies 

Ap, a = 0. 

We may assume A x _p = 0, Ap yX <0. Then /S-f a is a root, so 
that A Xy p = 0 yields a — /?, hence /8 — a, as a root. It follows that 
Ap yX = — 1, and that /S + 2a is a root. Now (/S + 2a) ± /? are not 
roots, so that Ap +2x ,p = 0. Taking hp 4= 0 in [S/sS_/s], Lemma 2 
yields <x[hp) = 0 = (/S + 2a) (A^), or j 6(hp) =0, in contradiction to 
Lemma 3.1. 

Lemma II.4.4. If a, /?, a 4- and y are roots, y 4= 0, then „ + 
+ = A a+ p y . 

By Lemma 2, the two sides are congruent modulo the characteristic. 
Since — A x + Ap r < 6 and — 3 ^4* + ^,-/ 2s 3, we have the 

result except for characteristics 5 and 7, in which cases it may be 
obtained by exhaustion (cf. [303]). 

Lemma II.4.5. Let x lt . . ., x k be non-zero roots; let A tj denote 
the Cartan integer of a ; ,a;, and suppose the matrix (A t j) is non¬ 
singular. Then every sequence of roots of the form /S, /? — a^, /? — a, t — 

— a, 2 ,. . ., 1 sS ij k, terminates in a root y such that no y — a ; is 
a root. 

For assuming the existence of an infinite sequence of roots /? = /S 0 , 
/?! = /? — a,^, . . . of the above type, we see by Lemma 4 that 

Ap m „ r = Ap yXr — 2J n ( j m) A Jr , \ r £2 k, where n i j" ) Sg 0 is the 
number of i s = j for i s < m. Thus m = £ Since the totality 

of roots is finite, we have fi m = for some in and some q~> m, from 
which 2: ~ A Jr = 0, 1 r sS &, and £ (n ( p — nW) — q — 

— m> 0. This contradicts the non-singularity of {A,j). 

§ 5. Fundamental root systems 

The notations and conventions are as in § 4. Since [8 8] = 8 and 
[8, 2 ; (] C Z xi p, [§ .£)] = 0, it follows that § is the sum of the one¬ 
dimensional spaces [2/s 2-/J, ($ 4= 0 a root. Thus if we choose hp 4= 0 
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in [£p s_„] for each /S 4= 0, we see that a basis for § can be chosen 
from among these hp . Let the corresponding values of p be p lt . . ,,p r . 
With this modification, we follow Curtis [94], denoting for each root ox 
the rational integer A x p. by bj(ox), and writing a < p for two roots 
ox, pit the first integer / (1 r) for which bj (ox) 4= bj (p) has b; (ox) < 

<bj(P). 

Lemma II.5.1. The relation ox < /3 is a total ordering of the roots 
such that if ox, p and ox + P are roots, /? > 0, then ox <ox + p, and if 
ox < /3, then — p < —ox. 

For we have seen in § 4 that for each j, bj (ox) = —bj(—ox), and that 
bj(ox !- P) — bj (ox) + bj (fi) if ox,p,ox + p are roots. From these ob¬ 
servations and the obvious transitivity, it only remains to prove tri¬ 
chotomy, and for this to prove that if bj (ox) = bj(P) for all j , then 
ox — p. Letting 0 4= hj £ [8^ S_^], we see from Lemma 4.2 that 
bj (ox) = bj (P) implies 2 ox(hj) = bj(ox) Pj(hj) = 2/3 (hj ), hence that ox (hj) 
= P(hj) for all j. Since the hj are a basis for §, we have ox — p. 

Following Dynkin [128], we call a positive root a (i.e., 0 < ox) 
simple if there are no two positive roots /3, y with ox — p + y. Such 
roots evidently exist; e.g., take ox to be the smallest positive root. 
Let II be the totality of simple roots, II = (ox x ,.. ox m }. Now it is 
clear that if 4 =pxj are members of II, then ox t — oxj is not a root. 
Thus, writing A ai<x . — A ijt we have A/j <; 0 for i 4= /, while A ti = 2. 

Lemma II.5.2. Let ox be any positive root. Then there is a sequence 
of roots of the form p x = ox ix , p 2 = ox^ p k = p k _ 1 + ox it = ox, 

where 1 ^ij f^m. 

For since there are only finitely many roots, and since the least 
positive root is simple, we may assume that ox is not a simple root, 
and that the conclusion holds for all positive roots p •< ox; then it 
suffices to deduce from these assumptions the assertion for ox. We have 
ox — p 4- y, where /3, y are positive roots less than ox. Thus we have 
chains p x = * fi , p 2 = ft + ox it , .. ., p s . t 4- «,- s = p s = /3; y 1 = ox h , 
y2 = yi 4- ox it , . . ., y t = y t _i 4- oxj t = y, all members being roots. Now 
all these members are positive roots, so by Lemma 4.1, Sp has a basis 
ep = [• • • [[eq «i 2 l e ; J ... c,J and 2 y a basis e y ==[... [[e ji efp e jt \.. . ejJ, 
where e ; is a basis for . By the same lemma, [ep e y ] is a basis for 2 X . 
Now we show that for some indexing {A 1( . . ., k s+t } of the full set of 

indices {i t - i s } -f O'i, • ■ •, ji) we have [. . . [e, h 4= 0. 

Then ox ki , ox ki + , . . ., ox ki + • ■ • 4- ox hl+t = ox are roots, as re¬ 

quired. We proceed by induction on y in the linearly ordered and finite 
set of positive roots. If y is minimal positive then y is simple, e y = ej , 
and 0 4 [[■ • • [«ij «/ 2 l . • • ejJ G 2,. Now assume the assertion 
whenever ox is written ox = P' 4- y', where P', y' are positive roots, 
y' <y; we may assume y is not simple. Letting ep, e y be as above, 
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the Jacobi identity and the fact that \cp e y ] J= 0 yield that either 

a) |[[. . - [e fi . . . e£ e jt ], [. . . [e h e h ] .. . J= 0, 

b) [[[■ • • [e^ e, a l. . . e,-J, [. . . [e Ji e Jt \. . . e jt _J\, «; ( ] J= 0. 

In case a), we have <% = /?' + y', where /?'=/? + oc Jt , y' = y — ocj, 
are positive roots; in case b), oc' = oc — txj t is a root, and <% = <%'+ ocj t . 
In either case the assertion follows by inductive hypothesis. 

It follows from Lemma 2 and the fact that the roots span the dual 
space of § (otherwise we should have 0 h £ § with oc (h) =0 for 
all roots oc, from which h is in the center of 2) that the simple roots 
span the dual space of £>. (In contrast to the situation treated by 
Curtis, the simple roots may fail to be linearly independent.) We shall 
say that a set oc x , . . ., oc m of roots is a fundamental system of roots 
(relative to §) if: 

a) ai — xj is not a root for i j 

b) if oc is a root then one of the following holds: 

i) oc is a member of a sequence of roots of the form x^, x ti + oc is , .. .; 

ii) — oc is a member of such a sequence; 

iii) x = 0; 

c) Every diagonal minor of the matrix (A if} is positive. 

Since c) implies that (Aij) is non-singular, it is clear by Lemma 4.4 
that only one of i), ii), iii) can hold for a given root oc, and that the 
number of times the root Xj occurs in a sequence oc^.oc^ + oc it ,. . ., 
Xi J- • • • + Xi m = x of roots is independent of the manner of forma¬ 
tion of this sequence. (It also follows that a) is redundant, but we choose 
to emphasize a) by making it part of the definition anyway.) By Lemma 2 
and trichotomy it is clear that the simple roots in the ordering introduced 
at the beginning of this section satisfy a) and b). We now prove that c) 
is also satisfied, and thereby show the existence of fundamental systems. 
Here we may assume every diagonal minor smaller than k by k is 
positive, and that the A-rowed diagonal minor corresponding to 
(Xj ,...,«* is not positive. Being equal to 2, every one-rowed diagonal 
minor is positive, so we may assume k > 1. The desired conclusion 
will now follow from the more general principle of Lemma 4, which we 
shall use again in classifying fundamental systems of roots. First we 
prove 

Lemma II.5.3 (Mills). Let (« ;j ) bo a k by k real matrix such that: 
a,- ( 0 for all i J= /; every proper diagonal minor is positive; 

det(«;y) 0; then if A lp . . ., are non-negative real numbers satisfy¬ 
ing 2" A a ij = 0 for all j, we have h a ij = 0 for all j. 
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For suppose some inequality is strict, say 21Xi a i i> 0. Then 

Aj > 0, > 0, and replacing a lt by « n — s for s sufficiently small 

and positive we have a new matrix (bij) with £ X t bij = 0, all j, with 

proper diagonal minors positive, with 6 i( - = a if ^ 0 for i =|= j, and 
with det(&,- J ) = det (« ;j ) — eM u , where M lx is the diagonal minor of 
(a t j) obtained by deleting the first row and column. Thus det (6 ;j ) < 0. 
We show that this is impossible; more generally, we show that if b t j sS 0 
for «=)=/; if every proper diagonal minor of (bij) is non-negative; and 
if X lt . . X k are non-negative real numbers, not all zero, such that 
2 h bij sS 0 for all j, then det (btj) 0. For k = 1 , we have X x bn 2: 0, 

Xi > 0, from which 6 X1 2:0. Thus we may assume & > 1 and the 
assertion proved for smaller matrices. We may further assume some 
2 Xi bij > 0, since otherwise (b^) is singular. Thus the assertion holds 

for k by k matrices satisfying the hypotheses when the number r of 
strict inequalities is zero. Now let r ^ 1, and assume the assertion 
proved for k by k matrices satisfying a set of k similar inequalities, 
fewer then r of which are strict. Then we may assume 2 h bn > 0, 

1 ^ j ^ 2 h bij = 0, r < / <; k. Thus X x > 0, and letting c,j = bij , 

(i, ?) 4= (1.1). Cn = — Xl 1 j? Xi b n , we have &n> Cu > 0. Now 
consider the matrix (c i; ). 1-2 

If all proper diagonal minors of (c t j) are non-negative, we note 
first that det (bij) — det (c ;j ) = (> u - q,) I n ^ 0. We further have 

2 Xij Cij = 2 Xi bij for 2 < j gj k, 2 c n — 0; thus satisfies 

the hypotheses for (bij) with only r — 1 of the associated inequalities 
being strict, and hence by induction det (c t j) 2s 0, from which det (b t j) 5: 0. 

On the other hand, if some proper diagonal minor of (c ;; ) is negative, 
let q be the minimal size for such a minor, and let (dy) be a ^-rowed 
diagonal submatrix of negative determinant. Then all proper diagonal 
minors of (d Lj ) are non-negative, q < k, and the fact that ^ 0 
for i 4= j implies that those Xi with indices used in forming (c? i; ) satisfy 
inequalities of the form 2 f^i^ij ^ °, 1 5S / y. Thus det(d i; ) 2: 0 

by induction, and the proof of Lemma 3 is complete. 

Lemma II.5.4 (Mills). Let <x 1; . . ., a k be non-zero roots. Suppose 
there is a k by k real matrix (a u ) such that: A.y sS a t j 0, i =(= j ; 
<*;, = 2 (= Ai,), \ every proper diagonal minor of (« ;; ) is 

positive, while det(« i( ) ^ 0. Then (A t j) = (a Lj ) and det (Aij) = 0. 
There are positive integers m t such that 2 m iA- L j = 0, 1 g j g )i; 

for each such solution, there is a sequence of roots oc^, oc^ + 
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*. |_f -Sh f — 2 m i <x i’ = k ’ 811(1 further¬ 

more, the roots « 1( . . .,<x k are linearly dependent. 

That c) of our definition of fundamental system holds for the set 
of simple roots is seen from the lemma by taking a tj = A u to begin 
with; then the existence of a sequence « £l , . . ., « £l + ‘ + <*;, = 0 

and the positivity of all roots in the sequence contradicts trichotomy. 
To prove the lemma, let /9 0 = 0, = »- tl , fti = + <X; a . • • •. fir 
= x . be any sequence of roots as above; we show that 

for some j, + ocj is a root. For otherwise we have Ap riX] ^ 0 for 

all j, from which by Lemma 4-4, 2 s P d ij 0 for all j, where sp 

is the number of times the root <% £ has been added in forming the se¬ 
quence leading to /S r . Then by Lemma 3, 2 s P a U = 0 = 2 S V A ii* 

all j; that is, A ^ aj = 0 for all j. Now if r = 0, (3 0 + *i = <*i is a 
root, while if r >0, let j = i r ; then f} r — oij is a root and A fir>aj = 0, 
from which + txj is a root. As in the proof of Lemma 4-5 it follows 
that there are non-negative integers m, , not all zero, such that 
2 MiAij = 0, 1 ^ A, thus that 2 m i a ij ^ °> 1 2a ? 2a k, and 

that det(Aij) = 0. Lemma 3 applies as before to give 2 m i a U = 0, all 

j. By the fact that all proper diagonal minors of («;,) are non-zero, we 
must have all > 0, so that > A tj for some values of i, j would 
give 2 m i a U > 2 m i A H ~ 0 for ttlis value of ?• Thus = (®«) • 
To* complete the proof, it suffices to construct the sequence of roots 
associated with every positive integral solution of 2 m i A ij ~ ° : lor 
then the root cc = 2 m i «; wil1 have its doublc ( = 2 ( 2w h) <**) as a 
root as well, so must be zero. Since we can find a solution where not 
all «j are divisible by the characteristic, it follows that the « £ are 
dependent. Thus let (m £ ) be a positive integral solution. We claim that 
a sequence of roots of the type considered can be so chosen that if 
r (= 2 S P) ^ 2 m i ■ then S P ^ m i for a11 in particular, since 

there is a root p r in our sequence for r = 2 > we have lor tllis root 

s! r ) = m i for all i, hence j3 r — 2 m i For r = 0 or 1, the assertion 

is evident. Thus let 1 < r ^ 2 m i> and assume/?,_! = « £l -1-h 

has been found in our sequence satisfying sj r_1) ^w £ for^all i. If 
Ap ! < 0 for some j , then fi r -i + «/ is a root; if then p r 11 = «*/. 

we' have 0 > Ap r _ 1>S} = 2 ^ A H ^ 2 ^i A U = °> a contri¬ 
tion; thus in this case = fir-i ~\- «/ has sj r) 2s »«/, therefore s ( p 2s 
for all i. If Ap r _ 1>XJ ^ 0 for all j, then by Lemma 3 A (tr ^ u „ j = 0 for 
all j, and 2 s^Aij = 0, all j. Now (A u ) has rank k - 1, from which 
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it follows that (s^ -1 ^ . . s[ r_1) ) is a positive rational multiple of (»;,), 

with sum r — 1 < £ hence s< r_1) < m ; for all i. From this and 
the fact that p r - x — 0Ci r _ 1 is a root, it follows that we can take 
Pr = fi r -1 + This completes the proof. 

By our remarks following the definition of fundamental system of 
roots, we see that if a root oc is a member of a sequence oc^ , . . ., oc it -f • • ■ 
+ (x.i m = oc of roots, where the oci are taken from a given fundamental 
system, then the length m of this sequence is uniquely determined. 
We shall say that oc has level m, writing L {oc) = m. We set L {oc) = — m 
if L{— oc) — m> 0, and L(0) =0. We also see that the number 

of ij equal to i in the sequence above, is uniquely determined, and that 
m — L{oc) = For L{oc) < 0, we set S;(a) = —s, ( —«), and 

s ;(0)=0; then for all oc Jt A Xt<XJ = £ s t {oc) A^. From the non-sin¬ 
gularity of {Aij) and from A Xi<tj + Ap Xj = A x + p xj if oc, (}, oc + fi are 
roots, we have s ; {oc + P) = s t {oc) + s ; (/3) under these circumstances. 
In particular, we have the 

Lemma II.5.5. If oc, p , and oc + p are roots, then L {oc + /3) = L {oc) + 

+ m- 


§ 6. Semisimplicity and simplicity 

Let £ and § be classical as in the preceding sections, and let 
27 ={«i,..., oc n ) be a fundamental system of roots relative to §. 
We say that two roots «,/?£27 belong to the same component if there 
are roots y x , . . ., y k from 27 such that oc = y x , fi = y k , and A y ^ =(= 0, 
1 i < k . This relation is an equivalence, and the equivalence classes 
are the components of 27. We say that 27 is connected if 27 consists of 
a single component. 

Lemma II.6.1. Let a be a root, and let oc it , oc lx oc t +••• 

+ oc im — oc be a sequence of roots, all oc i} £ 27. Then all oc ij belong to 
a single component of 27. 

We argue by induction on the level of oc, which is by hypothesis 
positive. If L{oc) = 1, then m — 1 , oc — oc^, and we are done. Thus 
we may assume £(«)>!, and that oc ti , . . ., oc im _ 1 all belong to a 
single component 27' of 27. Let oc lm = <%; € 27; if oc, £ 27', then A^ = 0 
= Aji for all ocjEI7; thus A a _ X(t Xi = 0 by Lemma 4.4, from which 
oc — 2 oCi is a root, L {oc — 2 ocf) = L {oc) — 2 =|= 0 since 2oc, is not a root. 
Since L{oc) 2; 2, L {oc — 2 ocf) >0, so that there is a component 27" 
of 27 and a sequence of roots fi h , p i% + P H , . . ., f} t -(- • • • + j8 im _ 2 
= oc — 2 OCi, all £ 27"; hence p^, p^ + p^, . . ., p ti + • • • + p im _ 2 + 
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+ Ki = tx — (Xi is a sequence yielding <% — . By the uniqueness of 

the multiplicity of each € 27 in such a sequence, we have 27" = 27', 
tx-i € 27', and the lemma is proved. 

Lemma II.6.2. Let 27' be a component of 27, and let © be the sub¬ 
algebra of 2 generated by the subspaces 2,, 2-*, where <x €27'. Then 
© is an ideal in 2, and © is classical relative to the classical Cartan 
subalgebra § f| the non-zero roots of © relative to ,Sj f) 3 are the 
restrictions of those roots ft of 2 relative to S> which are members of 
root-sequences oq <x^ + <x it , ..., oq + • ■ • + = ft, where all. €27', 
and of the negatives of such roots ft . The restrictions of the roots <x € 27' 
constitute a fundamental system of roots relative to © f| §. 

First we show that © is the linear subspace % of 2 spanned by the 
2-p, and [2* 2-.,], where « € 27', and where ft is as in the state¬ 
ment of the lemma. By Lemma 4.1, $£ @. Thus it suffices to show 
that X is a subalgebra; we show in fact that X is an ideal. To do so, 
it suffices to show that X is mapped into itself by every ad (eft , ±y € 27, 
0=|=e y €2 y ; for these elements generate 2. First suppose y € 27', 

— y C 27', where one of iy € 27. Then for each ft as above it follows 
from [2* e y \ = 0 = [2* e_J for all a € 27' that [2 ±jS e ±y ] = 0, as well 
as that [[2* 2-J e ±y \ = 0, thus that [T e y \ = o. Next suppose that 
y € 27', and let ft he a. root as above, L (ft) > 0. If ft + y is a root, then 
ft + y is a member of an admissible root sequence . . ., ft , ft + y as 
above, so that [2^ e y ] = 2 p+ v Q X'ftfft + y is not a root, then [2^ e y ] = 0. 
Finally, let — y € 27', ft as before; we may assume that ft -f- y is a root. 
Then either y = - ft, [2„ 2,] = [2 y 2_ y ] QX, or L(ft + y) = L{ft) - 

— 1 > 0. We thus have a 27-sequence of roots . . ft -\- y, ft- it follows 
from the uniqueness of multiplicities of summands from 27 that y C 2. 
That £ is an ideal is now immediate. 

Thus © is the sum of the [2* 2-J,« € 27', and of certain root- 
spaces for non-zero roots ft. Hence © f) § is the span of these [2 A 2_«], 
and none of the roots ft can vanish on § (") © since this would imply 
Ap . =0 for all a €27', and would combine with Lemma 4.4 to con¬ 
tradict the positivity of the diagonal minor corresponding to 27' in the 
matrix (A,ft for 27. Thus § n ® is a commutative Cartan subalgebra 
of ©. Now let ft 4= 0 be a root, 2^ Q ©, and let 6 =(= 0 be any root; 
then either 2a C © or ± <5 is a member of a 27"-sequence of roots, where 
27" is another component of 27. In the latter case, it follows that 
[2^ 2 tf ] = 0 = [2,3 2-a]l hence the root ft is uniquely determined by 
its effect on § f| S, since § = £ [2 y 2-J. Therefore all roots ft with 

2 /}£ <S take on distinct values on § f| ©, and if it € © is central in ©, 
then z € $ n ©. J 2a] = 0 for all d as above, so that y(z) =0 for all 
roots y, and z = 0. From these remarks we see that i), ii) and iii) a), b) 
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of the definition (§3) are satisfied by © relative to Sf) §• It also 
follows that § is the direct sum of © f) § and §' = £ [£ a £_ s ], where 

b runs over all roots <5 4= 0 such that £,, g ©. Thus the restriction 
mapping from § to © f| § of those elements of ig* vanishing on ,£>' 
is a vector-space isomorphism; from this one sees that iii) c) is satisfied 
by @ relative to S f) , as well as that the restrictions to © f] § of 
the roots <x € 27' constitute a fundamental system of roots with the 
same matrix of Cartan integers as when these functions are considered 
as roots of §. 

Theorem II.6.1. Let £, §, 27 be as above, and let 27 = 27i U • • ■ U 27 r 
be the decomposition of 27 into components. Let @ ; be the subalgebra 
of £ generated by the £ a , £_*, where oc € 27;. Then ©; is an ideal in £, 
a simple classical Lie algebra, and the restriction of 27; to the classical 
Cartan subalgebra £ pj ©; is a fundamental system of roots with the 
same matrix of Cartan integers as that of 27;. £ is the direct sum of 
the ©;. Thus £ is simple if and only if 27 is connected. 

Except for simplicity, the assertions about the individual ©; have 
been proved in the proof of Lemma 2. From the proofs of Lemmas 1 
and 2 we see that each root-space £/s (/S =|= 0) and each £_ f9 ] is 
contained in some ©;, hence that £ is contained in the sum of the © ; ; 
we have also seen that [©; ©j] = 0 if i 4= j an d that the center of @; 
is zero, from which it follows that the sum of the ©; is direct. The 
remaining conclusions will be established once we show that the con¬ 
nectedness of E implies the simplicity of £. Thus assume E — {a 1( .... «„} 
is connected, and let $ be an ideal in £, (5 4= 0. Let 0 4= * £ 5> an( I 
let x = h + 2J x p> x p £ £/d we further assume that the number of 
P 

non-zero terms in this representation is minimized by * among all non¬ 
zero elements of g. Now if A(€§) 4= 0, we have x = h; for otherwise, 
if %p =|= 0, we choose h' € § such that /?(&')=|= 0 and have f xh'] 
— 2 P (h') x fi # 0 in with fewer non-zero terms than has x. If 

P 

h = 0, and iixp 0, x y 4= 0 for ^ 4= y, we choose h € § with ft(h) 4= y(h), 
and we have/? (h) x — [xh] € 3, jt(h) x — [xh\ = £ {PW ~ $W) x a 4= 0, 

with fewer non-zero terms than has x. Thus either x = h£ Sg or x = %/>, 
P 4= 0. If x = h, then «; (h) 4= 0 for some i (otherwise h is central), 
from which $5 contains [£ aj A] = £„,, as well as 2 -, ( , hence also 
[£„, £_ af ]. If otj € E has A ti 4= 0, then ocj does not vanish on [£ a< £_,.], 
so that ^ contains 2 ±a) . Using the connectedness of E, we see that all 
£± aj , ocj €27, are contained in g, hence that § = £. It x — x$, then 
5 contains £_p] 4= 0, a one-dimensional subspace of §, so that 
3 = £ as above. 
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We consider certain integral n by n matrices («;,), with all a, ,• = 2, 
denoted and defined as follows: 


(7) 



«/./ = -1 if | i - i\ = f 

, ft, ,- = 0 otherwise; 

S»{*^2): 

ft,; 1 if | i — j\ == 1 

, except that 


= -2; a,j 

= 0 otherwise; 

C„(« > 3): 

“ij = -1 if j l' - /| = 1 

, except that 


«,.»-t:#4'-2; a u 

= 0 otherwise; 

»„(« > 4): 

- 1 if |» — '/| = f 

, f Jgl, / ^ n — 1; 


a„_ 2 „ = — f = a, 

a a = 0 


otherwise; 


£„(» = 6, 7, 8): 

a U = -1 if |i - j\ = 1 

1 , f #f, / is M — 1 


a„- 3 , n = -1 = a, 

, „_3, ft,-; = 0 


otherwise; 


I 7 ,, (« = 4): 

a i ym-\ if 

., except that 


a-i-i = — 2; a;j = 

0 otherwise; 

G«(» = 2): 

= — 3. «at = - 1 ■ 



In each case, every diagonal submatrix consists of diagonal blocks 
which are matrices in the list (7), and of zeros elsewhere. Expansion 
by minors gives by induction the following determinants: A n : n + 1 i 
B„, C ni E 7 : 2; D n : 4; E e : 3; E 8 , F. u G 2 : \ . Hence all diagonal minors 
in the matrices (7) are positive. 

We also consider a second list of n by n integral matrices (a,;,), 
with = 2, denoted and defined as follows: 
f h(n -~-2): « 12 fc -2 = 

G a (n - 3): «, 2 = 1 = a 21 , a l3 mi) — « 31 ; either 

a., 3 =S?; ¥*- 3 > a 3 2 = “■■■ 1 > or «3 2 = — 3 < 


7/„(m is 3): a u = —1 if |* — /| = 1, «i„ = —f = a nl ; 
a, j = 0 otherwise; 

BB n (n is 3): ft,-,- = — 1 if j i — /[ = 1, except that 

« 21 = — 2 = a, (-i,,,; = 0 otherwise; 

a,, = 1 if |f — /| = 1, except that 

a 12 = 2 - • a,,.., ,,; «,-,•== 0 otherwise; 


CB„(k is 3): 
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( 8 ) 


CC n (n 22 3): = — 1 if | i - /[ = 1, except that 

a 12 — — 2 = a n „_j; == 0 otherwise; 


gs 4): a u = -1 if \i - j\ = 1, 1 ^ i, j <2 * - 1, 
except that a 21 == — 2; 2 = — 1 

= o-n-i.n', a ij = 0 otherwise; 

CD„(n > 4): «;y « — 1 if \i — j\ == 1, 1 sg *, j <L n — 1 
except that a 12 = — 2; „_ 2 = — 1, 

= a„_ 2> „; dij = 0 otherwise; 

F 5 (» = 5): a, ( = —1 if |t — j\ = t, except that 


«34 = — 2, or except that a i3 = — 2; 
a,y = 0 otherwise; 

^ 5): a i} m—i if \i - j\ = 1, 2 sSi'./Sw- 1; 

«;y = 0 otherwise; 

Ji (w = 7): «;./ = — 1 if |i — /| = 1, except that a 56 = 0 


— «65> a 36 — —f — 3» a ij — 0 

otherwise; 

7s(« = 8): a u = — 1 if |* - /| = 1, 1 ^ i, j g 7; 

«4g = — 1 = «84i a ij = 0 otherwise; 

£$(» = 9): #,y <=* — f if |* — /| = 1, 1 ^ *, j 25 8; 


«6 9 = — 1 = #90 J <*ij — 0 otherwise. 


For the list (8), every proper diagonal submatrix consists of diagonal 
blocks, each similar by a permutation matrix to one of the list (7), 
and of zeros outside the diagonal blocks; hence all proper diagonal 
minors are positive. Expansion by minors using the values of the 
determinants of (7) shows that every matrix (8) is singular. 

Lemma II.7.1. Let £, £ be as in earlier sections. Then there 

is no subset {ix lt , «„} of £ such that for all i 4f j, Aij , where 
the n by n matrix (#,y) is in the list (8). 

The lemma follows at once from Lemma 5-4, since that lemma 
yields A t j = a,j, all i, j, hence that the diagonal minor corresponding 
to in the matrix (A f y) of £ is zero. This contradicts the 

definition of fundamental system. 

Theorem II.7.1. If a fundamental system of roots £ is connected, 
then upon suitable relabeling of its members £ has one of the ma¬ 
trices (7). 
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For let <xi 4- m Then if A ti < 2 and A - 2, we apply 

Lemma 1 to get a contradiction with = I 2 . Hence if [= 0 
(* =|= t) > we have one of A L j, A qi = — 1, and the other is among 
— \, — 2, — 3 • If IT consists of only one root, its matrix is evidently 
A x ) if E consists of two roots, these remarks and connectedness show 
that its matrix is one of A 2 , B 2 ,G 2 . Now suppose = — 3 for some 
i, j. Then if E consists of at least 3 roots, there is a third root <% A . with 
either A ki =|= 0 or A kJ 4= 0; letting k = 1, i = 2, j = 3 in the former 
case, and k — 1, j = 2, * = 3 in the latter, we compare with G 3 and 
apply Lemma 1 to get a contradiction. Thus if A t j = — 3 for some 
i,j,E has the matrix G 2 , and we may henceforth assume A/j 2s — 2 
for all f, j. Now let Aij =—2 = A qr , where (q, r) 4= (i, j); that 
(q, r) = (/', i) is impossible by the above. If only three distinct indices 
are involved, we may compare the matrix of the three roots with one 
of BB 3t CB 3 ,CC 3 to obtain a contradiction; if all four indices are 
distinct, then the connectedness of Z enables us to connect one of 
the pairs («;, oc q ), (a,-, ot r ), (<xj, ot q ), («;, tx r ) by a sequence of distinct 
roots Xi x , . . ., <x itn from S where only oc^ and <x im are among the four 
given roots, and where A ik> I>+1 < 0, 1 m. We then compare 

the matrix of <xj, a ; t , <x q , <x r with BB m+2 ,CB m+2 , or 

CC m+2 and apply Lemma 1 to get a contradiction. Hence there is at 
most one pair (i , j) with = —2. 

Assuming that such a pair is present, say A t j = — 2, we next 
suppose there are distinct indices p, q,r, s with A pq A pr A ps =f= 0; an 
argument like that above yields a subset of S satisfying the condition 
A km g; a km for all k, m, where (a km ) is a matrix BD n or CD n . Thus 
no such set of indices can be present, and for each index q there are 
at most two indices r 4= q with A qr T= 0; for such indices A qr = — l 
unless ( q,r) = (i , j). Now suppose A ik =|= 0 for some k =\= i,j, while 
Aj m =j= 0, m =|- i, j■ Then k = m is impossible by comparison with H 3 ; 
it follows that if E consists of 3 roots, the matrix of E (upon relabeling) 
is one of B 3l C 3 . If k =|= m above, and if either A kr 4= 0 (or A, nr =(= 0) 
for some r =\= i, k (or r =|= j, m ), comparison with H t shows that r 4= m 
(or r =|= k ), and previous remarks show that r is a new index. The 
subset x,, oij, x k , oc m , « r now may be compared with F 5 of (8) to show 
the assumptions to be contradictory. Thus the assumption A ik 4= 0, 
Aj m 4^ 0 for k, m as above leads to the conclusion that our matrix 
is F„. Finally, if we assume that A ik 4= 0 implies k — i or k — j, and 
if Ajic 4= 0 for some k 4= i, j, then there is only one such k and 
Aj k = —1 = A kj . Repeating, A km 4= 0 for m 4- k, j implies that m 
is new, and A km = —1 = A mk ; continuing, we see that E is C n . On 
the other hand, if A jk 4= 0 implies k = i or / and if A ik 4= 0 for some 
k T f, /, a similar argument shows that E is B n . 
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We may thus assume A,-j — — 1 whenever A if 4= 0, *4=/. Com¬ 
parison with /t/)„, / 7 , / 8 , E t then yields as above that 27 is one 
of A„, D n , E n of (7). 

Theorem II.7.2. Assume that the fundamental system 27 is con¬ 
nected. Then 27 is linearly independent unless the matrix of 27 is A„, 
where n = — 1 (mod ft), ft being the characteristic. In the latter case, 
if the roots are labeled consistently with the matrix (a,;,-) of (7), the 
roots «„_! are linearly independent, and a„ — + 2« a + • ■ • 

+ (m — 1) IX H -i. 

For letting *,••€ |8*, be such that «;(/?;) =2, we see by 

Lemma 4.2 that <Xj(hi) — Aj for all i, j. Thus the matrix (ay (A,)) has 
non-zero determinant except for the case cited above, this by Th. i 
and the values of the determinants of (7). It follows that the ay are 
linearly independent (hence a basis for §*), as well as that the h, are 
linearly independent (hence a basis for ©) except in this case. In the 
exceptional case, the (n — 1)-rowed diagonal minor corresponding to 
a 1( . . ., «„_! of ( xj(hi )) has non-zero determinant, whereas that of 
(ay (hi)) is zero. For 2g»^»-l, («i + 2a 2 + " ' + #a„) (/»;) 
= — (i — I) + 2i — (* -f f) = 0, and (a x + 2a 2 + • ■ ■ + n a„) (hi) 
= 2 — 2 = 0; also (ai + 2a 2 + • • • + »«„) (h n ) ----- 2 n — (n — 1) 
= n + 1 =0, so that a x + 2a 2 + • • • -f n a (l vanishes on the gener¬ 
ators hi, , h n (see proof of Lemma 6.2) for the linear space §, hence 
is zero. The assertion follows. Similarly, evaluation of all roots a* at 

hi + 2h z + ••■+« h n shows that h n = hi + 2 h 2 -f.|- (n — f) h n -i- 

Thus hi, ..., h„-i form a basis for . 

§ 8. Existence of isomorphisms 

Theorem II.8.1. Let £ and be classical Lie algebras over g 
with classical Cartan subalgebras § and S', respectively. Let 27 and T 
be fundamental systems of roots relative to these Cartan subalgebras, 
27 — a,,}, T = {ft, . . ., /?„}, and suppose that A a .^. = 

for all j. Then £ and 9Ji are isomorphic; in fact, if we choose 0 =1= e ±at 6 
e £ ±a<1 0 4= G 3 B ±a , such that a, ([>,, e.^) = 2 p, ([e 0t «_ A ]), 
there is a unique isomorphism of £ onto sending e ±x . onto e ±/} .. 

We first show there is an isomorphism of the dual space §* of § 
onto S* which maps roots onto roots and preserves levels. In view 
of the results of § 7, the only relations of linear dependence among 
roots in 27 (or T) come in components whose matrix is A,., f as. — 1 (mod^), 
and here the r-th root is a uniquely determined combination of the 
remaining r — \ roots, these being linearly independent. It follows that 
there is an isomorphism r of .£* onto St* sending a; onto /S, for each i. 
Thus it suffices to show that if a is a root relative to §, L (a) > 0, 
then t(«) is a root relative to St', and L(r(«)) = L(a), A zh) p. = A a ni , 
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all i. We proceed by induction on L (a), which we may assume to exceed 
one. Thus let L(oc) > 1, so that oc = y f <*; for some Assume j 
is the smallest positive integer such that oc - - (j f- 1) «, is not a root. 
Then 1 ^ f <i 3, and since oc -|= 2 oc t , }L(oc) > L(oc — j «;) > 0, 

L(oc — j oc,) = L(oc) — j. Hence r5 -- r(\ — j oc.) is a root, by induc¬ 
tion, L(d) = L(oc) — j, and A a .p k = A x -j,. c . l = A x _ a/t — jA au&t for 
all k, i ^ k%gn. In particular, A t , fi( = A x - jUt , t ^ so that 
d + j fj t = r («) is a root (5 , and L (/?) = L (6) -j - j = L {oc ). Moreover, 
= A »' h -f = A a ,„, - jA n , <eih + = A v ,«* for all 

and the assertion is proved. 

The relations of dependence among the G [2 a ,. 2-*,], X; (/»,) = 2, 
show that we have an isomorphism of § onto S' mapping /», onto ft; € ® 
(ft; being similarly defined for the /?,). Now let e ±x . £ 2 ia ., e ±(3j € SH+ft 
be such that [e... e- x J =h it [ep. = ft;. Denoting by 2 r the sub¬ 
space of 2 spanned by all 2,, 0 ^ |L («)| ^ r, and by 9)1,■ the analogous 
subspace of 331, we see that there is a linear isomorphism o 1 of 2j onto 
SKj sending hi onto ft,-, e ±x . onto e xfii . Furthermore, ff 1 has the property 
that if w x £ w y £ 2 y , (oc, y 4= 0), h, ti£$ are in 2j, then a t ([hh r ]) 
W, cf 1 (ft')], ffj (i»„ h ]) = <x (h) a 1 (i& x ) = (r(<%)) (03 ( h )) cTj (w a ) = [o'! (»„), 
0! (ft)], and that either j>., zee,] $ 2, or w.,}) — [a l (w x ) a x (w y )]. To 

see the last, consider the case L(oc) -= 1, the case L(oc) = — 1 being ob¬ 
tained by analogy: thus w > = /. e x ., w., = ft e a . or ft e. XJ . In the former 
case [w x w..] £ 2i only if oc. + is not a root, in which case [w„ w y ] = 0 
= [oi(w a ) (7i (w y )]. If w y = ft e_ Xj , then u.\ w.,] = 0 = [oj (ze\ v ) m (w y )] 
unless * = /, and then <7] ([tec, w v ]) = Xfj,a x (hj) = /.ft ft,- = [o’! (ze> a ) O] (at,)]. 
Thus we have shown that for r = 1, if K.’ a , w., are root-vectors contained 
in 2,-, such that \_w x w.J\ G 2 r , then *» y ]) = [<r,.(w a ) o r (w y )~\, where 

a r is a linear isomorphism of 2 r onto 311,. mapping 2* onto 2)i r ^. We 
prove by induction the existence of such a mapping a,, for all r > 0; for 
large r , a r will be the desired isomorphism. The uniqueness follows at 
once since the e ±x . generate 2. 

Thus let r ig 1, and suppose that a/. 911,. has been defined 

with the above properties. If x is a root of 2, L(oc) = r + 1, we have 
oc = y \- oci for some i, where y is a root, L (y) = r ; hence if 0 =|- e y € 2 y , 
e, = \e y e a J is a basis for , and we set a (e x ) = [<r,. (e y ), e^\ =\~ 0 in 
9Jl r ,„ since r(oc) =r(y) + fit is a root. Similarly, we set a (|>_ y e_4]) 
= [(T,.(i?_ y ), e_ A .]. We define tr, + i to be the unique linear mapping of 
2, +i onto 9)1,.+] agreeing with a r on 2,. and with a on the vectors e ±x 
chosen as above. Writing a for a ,. +1 , it remains only to show that if 
w a ,w p are root-vectors in 2,-+i such that Wp] € 5V+i, then 
a ([w„ = \a(w x ) We may further assume that one of *,/S, 

oc + /), if all are roots, has level ±(f + 1), and that if oc f} is not 
a root one of oc.fi has level ± (r -\- 1); in the former case, we may 
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assume |£(« + 0)| ^ r + 1. If (say) 0 = 0, Wp,= hd§, [w„ w fi ] 
= from which since (r(«)) (or (A)) = a (A) we see that cr([w a s^]) 

— Thus we may assume a, 0 4=0. Now suppose 
L(ot) = r - ft, £(0) > 0; if a 4- 0 is a root, then £(« + 0) > r + 1, 
so that we may assume that oc + 0 is not a root. Then r(«) + r(0) is 
not a root, so that [a{w x ) or(ro^)] =>0 == a {[w x w p ]). Thus we may 
assume that if |Z(*)| or |£(0)| is r + 1, then £(«) 1.(0) < o. 

Now let £(«) = r + I (the case £(«) = —(>'+ 1) is analogous), 
£(0) < 0, and we may assume that a -)- 0 is a root. If L (0) S> — r, 
then 0 < £(« + 0) ^ r, so that 2p, 2 x+ p g 2,.. Then ®, = A[e y «,.] as 
above, so that [w x wp~\ = X[[e y w fi ] e x j + A[e y [c aj ze^]] . But now 
2g £ 2 r for <5 = 0, y, 0 + y, oc it 0 + «;, 0 + y + <%;, so that by induc¬ 
tion we see that a (k »*]) = *[[*(&,) a(wp)] a{c a .)] + X[a{e x ) [a[e Xi ), 
a {wp)]] = X [[or (e y ) a (ej] a(w p )] = [a (w x ) a (wp)]. If L (0) = - (r +1), 
then «+ 0 is not a root unless 0 = — », in which case w^ x = p [e_ y e_, ( ]; 
substitution and use of the induction hypotheses as above again gives 
a{[w a wp\) = [a(w x ) a(wp)]. 

We finally consider the case £(<%) £(0) > 0, \L(oc -f- 0) | = r + I, 
for which it will suffice by analogy to assume L (a), L (0) > 0. Let 
(5, «i be the previously chosen roots for oc + 0, i.e., * -f- 0 = <3 + 
an d 4+/? = [««£„,] has had its image under a defined as [q{e e ) a(e x .)]. 
Now we have [w x Wp] = Xe x+ p, o=|=AG?J, and [[zer* w p ] el J 
= A[e a+ p e. Xj ] .4= 0 in 2 s- Then o([w x wp]) = X[a(e s ) a(e xi )], and by 
the preceding, a ([[ze> a Wp\ e_ a J) = X [a (e x +p) a (e-« ( )]. We also have 
[a{w x ) a{wp)] = fj,a(e x+ p), some p 4= 0, and p[a(e x+ p) a(e. X{ )] 

— \[a{ w c*) o(e- Xi )] a{ w p)] + [o(w x ) \a{wp) cr(e_ a .)]], which by induction 
is equal to a (\jw x Wp]) + a (\_w x [wp e_ a J]) = a ([[w a w p ] e_J). Hence 
p = X, which completes the inductive step, and with it the proof of 
the theorem. 


§ 9. The Weyl group 

If we have classical Lie algebras 2i, 2 2 over fields g x , g 2 , with 
classical Cartan subalgebras § 1; § 2 and fundamental systems of roots 
£1 = {%. ■ ■ •,«»} and 27 2 = {0 1( . . ., 0 n ) such that 4 A ^ = 4*,^ for 
all i,j, then the argument of the proof of Th. 8.1 can be used to prove 
that there is a one-one mapping r of the set of roots relative to ,'g 1 
onto that relative to § 2 , such that: t(«;) — 0; for all i; r(—<x) = — r («) 
for all roots oc relative to A T(x)tPl = A x>Xf for all roots oc and all i; 
L (t (oc)) = L(tx) for all roots a; r(a + oc') = r(a) + r(«') if a, a', and 
a + a' are roots relative to .‘pi, and t(oc) + r («') is a root if and only 
if a + «' is a root. For £(<%)> 0, one proceeds by induction, where 
one may assume L{o c) > 1, 1 5S&<I3, y == « — A a root, y — 
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not a root, to define r(oc) = r(y) + k fit] for L («) 0, one defines 
t(«) = — t( —«); that the mapping has the properties claimed is then 
verified exactly as in the cited proof (see, e.g., [357]). 

With £, §, 27 as above, we denote by SB the group of linear trans¬ 
formations of the dual space §* generated by the mappings S,: rp 5, 
= rp — <p(h,) (X;, (<%,;€ 27), where 6 [£ a< £_ a J, X,(/»;) = 2. If a is a 
root, then a (A,) <%,- = <x ; by Lemma 4.2, so that a S ; = a — A*,*, 

which is always a root. Thus SB permutes the roots, and since 27 con¬ 
tains a basis for §*, each S € SB is determined by its effect on 27. It 
follows that SB is a finite group, which we shall call the Weyl group 
defined by £, §,27, and sometimes write SB(S, §,27). (It is in fact 
independent of 27, as will be seen below.) Now let £i, §i, 27 t and 
£ 2 , § 2 ,27 2 be as in the preceding paragraph; let SW, and S[ 2) be the 
corresponding generators of the Weyl groups SBi = 3B(fl 1 , § 1 ,27i) 
and SB 2 = SB (£ 2 , § 2 ,27 2 ). From our first paragraph it follows that 
r(«) S'f> = r{oc S ( F) for all roots « relative to §, and for 1 < n. 

Thus r(of S'F . . . Sg J ) = r(«) S)f > . . . Sg> for all roots a and all sets 
of indices i it . . 4; it follows that there is a group-isomorphism 

S -v S' of SBi onto SB 2 such that S| 1J ' = Sf ] for all i, and such that 
if oc is a root relative to § 1( then r(tx S) = r (<%) S' for all S € SBi- From 
the fact that both r and elements of the Weyl group are one-one additive 
mappings on roots, we see that if are roots relative to § Xl then 
A r ( X) , T (f>) = A X 'i 3 and A aSt ps = for all S€ SBi- 

§ 10. Existence of the classical algebras 

In case the ground field is the complex field C, our "classical Lie 
algebras” are the semisimple Lie algebras; this follows by the results 
of § 6 and the well-known fact that every semisimple Lie algebra over 
an algebraically closed field of characteristic zero satisfies our axioms 
(e.g., see [64, 128, 234]). Now it is known, and has been established 
in various ways by Killing [250], Cartan [53], Witt [416], and 
Harish-Chandra [166] (see also [234, Chap. 7]), that for each matrix 
of rational integers which decomposes into matrices A n , B n , C n , D n , 
G 2 , Ft , E u , E 7 , Eft of § 7, there is a semisimple Lie algebra £ c over C 
and a fundamental system of roots relative to a (necessarily classical) 
Cartan subalgebra § c whose matrix is the given one. The procedure 
of Chevalley described in § 3 may now be applied to give a Lie algebra 
over A given fundamental system 27 c relative to § c induces in 
£/3 a fundamental system relative to §/$, with the same Cartan 
integers as has 27 c [94, 355, 38I]- The center 3 of £ is zero except when 
one of the simple summands of £ c is of type A „, where n = - -1 (mod p) , 
p being the characteristic of %. In this case, each such summand has 
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a one-dimensional center spanned by the element h x -f 2 h 2 T.+ n h „, 

where the h t (z 2 C are chosen from [(Sc) ,* (Sc)--,] with = 2 as 

in § 7, and are in fact in £ z [76, 94, 370]. 

Thus each admissible matrix (i.e., composed of diagonal blocks 
A n , . . Eg, with zeros elsewhere) is the matrix of Cartan integers of 
a classical Lie algebra (viz., 2/3) over ^ determined by a fundamental 
system of roots. Taking into account the isomorphism Tli. 8.1, we can 
complete the proof that there is a onc-one correspondence between 
admissible matrices of rational integers and isomorphism classes of 
classical Lie algebras over g (characteristic 4=2, 3) by proving that if 
Si, , E L and S 2 , $ 2 , E 2 are as above, and if 2i and 2* arc isomorphic 
as Lie algebras over %, then a suitable reordering of the roots in 1\ 
yields the Cartan matrix of E t . Since the notions of classical Cartan 
subalgebra, Cartan integers, and fundamental system of roots are 
preserved under isomorphism, we may assume = S 2 ■ Thus the proof 
may be completed by showing the existence of an automorphism of 2j 
mapping onto § 2 (hence may be assumed), and then of 

an automorphism mapping !g 1 onto itself and 2\ onto Z 2 (in the mapping 
induced on .'of). This will be done in the next chapter (Th. III.4.1 and 
Lemma III.1.2). Anticipating that result, we have the following theorem, 
which may be called the “ classification theorem ” for classical Lie algebras: 

Theorem II. 10.1. Let % be a field of characteristic -\--2, 3. Then 
there is a one-one correspondence between isomorphism classes of 
classical Lie algebras over g and admissible matrices, the latter being 
determined up to rearrangement of the diagonal blocks of types 
A n , . . ., E B . The correspondence assigns to the classical Lie algebra 2 
the matrix of Cartan integers of a fundamental system Z of roots 
relative to a classical Cartan subalgebra §, the elements of the separate 
components of E being suitably rearranged. 

By the fact that there exists a classical complex Lie algebra for 
each admissible Cartan matrix, and by the correspondence of roots 
and Weyl groups over different fields, as established in § 9, we may 
deduce the following properties of roots and the Weyl group from the 
complex case: 

Theorem 11.10.2. Let 2 be a classical Lie algebra, sj a classical 
Cartan subalgebra, E a fundamental system of roots. Then: 

a) If oc 4= 0 is a root, and if h € [2 , 2-„] has <x(h) ----- 2, then the 
mapping S a : ,<p* -> <g* defined by <p S x - (p — cp ( h ) oc is in 
28 = 28(2, .§, E); hence 28 is independent of the choice of fundamental 
system E of roots relative to ,<p. 

b) If oc =4- 0 is a root, then there is an S t 28 such that oc S t E. 
If T is a second fundamental system of roots, there is a unique 5 G 28 
such that E S = T. 
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c) If E is connected (i.e., if £ is simple), then all non-zero roots 
are conjugate under SB unless E is of type B, C, F or G, in which cases 
there are two conjugate classes of roots under 28, with representatives 

and . in the notation of § 7- 

Except for a), it is clear that it suffices to know the assertions in 
the complex case. The mapping S x of a) sends a root fi into /5 — /? (It) oc 
= ft _ A fj x ot, by Lemma 4.2. Since the Cartan integers are preserved 
under the mapping r of § 9 and since S x is determined by its effect 
on the roots, we may also reduce a) to the complex case. But for the 
complex field, all the results are well known: for a) and b) one may 
see [ 234 , pp. 240—242]; also cf. [ 76 , p. 21], where a proof of c) is given. 

If £, Sq,E are as above over <y, and if $ is any extension field 
of g, it is immediate that is a classical Cartan subalgebra of £ ft 
and that the roots of £ s relative to § s . are the unique St-linear extensions 
of the roots of fi relative to §. Thus the roots of E may be regarded 
as the restrictions to § of a fundamental system relative to § st , having 
the same Cartan integers. In particular, £ s is simple if £ is, since this 
amounts to saying that E is connected. 

Finally, it may be of interest to comment as to what is gained in 
generality by considering classical Lie algebras rather than Lie algebras 
with non-singular Killing form or one of the generalizations of this 
condition which prefaced our introduction of the notion of classical 
Lie algebra. If £ c is a simple Lie algebra over C, then it is known that 
the discriminant of the Killing form of £ c relative to Chevalley’s basis 
is divisible by all primes p> 2,3 dividing: n + 1, if £ c is of type A n 
or C„; 2w — 1, if S c is of type B n \ n — 1 , if S c is of type D n ; 5 , if 
S c is of type E a ; and by no other such primes (cf. [128, 355])- It follows 
that the algebra S has non-singular Killing form if and only if the 
characteristic of $ does not divide the appropriate integer in the list 
above. When Sc is of type A n , and % is of prime characteristic p, 
where n ~ — 1 (mod p), S is not classical, while S/3 is classical and 
simple; in this case the Killing form of S/3 is zero (as is, in all other 
singular cases, that of the simple algebra S). Thus all classical Lie 
algebras with non-singular Killing form (in case $ is perfect, all Lie 
algebras with non-singular Killing form and a Cartan subalgebra § 
such that g contains all characteristic roots of each ad h, h£ §) have 
been determined when the characteristic is not 2 or 3 ; they are direct 
sums of the simple algebras with this property. 

If one requires only the existence of a representation with non¬ 
singular trace form, Block [ 35 ] has shown that such representations 
fail to exist for algebras of type A n , n -= —-1 (mod£) . On the other 
hand, one may easily show that the Lie algebra of 2 n by 2 n skew- 
symplectic matrices over [v is a classical simple Lie algebra of type C„ 
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if n 2: 3, and that the ordinary trace form Tr (X Y) is non-singular 
for p 4= 2, 3 • Similarly, the Lie algebra of linear transformations of a 
vector space over ^ of dimension 2n 1 (resp. 2n 2) which are 
skew with respect to a non-singular symmetric bilinear form of maximal 
Witt index is classical simple of type B n . 1 (resp. D„ +1 ) if n >. 3, and 
the ordinary trace form is non-singular. When p = 5, the question of 
the existence of a non-singular trace form on the classical algebra E a 
appears to be open. The assertions on B„ , C n , D n above are verified 
in [216, 234, 353]- 

If the characteristic of % is a prime p > 2,3, there is a basis for 
a classical Lie algebra consisting of root-vectors c a (ex =|= 0), and of 
elements h t G [2 aj 2-«J with « £ (^| = 2. It follows that (ad e a )p — 0 
and, by Lemma 4-2 and the commutativity of the Cartan subalgebra , 
that ad h- L is semisimple with all its characteristic roots in the prime 
field, hence that (ad hi)P = ad Hence, by Th. I.3.3, there is a unique 
structure of restricted Lie algebra on 2 in which e 1 * 1 = 0, Uf = h l . 
If 2 is of type B, C , D, then 2 is simple, and the trace form of the 
preceding paragraph is that of a restricted representation. 

§ 11. Generalizations of the theory 

The axioms of § 3 for a classical Lie algebra represent only one of 
the many sets of properties of complex semisimple Lie algebras which 
might be chosen as axiomatic for a class of Lie algebras over a general 
field. Another choice may very well lead to another class of algebras; 
an example of such a choice is that of Block [38], who replaced iii) b) 
and c) by the requirements that each 2,*, « =|= 0, have dimension one, 
and that a ([2* 2_ a ]) 4= 0. He then concluded that 2 is a direct sum 
of simple algebras satisfying the same hypotheses (analogous to Th. 6.1), 
and that these simple algebras either satisfy iii) c) (hence are classical), 
or the condition that the Cartan subalgebra § has dimension one. Over 
a perfect field of characteristic p > 5, he further showed that the non- 
classical simple algebras of this type are certain algebras of dimen¬ 
sion p n which we shall define in Chapter V, § 4, C, b. Some additional 
investigations on simple Lie algebras having Cartan subalgebras of 
dimension one or two have been carried out by Kaplansky [247], 
who obtained a determination of: 1) all simple Lie algebras over alge¬ 
braically closed fields having a regular element u such that all charac¬ 
teristic roots of ad u are in the prime field, the root 0 having multi¬ 
plicity one; 2) all simple restricted Lie algebras over an algebraically 
closed field, having a one-dimensional Cartan subalgebra defined by 
a regular element. In these cases, Kaplansky assumed characteristic 
p > 31 f° r P = 2, 3, he also obtained some sharp results. For non- 
classical algebras 2 of dimension greater than three over algebraically 
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closed fields with p >■ 3, having a Cartan subalgebra !g of dimension 
one such that the pairing of 2* X 2-« into [x a , x- a ) -*■ [x a X- a ] is 
nonsingular for each root * 4= 0, Block [36] showed that only the 
algebras of dimension p n of Chapter V, § 4, C, b result. 

Rather than relaxing the axioms of § 3, one may choose to relax 
the conditions of § f. For example, one has the result of Borel and 
Mostow [43] in characteristic zero that a linear Lie algebra 2 with 
nonsingular trace form is the direct sum of its center and a semisimple 
algebra. Over algebraically closed fields of characteristic p > 3, Block 
and Zassenhaus [39] have shown that the same hypotheses lead to 
the conclusion that 2 is the direct sum of ideals which are either abelian, 
classical simple, or isomorphic with a Lie algebra @(33) , where the 
dimension of 33 is divisible by p . One may also replace the requirement 
of a nonsingular trace form by requiring only a nonsingular symmetric 
associative bilinear form. In this degree of generality, few conclusive 
results have been obtained; however, Zassenhaus [424] has considered 
the case where the algebra 2 is of the form where 911 is a linear 

Lie algebra, 9J1 1 the radical of its trace form, and where the form on 2 
is that induced by the trace form of 9!t. He has called such a form a 
quotient trace form. Over algebraically closed fields of characteristic 
p > 3 , a full description of Lie algebras having a quotient trace form 
has been given by Zassenhaus [424] and Block [35, 37]. In particular, 
the simple ones are classical, and all classical simple algebras (except 
perhaps for E s when p = 5) admit a quotient trace form. 




Chapter III 

Automorphisms of the Classical Algebras 


The automorphism groups of classical Lie algebras, in the sense 
of the previous chapter, have been studied for the four “great classes’’ 
A—D by Jacobson [216], considering the most natural realizations of 
these algebras. A unified approach has been made by the author [357], 
substituting certain combinations of algebraic operations for the ex¬ 
ponential functions used in the fundamental work of Gantmacher [145] 
in the complex case. Where the author’s results are incomplete (in case 
the ground field is not algebraically closed), they have been completed 
by Steinberg [ 381]. Indeed, Steinberg is able to deal with character¬ 
istics 2 and 3 as well, since he obtains his Lie algebras by Chevalley’s 
process (Chap. II, § 3) from a complex scmisimple Lie algebra. We 
reproduce here the results of Steinberg, restricted to the case of classical 
algebras in our sense, as well as giving essentially Chevalley’s results 
on the general structure of the. groups of Chevaei.ey, when regarded 
as subgroups of the automorphism groups of classical algebras. Finally, 
we give interpretations for these results in terms of the natural realiza¬ 
tions for types A—D, as well as for the exceptional algebras. 

§ 1. The Chevalley groups 

Let £ be a classical Lie algebra over g (characteristic =|= 2, 3), 
ig a classical Cartan subalgebra, £ = § + ^ S* the Cartan decomposi¬ 
tion relative to §. Let x±, . . x r be a fundamental system of roots 
relative to §, and let h t be that unique element of [£„. £ a .] such that 
1 Xiihi) = 2. For each root x =|= 0, let 0 4= e, £'£,,, so that e x is a basis 
for £,j, and the e ±H generate 2. We call a root x -|- 0 positive if the 
level, L (oc) , defined as in Chapter II, § 5, satisfies L(x) > 0, otherwise 
negative (then L (x) < 0). We speak of an admissible ordering of the 
roots as one in which L(x) < L (fi) for roots x, ft implies x < /?, x < f) 
implies — /? < —x. Such (linear) orderings clearly exist. 

By Th. II.8.1, we have for every r- tuple (/z) = (//,,, . . ., fi r ) of 
elements from 7>'* a unique automorphism I) = I) (//,) of 2 mapping 
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<v onto pi e x ., e. af onto fi , 1 c_ a< for each i; V leaves fixed the elements 
of §, and every automorphism of 2 leaving § fixed has the form D (u) 
for some {[7) . Evidently D (/i) D(v) — D (A), where (A) = , . .., fi r v r ), 

so that the group H of automorphisms of £ leaving fg fixed is iso¬ 
morphic to the direct product of r copies of g*. 

Now let tx =|- 0 be a root. By Lemma II.3-4, (ad x,) 1 = 0 for x„ G £ ; ,, 
so that E(x x ) = exp (ad x y ) is a non-singular (unipotent) linear trans¬ 
formation of £. We further have E (0) = I, E(x x + y ) = E(x x ) E(y x ) 
by calculation with the exponentials (note that [x, yj G £ 2 « = 0). 
Similar calculation for characteristics =|- 5, based on the fact that ad x a 
is a derivation, shows that E (x a ) is an automorphism of 2. This asser¬ 
tion is valid for characteristic 5 as well, although more detailed in¬ 
formation must be used in proving it in that case (cf. L 357]). For fixed 
« =|= 0, the mapping A -s- E (A e,) is an isomorphism of the additive 
group of g into the automorphisms of £ (for h£ we have hE (A e A ) 
*At-«(A)A«,). 

We denote by (£(«) the group of all E (x x ), x„ G £ a , and by G' the 
group of automorphisms of £ generated by all (£(«), <x =1= 0 a root 
relative to §. Let G be the group of automorphisms of £ generated 
by G‘ and by H. If DGH, x x G £*, then x„D G £„, and D~'E (*,) D 
= E (%„£>); thus G' is an invariant subgroup of G, and G = G' H — HG'. 
Also, GIG' = G'HIG' = is abelian, so that G' contains the 

commutator subgroup of G. 

If decomposes into components 17,, . . .,17,, so that 

£ = £i © • • • ffi £ s , the £ ; being simple ideals as in § II.6, we may 

regard H as the direct product H 1 X • ■ • X H s , where H k is the sub¬ 

group of H leaving fixed all e H € £, c , and we may regard G' as the 
direct product G£ x • ■ • X G.(, where G\. is the subgroup generated by 
all ©(«), £* C £ ; .. Since H j and G(, as well as G'- and G' k , commute 
elementwise for j =j= k, we have G = Gj X • • ■ X G s , G k = G' k H k = H h G' k , 
where G k leaves fixed all £,-, j =|= k, and maps £,,. into itself. Then G k 
may be identified with the group “G” constructed from the simple 
classical algebra £,, relative to the Cartan subalgebra & k = £) ^ £ ; .. 

Let e, G£« f , ft G £_«,., [e i f i ] = h i :, let S £ be the 3-dimensional 
subalgebra {e it f t , hi). We study the adjoint representation of 2; on £. 

First let <x =1= 0 be a root, « =|- let m -*(.x- r j -- be 

roots, tx + (j + 1) not a root, so that Xp == x x (ad e^J 4= 0 for 

0 L t £ v , while [^ej = 0. Then J^3, and Xpfad f;) k =\= 0, 

Xp(a.d fi) k+1 = 0 holds for some k, j ^ k ^ 3 (cf. proof of Lemma II.2.2), 
and x x = A^(ad/ ; )i, for some A. If oc> 0, all £ /S (ad / ; ) r are of the 
form £,, y > 0, and if ot < 0, these are root-spaces of negative roots. 
Also by the proof of Lemma II.2.2, the sum of these (ad f l ) r is the 
unique minimal £ r invariant subspace of £ containing any root-space 
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£ y contained in it (it is in fact irreducible and may be described as 
the linear span of all c ,,(ad e,)'i (ad /,-)'• for each £,, it contains). Denot¬ 
ing by 2 S* the sum of all £, for «=[=(), ±«„ we see that 2 is 
the direct sum of $ r invariant subspaces as described above, and that 

o • - (,) 

S is the direct sum £ £* ® © 4?W, where is the subspace 

of £ annihilated by oc i: hence by all ad v, x€% t . Those invariant 
summands (including % t ) not annihilated by all ad *, x€% it have 
bases x fi , x e (ad /,),..., Xp (ad f t )i, 1 ^ / g 3, where = 0 

= Xp (ad /i)f +1 . As in Lemmas II.2.1, II.2.2, ^(ad (ad e £ ) 

= — A(; — ^ -f- 1) ^(ad1 ^ k 5S j, so that, relative to the 
above bases, the matrices of ad/ i( ad are as follows: 


' * 



Now let 0 4= X G g, and let A t (k) = £(A /;) £(A~ X e,) £(A /,). Relative 
to the bases as above, Ai(2) has matrix: 



Moreover, A, (A) = £ (A- 1 <?,) £ (A /,) £ (A 1 e,). 

Thus A t (X) leaves fixed all A 6 with a £ (A) = 0 and maps h t into 
— hi (case j — 2 above). The group of all automorphisms of has the 
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contragredient representation A ■-> A* 1 in the dual space .s)*, where 
for (p G Ig*, (pA* is the linear function on sending h into tp(hA). We 
write (p A for (pA*- 1 , and note for A = A ; (A) that <p A (h) — qi(h) if 
&i(ft) = 0, <p A (hi) = <p(—hi); thus cp A = <p — <p(hi) = <p S h where S ; 
is the Weyl reflection determined by », as in § II.9. Since the Weyl 
group SB is generated by the S it it follows that for each S G 28 we 
may choose an element o> (S) G G' such that . < p co (S) = .£), (p m ' s) = <p S 
for all <p G Jg*. We assume one such choice, with c0 (/) = I, co (S;) = A £ (A), 
to be fixed for the rest of the discussion. For S, T G 28, co (S T) -1 co (S) co (T) 
induces the identity on £>*, hence on oj(S) co(T) = co (ST) D, where 
D6G' r\H . For a 4= 0, S G 28, one verifies easily that 2, co (S) = 2 a .v, 
hence that a, (S)' 1 ®(a) co (S) = 6(*S). Also, co (S) H = H co (S). 

Finally, we note from (1) and the above that Z) £ (A) = A ; (A) A ; (l) G #, 
and that for / 4= *, e XJ Di(\) = (—A,,-)! (—A) 4 ^ x^.A^l) = (—A) 4 ^ 
(For is either fixed under A;(A) or corresponds to the last row of 
one of the matrices (1), where x X}S( corresponds to the first row.) When 
/ = i, we have the 3 by 3 matrix of (1), with e a . corresponding to the 
first row: e„ { Di(X) = —x_ a .A ; ( 1) = A 2 e „ { , where corresponds to 
the last row. Thus D,(A) = . . ., pi r ), pij = (— X} a h. Letting H’ 

be the subgroup of H generated by the (A), f <i ALr, 0 4= A G g, 
we have H'QG'r^H. We shall see later that H' — G' r^H. 

Lemma 111.1.1. Let =t= /3 be non-zero roots, and let g have more 
than 5 elements; then there is D G H' such that e x and ep belong to 
distinct characteristic roots of D. 

For let oc = 2 m i («)«<> ft = 2 «;> where w ; (y) are the 

uniquely determined rational integers such that A YiX} = £ (y) A 

for all /; by Chapter II, § 5, all the are either non-positive or all 
are non-negative, and e a is a multiple of a product [[. . . [x y] . . .] 2], 
involving j m t \ factors equal to /; in the former case, m t factors equal 
to g; in the latter. Thus e x Dj(?.j) = JJ (—A/) 4 «" ,<( - %) e x = (— A J ■) /, ' ^ ’‘ V • , e„. 
Since «=(=/?, we have A XtXJ -J Ap a . for some /; since both of these 
are between —3 and 3, and since ^ has more than 5 elements, the 
conclusion follows unless |A* 9J — Ap tX .| = 6 and § has 7 elements; 
but then <Xj is part of a system G 2 , and if tx k is the other root in this 
system, we may assume ot = or « = —a;,., while /? = a/,. — 3<*/ 

or ff = x k , respectively. The corresponding values for A XtXk are — i, — 2; 
those for /l, 3j >jt are 1,2; the conclusion follows by using oc k in place of txj. 

In any case we have for each root « =1= 0, 0 < | A sS 3 f° r 
some /, from which (— Xj) A<x,xs takes on a value other than 1 as Ar¬ 
ranges over the non-zero elements of %. That is, we have an element 
D£H'QG'r*.H such that e x D = Q e x ^e x . Thus D- 1 E (A e x ) D 
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E(?.ue a ), D >/:(/,•,) Dh (/.,■,) ' E(X[o I. e,). Letting X run 
over fy, we see that ©(oc) is contained in the commutator subgroup 
of G', hence that G' is its own commutator subgroup as well as that 
of G. The following lemma summarizes a number of our conclusions: 

Lemma III.1.2. Let H be the group of automorphisms of £ leaving 
§ fixed, G' the group generated by the IS (a), 38 the Weyl group, 
G = G'H the group generated by H and G'. Let H' be the subgroup 
of H generated by the Dj (X), 1 < j < r, 0 =[= X G %. Then IT QG' rs H, 
and G' is the commutator subgroup of G, and that of G' itself. If £ 
decomposes into a direct sum of simple ideals £, : , then G , H , G' de¬ 
compose into direct products of the groups G ; , H it G\ associated with 
these £ ; according to the corresponding decomposition of § and of 
the fundamental system {<%,}. For each S G SB, we have a canonically 
chosen co(S) G G' with £co(S) = §, £„co(S) = £,, s for all » -|- 0, 
co(I) = I. Thus cu(S) -1 ©(<%) co(S) = ©(<%S), wfSl-'ffwfS) = H for 
all roots tx =|- 0, all S G SB. If d G G satisfies §d = §, and if £,d = 2 a $ 
for all roots a | = 0, where S G SB, then A = co(S) D for some D G H; 
in particular, oj (S) m{T) = co(ST) D for D G H , where S, TC SB. 

Lemma III.1.3. If « = ±x,-, 1 ^ i ^ r, then ©(*) ©(-«) ©(«) g 
g {(<£(«) co(S ; ) #'©(*) w #'©(«)) ^ ©(-<%) //'©(«) ©(-«)}. 

Namely, we first let x = — <x ; , A = E(Xf t ) E([i e t ) E(v f t ). If 
= 0, this element is in ©(a), and we are done. If ji =|= 0, then 
^ /.) ^(( V — ^-i) / £ ), and if co(5 ; ) = A (*), 

then one easily sees from (1) that oj(S,)“ 1 d,(//- 1 ) fixes Jp and sends 
e; into That is, A^) = co(S*) Dt{/tx) € co (S,) H ', and 

4 6 ©(«) w (5,-) H' © (a). If Av = 0, then d G ©(-a) IT ©(a) ©(-a), 
and we are done; hence we may assume X fiv -j- 0. If X fi = \ or if 
v = 1, then d = d, (X) E (p /,) or d — E(q /,) d ; (v) for some p, 
from which d = £ (a e t ) A (2) or d = d,(r) £(cr e ,), respectively, 
for some cr. But now d; (x) = £(x _1 e,) E (x / ; ) ^(ar 1 %) shows that 
d G ©(-a) ©(a) ©(-«) C ©(-a) H' ©(a) ©(-a). Finally, if 

=b 1 4= E v > then A = E (o f t ) A , (/c^ 1 ) E (a /,) for some p, a - • 0, 
d = E [o ft) E (r eij Af (A- 1 ) for o, r =1 0, and d = E (- p- 1 e,) x 
X d { (e) 2T((r - o- 1 ) «i) = E (- Q- 1 e!) d 4 ( e ) d;(A -1 ) £(| /,) G ■ 

G ©(-a) H' ©(oc) £©(-«) IT ©(x) ©(-a). For « = *,-, the argu¬ 
ment is symmetric. 

Lemma III.1.4. G' is generated by the ©(»), <x = ±«;, 1 iS i gG r. 

For if G 0 is the group generated by these ©(«), then co (S t ) G G 0 
for all i , so that if S = S (i ... S it G 38, then u (S) = co (5,-J ... co (5,J G G 0 
has the same effect on § as does co(S), thus maps £ Xj onto id a ,s. There¬ 
fore S(« 7 ) and ©((Xj S) are conjugate under G 0 for 1 sS y sS f, SG SB. 
The assertion now follows by Th. II.10.2.b. 
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§ 2. The fundamental decomposition of G. Consequences 

Let *, /S be non-zero roots relative to ip, =(= — tx. If « -f- /? is not 
a root, then and &(fi) commute elementwise. If oc + /S is a root, 
we have the following 

Lemma III.2.1. Let x x ££„, Xp€2p, (i =|= — oc) then the com¬ 
mutator: 

(2) 

is a product of elements E (x Y ), where y =1= <x , j3 and S,, is contained in 
the subalgebra of S generated by 2 X and 2g. 

Namely, the commutator in question is equal to 

(3) E ([*, *„]) E (\ [[*„ *„] x p ]) E [\ [[*„ xp] x x ]) x 

xe(jt [p, Xp] Xp] Xpjj E (-JT- [[[%, Xp] x a ] *j) x 

X ^(y ([[[*- */,] *»J */»]) E (-y- [[[U, *fl3. Xp] Xp] *J). 

For it is not hard to show that (2) and (3) have the same effect on 
each h £ §. Next we note that, relative to a suitable basis for £, both 
ad x a and ad x 0 have matrices with zeros on and below the diagonal, 
hence that (2) and (3) have matrices with zeros below the diagonal 
and ones on the diagonal. Then the product of (3) by the inverse of (2) 
is in H and is unipotent, hence is the identity. 

To see the existence of such a basis, it suffices to show that there 
is a fundamental system relative to § such that both oc and /? are positive 
roots; for then one takes an ordering of the roots which is admissible 
relative to this fundamental system, and chooses a basis for 2 consist¬ 
ing of bases for the root-spaces, proceeding from lowest to highest. 
Since ad x x and ad x 0 raise levels of root-vectors, we have the desired 
form. Replacing (i by p — j oc, where /?—(/+ 1) is not a root, we 
may assume /? — oc is not a root. If both tx, fl are positive, or if both 
are negative, relative to our fundamental system tx lt . . .,tx r , then we 
are done. Thus we may assume oc > 0, < 0, and it suffices to show 

there is an S € 28 such that both oc S > 0 and /? S > 0. The follow¬ 
ing cases are exhaustive (cf. proof of Lemma II.7.1), and one checks 
the solutions S by proceeding in the order indicated: 

Case 1: A x0 — 0. Take S — Sp. 

Case 2: A xtt -3. Take S = %, S fi S a+3 p,Sg S x+30 S x+20l 

Sp S x+30 S x+20 S 2x+30 or Sp S x+30 S x+2s S 2x+30 S x+0 . 
Case 3: A fx = -3. Take S = S 0I S 0 S x+0 , S 0 S x+0 S 3x+20 , 

SpS x+ pS 3a+2 pS 2x+ g or SpS a +pS 3x+2 pS 2x +pS 3a+ p. 
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Case 4: A aB — — 2. Take S = S fl , S a ,. 2/J , or S 0 S a+2B S a+B . 

Case 5: A fia = -2. Take S = Sp, Sp S x+B , or S B S x+ff S 2x+fl . 

Case 6: .4 a/J = — 1 = ^4^. Take S = or Sp S a + )J . 

With respect to our fixed admissible ordering of the roots, let U 
be the subgroup of G' generated by all 6(a), a > 0, 58 the subgroup 
generated by all 6(a), a < 0. For each integer k > 0, let U (fc) be the 
subgroup generated by all 6(a), £(a) &. For each .S' 6 SB, let U s - 

be the subgroup of U generated by all 6(a) with a>0, a S < 0; 
let U$ be the subgroup generated by all 6(a) with a> 0, aS> 0. 
If 5 = S( is a fundamental Weyl reflection, we write U; resp. It' for 
lt.9 resp. Us, and have U; = 6(a ; ). 

Lemma III.2.2. If k 7>j, U (,d is a normal subgroup of U : i', and 
the commutator group (U^, U (,d ) is contained in U l J +k> . If f is a sub¬ 
set of the positive roots such that a and in jT, a + /S a root, implies 
a + j6 in r, let Up be the subgroup of U generated by all 6(a), a € T. 
Then every element of Up can be written in one and only one way 
as a product £ (x B J . . . E (x Bt ), and in one and only one way as a 
product E (x Bi ) . . . E (x h ), where r = {fix , . . ., (!„} and where 
ft <•■■<&. The analogous statement holds with U replaced by SS, 
"positive” by "negative”. 

For Lemma 1 shows that if £(a) Si/, L(i3)^k, then (E (x x ), 
E(x b )) £ tt ( l +fc) ; in particular, E(x a )~ i 6(/9) E[x a ) £ U (W . Thus conjuga¬ 
tion by generators for U <j) maps generators for U (/d into U (/d , from 
which the normality of U </d in U® follows. Now let V £ U <A) , and let 
1(a) ^ /; let V = E(yJ . . . E{y t ), y t £ & fi , £(&) ^ k. Then 
(E (x x ) , V) = E (a*)- 1 E (y,)- 1 ... £ (y,)' 1 (E ( Vl ) ,E(— x a )) E (x x ) E(y 2 ) .. . 
E(y t ); now (E(y 1 ), E(—x,)) £ U (j+W , which is normal in U fj) , so that 
(E[x x ), V) = (£(a„), £(y 2 ) . . . E (y,)) modU fj+A) . It follows by induc¬ 
tion on t that (£(xj, V) £ U.6+« f 0 r all V £ U :a) , L(x) & /. Repeat¬ 
ing the argument with an induction on u shows that (£ (%)... £ (x u ), V ) £ 
£ U ( J+« for all F£ U ( «, a* £ , L( yi ) ^ /, hence (U 1 ^, U (,d ) £ U« +M . 

In particular, U (,d /U (A+1) is commutative. 

With r as in the statement, let U (A> be the subgroup of Up gen¬ 
erated by all 6(a), oc£F, L(<x) 2i k. For k maximal among levels of 
roots in V, it follows that Up is commutative, from which every ele¬ 
ment of Up 5 has a representation of the first form with L (/?*) = k for 
all i. We proceed downward by induction on k to show each element 
of Up has such a representation with L ^ k for all /> t involved. 
Thus we may assume the result for Up' 1) , and let U £ Up ) . By the 
fact that Ur i /U-r ' 1) is commutative, which follows as for U' ,c, /U (fc+1) , 
a representation for U can be reduced to the form £ (x y j . . . E{x Vt ) V , 
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7i < - • • < y r . L (yi) = kr/i^l 1 , V £ U ( r f 11 . By induction, V — £ ftft) .. . 
E (x dt ), where ft <;•••< <5>, are roots in F of level greater than k. 
Thus y,. < ft, and our induction is complete; for k — 1, the existence 
of the first representation follows. As for uniqueness, let E ftft ... £ (ftft 
= E (y h ) ... £ (y J; apply to h € <Q with ft ( h ) ft 0 to get h - ft (h) x h ft 
■mw = h ft (A) y g ft z, where w, z £ JF £*■ Thus x p = y 3i , and 
«={=^1 

repetition yields uniqueness. For the reversed representation, take 
inverses. The negative case is symmetric. 

In particular, we may take r = ft | oc > 0, oc, S < 0}, or 
ft | «> 0, « S> 0}, or ft | a > 0}, or ft | £ft) ft k}. The uniqueness 
of the representation for elements of U yields that U, s and intersect 
only in 1. 

Lemma III.2.3. For each S £ 28, U = 1ft U' s = VC S Ift, and 
Us % = 1 . 

We prove only the first representation, the remaining assertions 
being either symmetric or shown above. Again we induce downward 
on k to show U !w = Uf h/ft, the assertion being evident if k is the 
maximal level. Now assume lift = U^ j) shown for /> k, and let 
U £ U <M . Collecting factors £, £ft) — k, and using commutativity 
of U(«/U ( * + « shows that U = t/j t/ 2 tft, Eft £ Uf, U 2 £ UT\ Eft € U (fe+1) . 
Then U 3 = V 1 V 2 , V , £ Uf +1 \ F 2 £U'i' c+1) , and U = EftFftFj, Eft 1 ) EftF 2 , 
with (F lf Eft 1 ) £ U (2, -' +1) . Thus U = Eft Eft Eft, Eft £ Uf, Eft £ U'jft 
U' 3 £ U (2/t+ «; repetition gives V = Eft" 11 Eft" 11 Uf\ Eft m) £ Uft, Eft m) £ 
£ Eft" l) £ U (m,c+A?+ i ) , which is 1 for sufficiently large m. This com¬ 
pletes the proof. 

Lemma III.2.4. G is the union of the sets Uco(S) H U, where S 
runs over the Weyl group 28. 

For with S = I we see that the union contains II and H, and it 
is clearly closed under left and right multiplication by elements of U 
and H. Since G is generated by H, U and the ©( — a,) (Lemma 1.4), 
it suffices to show the union is closed under left and right multiplica¬ 
tion by the ©(—a,). Lemma 1 and Lemma 3 with S = Si give 
6(-«i) Uco{S) H UQ U- ©(-«,) 6ft,) a>(S) H U, 
which by Lemma 1 .3 is contained in 

U co (Si) H 6 (oh) co (S) H U U U' H ©ft,) co(S) HU. 

The second member of this union is U co (S) II U (Lemma 1.2). For the 
first, we have 6 ft,) co(S) = oj(S) 6 ft, S ). If ot t S > 0, the first member 
is Ua>(Sj S) H U, and we are done. If S < 0, then let S = ftT, 
so that »iT = —»iS> 0, and at (S,) H g ft,) co(S) H = co(Si) x 
X H ©ft,) m(Si)co(T) H = H ©(-«,) t»(T) H = ©(-a,) co(T) H. Now 
U e(-«,) co(T) H U = ft ©ft,) e(-«i) co(T) £UCU' eft,) co (Si) X 
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X H ©(a,-) u>[T) EUoUji S(«i) ft)(T) HU, by Lemma 1 . 3 , and 
S(« i ) «)('/') H U C o»(L) H U since (\,T > (); thus the above is con¬ 
tained in U ft)(S) H U w U ai(r) H U. Closure of the union under 
right multiplication by the ©( — «;) follows by taking inverses. This 
completes the proof. 

Noting that Ua)(S)HU=--UsUsa(S)HUgU s oj(S)HU, we 
have only to prove uniqueness to obtain the important Bmhat-Chevalley 
decomposition [76]: 

Theorem III. 2.1. G is the disjoint union of the sets lt. v oj (S) H U, 
as S ranges over SB. Each element of U.fft>(S) HU has a unique rep¬ 
resentation in the form U'(o{S)DU, where U' € Us, D £ H, [7£U. 

To prove the assertions, we show that if S, T £ SB; U' £ U. s , W'G U T ) 
D, E £ H; U, W£ U, then A = U'w{S)DU= W'm{T) EW only if 
S = T, U' = W', D — E , U = W. If A is as above, let S + = 

then 8 + [/' = £+= 8 + W', so that £ + A = S + co (S) D U = S + co (T)E W. 
Since 8 + ft>(S) is a sum of root spaces, 2 + oj(S) D = S + oj(S) , and 
S + co(S) U = 2 + co(T) W, 8 + w(S) UW-'m{T)~' = S + . Now if*>o 
is a root, 0 e x £ 8 a , then e x co(S) = x xS =j~ 0 in 8 * 5 , e x co(S) UW~ l 
= x«s + y, yG I fy, e„co(S) UW~*cj(T)-i = w xSr -, + 2 , z€ 

G 2y, where w aSr -, = x xS m(T)"l =|= 0 . For this to lie in 8 + , 

y*o,ST -1 

we must have aSr- 1 > 0 , so that ST _ 1 £9B maps positive roots 
onto positive roots. It follows that S = T (see note below), or 
A = U'oj(S)DU =W'co(S)EW, U',W'eU s . But then w(S)~ l x 
W'~ 1 U'a>{S) £ $ 8 , and this is equal to EWU~ 1 D~ 1 £ H U. Relative 
to a basis for 8 consistent with our ordering of the roots, the elements 
of H U have upper triangular matrices, while those of 21 have uni- 
potent lower triangular matrices; hence ^ H U = 1 , and U' = W', 
TFI7 -1 = E _1 D £ H U is both diagonal and unipotent, therefore 1. 
This completes the proof. 

(Note. The fact that if 5 6 SB is such that a > 0 implies ix S > 0 , then S = I, 
is well known in the customary setting in characteristic zero. Rather than trying 
to make the methods of Chapter II, § 10 carry over to the case at hand, we sketch 
an argument. Let y, = a, S, «, £ Z, so y t > 0 and m ik A kj , where 

Vi= Z ™> h <x k , m (k non-negative integers as in Chapter II, § 5. Similarly A Xjiyi 
= Z n jt Ay tt y { = Zi n jk A ki , where ot f = Z n jk y k , all n jk having the same sign, 

and the construction which yields the n jk , together with Lemma 11 . 4 . 4 , shows 
that A ji= = z n ik A yl , Xi = £ n jk m k ,A, i , or (A if ) = (n if ) {m tj ) (A l} ). Thus 

n (f ) = from which it follows that (« i# ) cannot have a non-positive row, 

and hence that all n i} St 0 . Now one sees easily that (m {j ) is a permutation matrix, 
or that rS=I; thus S = I by Th. II.10.2.) 
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As in the proof above, one sees that A^ U'o)(S) DU stabilizes 
S3 = Ip -(- £« only if S — I, hence only if A £ H U. The converse 

«>o 

is clear; thus H U is the stabilizer of 93 in G. 

Lemma 111.2.5. If % has more than 5 elements, the centralizer 
of H' in G is H. 

For let T = U'm{S) DU centralize H', where 5 € SES, U’C. U. v , 
D£H, [7 £11. Let F£H’; FT =TF means {FU'F- 1 ) co(S) X 
X (io(S)~ 1 F m(S) D) U = U'co(S) DF (F _1 UF) . By the uniqueness, 
U and V' centralize H', and so if U = E(x p ) . . £(%J, F~'UF 
= E(x Bi F) . . . E(xp a F), or x flt F = x B . for all i, all F £ H'. But for 
each <x -|= 0, there is Dj (A) £ H' such that £ a belongs to the character¬ 
istic root (—A) =)= f of Dj (A). Thus x Bi = 0 for all i in the above, 

U = 1, and likewise U' — 1, T = m (S) D , so that co(S) centralizes H'. 
If S =1= I, and if oc is a root, oc -H * S, then by Lemma 1.1 there is 
F £ H' with e x F = ?.e x , e x co (S) F = [i e x w (S), A 4= fx. It follows 
that F a>(S) =1= co(S) F, and the lemma is proved. 

Lemma III.2.6. The centralizer of U in G is the group generated 
by all (§ (a), where oc > 0 and where oc T «; is not a root for any oci^E. 

For if oc is such a root and if /?> 0 is a root, then oc + (} is not a 
root, since a basis vector for is in the subalgebra generated by 
the Q xi , from which [£„ £^] = 0. It follows that the elements in ques¬ 
tion centralize U. 

Now let T=U'co(S)DU as above centralize U. Let IFG IT,. 
Then W T = T W implies, by uniqueness in Th. 1, that W = 1, 
1X^ = 1, and S = I by the note above. Hence T = DU £ H U. If 
« > 0, £ £„, E(x x ) = T-!E(x x )T= U~'E(x x D) U; if D =|= 1, we 

have x x D = A x x 4= x <* f° r some oc > 0, E ((1 — A) x a ) = (E (A x x ), U) = 1 
(mod by Lemma 2, where L(oc) = k. Again by Lemma 2, this 

is impossible, so that D = 1 and T = U £ U. 

We now prove by induction downward on k that the centralizer 
in U (fei of all (£(»;) is the subgroup generated by all (2(a), L(oc) ^k, 
for which no oc -f- a ; is a root. The lemma is an immediate consequence. 
For k the maximal level this is trivial. Now let , .... /?, be of level 
&>0, and let U = E (% (Ji ) ... £ (x ftt ) W centralize all 2(a,), where 
W £ U A ' +li . By Lemmas 1 and 2 we have for 0 =|= e, £ S x ., \ = (E (e,), U) 
m E ([e ; . . .E([e iXp J) (mod U ?/ >' +2) ), and if oc t + fl, is a root and 

x Bj =1= 0, then [>; x Bj ] 4 = 0 and L(oc l + fa) = k + 1. By Lemma 2 it 
follows that x Bj = 0 whenever ftj + a,- is a root for some i, and hence 
that W centralizes all 2(a;). The assertion follows by the induction 
hypothesis. 

Corollary. If £ is simple, the centralizer of U in G is 2(a), where a 
is the unique root of maximal level, 
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For if a is a root such that <* + is not a root for any i, one easily 
checks that the sum of all £ a (ad e _ X( ) ... (ad e_ Xi ) is closed under 
ad e ±ol ., hence is an ideal in £, hence is £ by simplicity. Now each of 
the summands is contained in a root-space and the only such ft 
with L(ft) — L (<x ), or with no ft + oc-i a root, is ft = «. Clearly 
L(ft) ^ L(oc) for all ft. 

If ® is an extension of the field then £ ffi is again classical relative 
to the decomposition 8 ® = + 2j (SJg, and we denote by G Sl , 

Gg, H®, U s , etc., the groups associated as above with £ s relative 
to this decomposition and the same ordering of the roots. We may 
identify G, G', etc., with subgroups of G s , G' s , etc., since each auto¬ 
morphism in H extends to a unique automorphism of £ g leaving § sv 
fixed, and since E (x x ), x x 6 2 X , may be equally well applied to £ ft . 
Now Ono has shown [ 311 ] that those elements of several of the groups 
associated with £ e , which map £ into itself, are the extensions to £ ft 
of elements of the groups denoted by the corresponding letters, acting 
in £. For example: 

Lemma III.2.7. If r£G st and if 2T Q £, then T £ G. 

First we note that co (S) £ G' by our construction. Now let 
T = U'co(S) DU, TJ' £ ( 1 X 5 )$, Z)£# sl , G£U a . Then cy^T also 
maps £ into £, and w{S)~'T =VDU, F£$ 8 fl . Let {e„, hft be a 
basis for £ compatible with our choice of an admissibly ordered set 
of roots; then the matrix of D is diagonal, that of U has 1 in all diagonal 
positions and 0 in all subdiagonal positions, and that of V has 1 in 
diagonal positions and 0 in superdiagonal positions. The condition that 
VDU map £ into £ yields that the product of these three matrices 
has entries in g, from which one easily checks that all three have 
entries in g • Thus it suffices to consider the three cases T — V , D , U 
and, by symmetry, only the cases T = D, T = U. In the former case, 
e a for all roots cx 4 = 0 , where 0 e x E 2 X , and e x £ £ only 
if K £ g; hence 2D Q £ implies D £ H. If U = E(l 1 e fl ).. . E {?. s ej 
maps £ into £, where 0 =|= h £ 0 < ftx < ■ ■ ■ < ft s , let h £ £, 

ftiih) 4 = 0 ; then ft^h) £ §, and hU = h — ft (A) e h + 2 £ £, 

z £ (SJffi - It follows that X-y £ $ and, by induction, that U £ IX. 

§ 3. Structure of the Chevalley group 

We assume that £ is as in §§ 1 , 2, and furthermore that £ is simple. 

Lemma III.3.1. Let 3 be a subgroup of G which is self-conjugate 
under G'. Suppose that ^ ^ 6 (a) =|= { 1 } for some root a. Then G' Q Q. 

For by Th. II. 10 . 2 .b and the fact that co (S) £ G' for all S £ 28, 
we may assume ix — on is a member of the fundamental system of 
roots. Let acj be another fundamental root, with ,4 ;/ < 0; we claim 
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that 5 o ®(<Xj) -|= {1}. If Afj = -1, then«, Sj = S; = -a i( 

so that 3^ @(a,- + */) + {!> * 3^ let 0 4= * £ 0 * > € 

6 £ a ., £ (x), E(y) G 3. By (3) (proof of Lemma 2.1), the commutator 
of £ (x) and E {y) is equal to E {[x y]) 4= 1. E ([* y]) - ® K) • If -4 ij = — 2 
or — 3 , then Ajj = — 1 , and in these cases the commutator of E(x ), 
x£ 2„, and £(Ae wj ), 0 4= A £ %, is in 3 if E(x) is, and is equal to: 

A,; = - 2 : E(X(x e XJ ]) E (*A*[[* e aJ ] e XJ ]); 

A u =-y. E (X\x e J) E (^[[x e XJ ] e xj ]). 

E^m* <g) £ (—ir^[[^ e «p *])• 

In case A;j = — 3 , we have a ; Sj = a* + }ocj, a* Sj S; = 2a* + 3<*/. 
so that 3 o g(«f + 3«j) =1= {1} 4= 3 o g(2«j + 3 »j) • Now we shall see 
below that ^5 @(<x) =d= { 1 > is equivalent with 6 (a) C 3- It follows 

that for all X £ %, E (A [* e xj ]) E (£A 2 |> e XJ ] e a J) £ 3- Taking A = ±1 
we find that 1 4 = E (2 [# e^]) £ 3 ^ ® ( a f + *;') : now (*>' + * 7 ) S; = a i • 
and since the fundamental system is connected (by the simplicity of fl), 
it only remains to show that 3 ^ 6(a) =f= {1} implies 6(a) £ 3l again 
we may assume a = a;. For p =| = 0> D i (q)~ 1 E(x ai ) Di(q) = £(ft 2 x ai ) 
by Lemma LI, where D,(g) 6 H’ C G‘. It follows that if 3 contains 
E(x Xi ) 4 1 , then 3 contains all E (A x a{ ) , where A is in the additive 
subgroup of % generated by squares; but this subgroup is and the 
lemma follows. 

Lemma 111.3.2. Let 3 be a subgroup of G, self-conjugate under G’, 
such that 3^ H U 4= {!)• Then G’ £ 3- 

It suffices to show 3^ 6(a) 4= {1}, where a is the unique highest 
root. If 3 H U centralizes U, this is clear by the corollary to Lemma 2.6. 
Otherwise, since U is normal in H U, forming commutators with XL 
yields 3 ^ U 4= {1}. Now (XL ik> , U) is contained in U (fc+1) by Lemma 2.2. 
It follows that for each k> 0, either 3 U (fc+1) =4= {4} or $ ^ H XL 

contains an element 4=1 which centralizes U. Thus we may assume 
3^ U a ' +1) 4= {1} for all k; but U (fc+1) = {1} if k is the maximal level 
of roots, and the lemma is proved. 

Theorem III.3.1 (Chevalley [76]). Assume that either: a) g has 
more than five elements, or: b) £ is not of type A 1 . If 3 is a subgroup 
of G, self-conjugate under G’, and if 3 4= {1}»then G' C 3; in particular, 
G' is a simple group. 

a) Let T — U'co{S) DU 4 1 be in 3. where S£2£, U 1 £ 11,s, 
1) £ H, Ue It. Then U’-'TU' 4 = 1 is in 3 , from which we may assume 
T = m(S) DU. If co(S) 4 = 1, then co(S) £ H, so by Lemma 2.5 there 
is D'ZH’QG’^H such that D'- 1 m(S) D' 4- ft>(S). Since ft) (S) H 
— H ct)(S), D'- 1 co(S) D' = a)(S) E, 14=££D; thus 3 contains 

74 = D'~ 1 TD' = w (S) FDD '- 1 UD' = oj (S) (ED) (D '" 1 UD’) 4 = tw(S)D U, 
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since D'- 1 UD' G 11, E =|=1. Now \ =4= T~'T X = U -1 E U", U" € U, 
T~ x T x G 3 ^ UH U = ^#1X. The theorem follows by Lemma 2. 

b) (Steinberg [ 379]) Let i 4= T = m (S) D U G 3 as above; we 
may assume S 4= / by Lemma 2. If 5 = S L for some i, then since £ 
is not of type A x there is a fundamental root ocj with x, 4= S t > 0 
hence L(xj S t ) > 1. Let t 4= YG @ («,-); then from <u(S)-i Y<u(S) G IX 
one sees that (Y, T) = Y~ l T~ l YT £ u, in fact that (Y, T) = Y~ l 
(mod H !2) ) since aj(S)~ l Yo)(S) G U f2> , an invariant subgroup of # It. 
Since Y € U' 2) , we have l 4= (Y, J) G U. 

Finally, suppose S =|= I, S; for all i. Since S 4= I, <x t S < 0 for some i; 
!et Y =|= 1 in @ (—<%,), and form (Y, T) as above. Now m (S)- 1 Yco(S) G IX 
gives (Y, T) = Y~'D'U', D' G H, U' € II, so that (Y, T) 4= \ since 
23^ # IX = {1}. Moreover, (Y, T) is in @( —a;) ®(«;) H U, and by 
Lemma 1.3 (Sfa) Q co(Si) H'^ H’ftfa). The con¬ 

siderations for the earlier cases S = I , S = S; may now be applied to 
(Y, T) 6 3- This completes the proof. 

(In the remaining case, that of A x over a field of five elements, the conclusion 
also holds; this will be seen in § 6 from the identification of G with the projective 
linear group PGL(2, ft) when £ is of type A x over ft, and of G' with PSL(2, ft). 
That the case (ft| = 5 is exceptional for A l may be regarded as a reflection of 
some technical difficulties involved in proving simplicity for PSL(2,5) —e.g. see 
[18, p. 167]-) 

Lemma III.3.3. G' = 23#'IX 23. 

For the set 2?#' II 3? contains generators for G' and is contained 
in G', so that it suffices to show it closed under left and right multi¬ 
plication by the generators ($(±«/) of G'. Since H' U = UH' and since 
all factors are subgroups, taking inverses reduces the problem to show¬ 
ing 23#' U 95 is closed under right multiplication by the (£(±<X;), and 
indeed by the ©(«;). By Lemma 2.3 we have 11' @(«,-) = U = ®(« ; ) U', 
23; (£(—«,•) — 2? = 6(—«() 23', and conjugation by co(S ; ) gives 
IX- ®(-«;) = (£(-«;) U;, 23' (£(«;) = <$(«;) 23;. Thus 23 H' U 23 (£(«,) 
= #'23 111 ®(<Xi) (£(-«;) 23' <£(«;) = #'23 Uj <£(«;) <£(-«;) @(«;) 23' Q 
C #'23 XX- @(—«,-) #'©(«;) ®(— Xi) 23; by Lemma f.3, and this is 
contained in #'23 11#'23 = 23#'XX 23 by the remarks above. 

Lemma III.3.4. #' = G' #. 

For let D G G' ^ #. By Lemma 3, D = VD' UW, where V, W G 23, 
D' G #', Ueil. Thus f = D~ l VD' UW = (D^VD) (Z)- 1 #') UW, or 
(#-iF#)-iIY-i= (#-1#') C/G 23^# 11 = {f}. Hence U = DD ’~iG 
G 11 ^ # = {1}, or D = D’ £ #'. Since #' QG' rs H is known, the 
lemma is proved. 

One can now describe the structure of the commutator quotient 
group G/G'. We have seen that G/G' = #/(G'^ #), i. e ., G/G' = #/#' 
(Lemma 4). Now # may be identified with the direct product of r 
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copies of %*, and f H' with the subgroup generated by the /-tuples 
.... X ArJ ), AG $*, 1 si j Sa r. If di, . . d r are the invariant 
factors of the integral matrix (A/j), with | r/ 2 1 • ■ ■ | d r , then d r =(= 0, 
and IV is isomorphic with g*' ( > X • • ■ X ?)'*'''■ This group may be re¬ 
garded as embedded in H ^ x • • • X by the identity mapping 
of %* di into g* (cf. [38I]).Thus G/G' ~ HjH' = X • • • X %*l%* dr . 

The invariant factors of the matrices (A ; ,) are readily computed: for 
type A r , d r — r + 1, d t — 1 for i < r; for types B r , C r , E 7 , d r — 2, 
di — 1 for i < r\ for type D 2k+1 , d 2k+1 = 4, d t = 1, i < 2k + 1; for 
type D 2k , d 2k = 2 = d 2k . lt d t = 1, i < 2k — 1; for type E 6 , d r = 3, 
d t = \ , i < r; for types G 2 , F t , E 9 ,d t = 1, all i. 


§ 4. Conjugacy of Cartan subalgebras 

The following theorem was proved in the algebraically closed case 
by the author [355], with the group G' replaced by the group generated 
by all G' = G' (§) relative to all classical Cartan subalgebras £) of £. 
That this latter group coincides with G' is a consequence of the im¬ 
proved version given here, which is also valid for non-algebraically- 
closed ground fields, and is due to Steinberg [384]. 

Theorem III.4.1. Let £ be a classical Lie algebra, and let § 2 
be classical Cartan subalgebras. Let G' = G' (§ x ) be the Chevalley 
group G' constructed relative to . Then there exists a € G' with 

$! = Si- 

First suppose the ground field % is algebraically closed, and let § 
be any classical Cartan subalgebra. Let <x 1 ,. . ., <x s be the non-zero 
roots relative to $, and let h lt . . ., k r be a basis for .£>. Let 0 6 

for each tx =|= 0. Regarding £ as the M-dimensional affine space 
with coordinate system given by the basis {hi , ej , consider the map¬ 
ping <p: -* %> l given by 

(4) <p{k\ A.) = <P(2 khi + Z K e x j = (Z k hi) 77 E{X x ej, 


where the product is taken in some fixed order. The mapping is a poly¬ 
nomial mapping, i.e., there are fixed polynomials p L (X), p x (X) in n 
variables such that (p (A,-; A.) = (p t (A); p x (A)) in our coordinate system. 
Now let h G lg have x (h) =|= 0 for all tx 4= 0, h = Z Mi hi, and consider 
the Jacobian matrix of 9? at A, 


djpAXy, p x (X)) j 

d ( X i; X x ) [(„,•; 0)’ 


this is equal to 
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hence is non-singular. It follows that %(Xi~, X a ) admits no non-zero 
derivations vanishing on i$(pi(X); fi x (X)), hence that the former 
field is a separable algebraic extension of the latter (cf. [223, Chap. IV, 
or 407, Chap. I]). In particular, (^ £ (X); p x (X)) is a generic point for 
the closure of q> ($") in the Zariski topology of ^ rl , and has dimen¬ 
sion n. Therefore <p( fl) = (p{% n ) is dense in the Zariski topology of % n . 
Since % is algebraically closed, y{% n ) is epais (cf. [72], p. 186), i.e., 
contains a dense open subset of its closure. Hence <p(i$ n ) contains an 
open dense subset of g". Now the regular elements of £ constitute 
a non-empty open (dense) subset of % n , and any two non-empty open 
subsets of intersect. 

Now let <p it q> 2 be constructed relative to f) 2 as was tp above. 
Then it follows that yx(S) r> <p 2 (£) contains a regular element u of £; 
by the definition of y, we have w = gj 1 = gl\ where g, ; € .ft;, <7, € G' (ft,-). 
It follows further that g £ is regular, g 2 = gj 1 ®* 1 , so that a x o^ 1 maps 
the centralizer of gi in £ onto that of g 2 , and these centralizers con¬ 
tain resp. §2. By the fact that g ; is regular, and because ft; contains 
an element (cf. h above) whose centralizer is ft,, the centralizers of 
the gi are the ft;, and ft 2 = ft^ 1 ®* 1 , o',- G G'(ft,). Hence if a is a non¬ 
zero root relative to ft 2 , 0 =|= e x £ £ a , we have e x = x fi aj ct 2 1 , where x fi 
is a root-vector relative to , or e x a 2 = x^a^. Thus, as sets, 
{a^E (A e x ) cr 2 } = {a^E (A x ff ) o x }; but the former set generates G' (ft 2 ), 
and the latter is contained in G' (§ x ). Hence G' (§ 2 ) = G' (ft x ), and the 
theorem is proved in the algebraically closed case. 

Next suppose ® is the algebraic closure of §, and consider £ a , 
which is classical relative to (§i) s , (§ 2 ) s .. Hence there exists a € G' ((§i)@) 
mapping (ft^g onto (ft 2 )g. If « 1( . . ., oc r is a fundamental system of 
roots for £ relative to ft t , and if 0 =He £ G£ aj , then c = A; x it 
0 4= Xi G £ ft , where (i r is a fundamental system of roots relative 

to §2, and where 0 =|= A; G S. Let D £ H ((fti)g) map onto A' 1 
1 ^ ^ r. Then (&)£" = ($*),, e ; Z)cr = and UarG Gftfr)*) 
= G'((ft x )g) since S is algebraically closed (§ 3). Thus we may replace 
a by Da to assume e t a G £, f If 0 =1= / £ € £_„,., 0 4= y £ € £_ ft , 

then fiO = [iyi, [i G S, and [e £ /J a = h t a = fi [*,- y £ ], h t G fti, and 
0 =|= [«; n = «,-(&;) e t a = yj] € £, from which Since 

the e,-, /; generate £, £® = £, and n€G((§i)g). By Ono’s theorem 
(Lemma 2.7), ffGG(ftj). Now a = Da x , D£H (&), UiGG'^), by 
§ 1, and § 2 = ($*)* - £ = (fti)a - £® = ((&)* - £)® = ft? = ft? 1 . 
This completes the proof. 

Corollary. Let ft 1; ft 2 be classical Cartan subalgebras of £. Then 
the groups G' (ft,) and G' (ft 2 ) coincide, as do G (Jpj) and G (ft 2 ) • 

For if ip 2 = ft?, orGG'^J, we have G(ft 2 ) = <7 _1 G(ft,) <r, G'(ft*) 
= ff" 1 G'(fti) or. 
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§ 5. Structure of the automorphism group 

Let £ be a classical Lie algebra over g, with classical Cartan sub¬ 
algebra §. Let 91 (£) be the group of automorphisms of fl. Let {ej 
be a basis as before for £ so chosen that «([e a e_J) = 2. Let 

x r be a fundamental system of roots relative to If tc is any 
permutation of {1,2, ...,r} such that A in j„ = A t j for all i,j, we 
refer to n as an automorphism of the Cartan matrix (An); in the custom¬ 
ary representation of (A;j) by a mixed graph (Schlafli or Dynkin dia¬ 
gram) of r vertices with the edges {« ; , xj} of multiplicity A Aj ,, 
this edge being directed from x t to ocj if and only if A^ < Aj it these 
are the automorphisms of the diagram, or graph automorphisms. By 
Th. II.8.1, for each such n there is a unique automorphism of £ mapping 
e Xi onto e X(n and e_ a . onto e.„ in for all i. We denote this automorphism 
also by n; such automorphisms form a finite group J 1 isomorphic with 
the group of graph automorphisms, and we refer to T as the group 
of graph automorphisms of £. 

Now let a C 9l(£); then Sq” is a classical Cartan subalgebra, so that 

= § T for some r CG'($)=G'. Thus & = §, where q = c r _1 . 
Now £“. = 2(1,, 1 <i<r, where {/?,} is a fundamental system relative 
to §, so that for some S £ 28, 0 — q tw(S) _1 has §“ = £), £■% = £*,„, 
7i being a permutation of {1, . . .,r). Since the A are determined 
by the vanishing or non-vanishing of products of the e X( , it follows 
that n is an automorphism of the Cartan matrix. Let DC H = H(Q) 
be the automorphism mapping e X{n onto Xi e X(n , where e M 0 = X, e Xjn , 
1 ^i ^r. Then nD, where n is a graph automorphism of £, maps 
e, H onto Xi e y . n , e_ a . onto Xj 1 e_ X(n , hi onto h in , where h t = [e X( c.,.], 
and 0 maps h L onto that h € [£«,.„, £_*„] such that X t \e x . n h] = [el. hf] 
= 2e° a . = 2X, e x . n , viz., h = h in . It follows that e°_ Xi = Xj 1 e_ x . n , or 
that 0 = nD. That is, cr r" 1 to(S )- 1 = nD, or a = nDco(S) r € n G($) 
= nG. We have thus proved part of the 

Theorem III.5.1 (Steinberg). Let a be an automorphism of £. 
Then a can be written uniquely as o — nd, where 0cG = G(@, 
and where n is a graph automorphism as above. 

It remains only to prove uniqueness, or that the only graph auto¬ 
morphism n £ G is the identity. If n is such an automorphism, then 
since n stabilizes 23 = !q -j- £+, we have n = DU, DC H, UGU, by 
remarks preceding Lemma 2.5- Similarly, n = EV, ECH, VC S3, 
so that V = (E-JZ)) UC $ ^ H U = {1}, V = 1 = U, and n — DC H. 
Thus e X(n = e a . n = X t e Xj for all i, which implies n'= 1, and com¬ 
pletes the proof. 

It is clear that a graph automorphism n permutes root-spaces 
relative to §, hence that nr 1 G'n = G'. Similarly, <£>* = § implies 
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7T 1 Hn = H, so that G is a normal subgroup of 9I(£). Thus 9l(£) 
has the chain of normal subgroups $ (£) 2 G 2 G' 2 i, where 9I(£)/G 
is isomorphic with the group of graph automorphisms, G/G' ~ HjH' 
= X • • • X $*/5*'' r as in § 3, and where G' is a simple group, 

or a product of simple groups. The group 91 (fl) is the semi-direct pro¬ 
duct of G and F. Also, F is easily determined: If the graph of £ has 
distinct isomorphic components, i.e., if £ has some isomorphic simple 
summands, then the group F is generated by a complete set of permuta¬ 
tions of roots, preserving the Cartan integers and inducing all permuta¬ 
tions of components mapping isomorphic components onto one another, 
together with the direct product of the groups of graph automorphisms 
of the separate components. In case no two components are isomorphic, 
the latter direct product is the full group r. In the notation (7) of 
Chapter II, § 7, the groups T for connected diagrams of the various 
types are: 

Types A lt B, C, E„ E„ F, G: r= 1. 

Type A r (r >1): r = {1, n), where i n = r + \ — i. 

Type D r (r > 4): r = {1, 71 }, where i 71 — i , i ^ r — 2; 

{r — I) n = r \ r n = r — 1. 

Type £>4: n d r may effect every permutation of {1,3,4}, while 
2n — 2; F is the symmetric group <S 3 . 

Type £ 6 : r = {1, 71 }, where 6tv = 6, i 71 = 6 — i if i < 6. 

Thus 3l(£) = G if and only if £ is a direct sum of simple algebras 
of distinct types among A lt B , C, E 7 , E s , F it G 2 . For simple algebras, 
these and the remarks of § 3 show that 2K(£) = G' if £ is of type E 8 , 
F it G 2 ) 9l(fl) = G’ if £ is of type A 1 , B, C, E lt and if every element 
of 5 is a square; 9I(£);-|S]G' otherwise. 

§ 6. Realizations 

A n : Let % be a field of characteristic =4=2, 3, and let 9? be an 
(n + 1)-dimensional vector space over %. Let £ be the quotient Lie 
algebra by its center of the Lie algebra 911 of endomorphisms of 93 
having trace zero. Then £ = 9H unless g has prime characteristic p 
dividing m + 1, in which case the center of 911 consists of the scalars. 
Relative to a fixed basis v lt . . v n+1 for 93, the cosets, by the center, 
of elements of 91t having diagonal matrices form a Cartan subalgebra §, 
the cosets of matrix units E ijt i =) =j, are root-vectors belonging to 
distinct non-zero roots relative to and £ is classical relative to the 
classical Cartan subalgebra §. The roots tx L to which the £, i+1 belong 
constitute a fundamental system, which is connected of type A n . Thus 
£ is a simple Lie algebra of type A„ . 
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For each automorphism U of SB, (J~ L ''MU = 9Ji, and it follows 
that conjugation by U induces an automorphism a,- of 2. The homo¬ 
morphism U ->- (T, f maps the full linear group GZ. (58) into 91(2), with 
kernel consisting of scalars. If U = I + 7ZT;y, i =|= j, 7 € jjj, then 
a v = EftEij), where is the coset in S of so that the group 
G' = G' ($q) is the image of the group generated by the I + 72?^-, 
under the mapping XJ -*■ Ou. Since the latter group is the special linear 
group SZ, (58), we have G' = PSL (58), the projective special linear 
group. Letting D = diag {1, ^, (i x /x 2 , . . ., fx x ■ . . ,«„}, fit =|= 0, one 
sees that a D leaves § fixed and maps E( i+1 onto /ijE, , + 1 . Thus the 
group H is contained in the image of GL (58) under U -*■ cty , so that 
G = G(!q) is also contained in this image, which is isomorphic with 
PGZ(58). Finally, there is an automorphism r of 2 sending Ejj onto 
—Eji for all i =|= j, and r =1= a v for all U € GL(l 8) unless n = 1. Since 
G is of index I (if n = 1) or 2 (if n > 1) in 91(2), we have G ^ PGL (58), 
and 9f (2) has PGL (S3) as a subgroup of index 1 or 2, there being another 
coset (with r as representative) if and only if n > 1 (cf. [216, 358]). 

C r : Let 58 be a vector space of dimension 2 r over and denote 
by (x, y) an alternate non-singular bilinear form on 93; i.e., (x, x) = 0 
■=3 (x, y) + (y, x) for all x,y. Let 2 be the Lie algebra of endomorphisms 
T of 58 which are skew with respect to this form: (xT, y) — — ( x,yT) 
for all x, y. Then 58 has a “symplectic basis” v lt . . ., v 2r with (v i: vj) = 0 
unless \i — j\ = r, while (v it v i+r ) = 1, Relative to this 

basis for 58, 2 has a basis consisting of the matrix-unit combinations 

En - £ i+r ,, + ,.; E iii+r ; £ i+M ; 

(5) E t j - E J+r 1+r , f =[ j- 

Ei,j+r + Ej,i + r, •E'i + r,./ + E j + r,i, » < j', 

1 ^ i, j ^ r. 

The E u — £ i+r , /+r span a Cartan subalgebra .‘p, relative to which the 
remaining basis elements are root vectors belonging to distinct roots. 
One verifies at once that 2 is classical relative to §. If oc t , 1 sS i 
< r — 1, is the root to which E L i+1 — E i+r+l i+r belongs, and oc r that 
to which E r 2r belongs, one finds that « x , . . .,tx r is a fundamental 
system relative to §. If r = 1, this system is of type A 1 ; if r = 2, 
it is of type B 2 \ if t ^ 3. it is of type C r ; in each case the results of 
§ 5 yield that the group 91(2) of automorphisms of 2 is the group G 
of Che valley. In particular, 91(2) contains all mappings a r : X 
—>■ U~ l X U, where U is in the group @ of similitudes of 58: (xU ,yU ) 
= P{x, y) for all a, y € 58, where 0 H= /9 = /3(G) € %. Let T be a sym- 
pletic transvection of 58: a T = x + 7 (a, x) a , where 0 =|= a is fixed 
in 58. We may take a = as the first vector in a symplectic basis 
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«!, . for $, in which cast: T has the matrix 1 | As 

with our original basis {t> £ }, E r+1 ,, relative to the {w £ }, is a root vector 
relative to a classical Cartan subalgebra, so that exp (A ad ii,. +ltl ) = a T 
is in the group G' by § 5- Now the symplectic transvections generate 
the symplectic group Sp(33) [18, 102, 112], so that the image of Sp(33) 
under the homomorphism U -*■ a, ; is contained in G '; on the other 
hand, each of the root vectors e x of (5) is an endomorphism of square 
zero belonging to 2, from which I + l e x € Sp(§8) for all A € g, and 
E {X e x ) — a I + xe x shows that every element of G' has the form a a for 
some C/eSp(SS). 

Next let D6fl, (E,, i+1 - E i+r+1 , i+r ) D = Pi{E it i+1 - E j+ , +li £+1 ), 
1 <1 i ^ r — 1; E rt2r D = j} r E r>2r , 0 =1= pi € g. Then D is determined 
by the /? ; . Let G be that endomorphism of S3 with v t U = /, v t , 1 sS 
^ i ^ 2r, where = 1, A; = ft . .. ft_i, 2<i^r; X 2r = ft ... ft, 
hr-i = Pi ■ ■ ■ ftft-i • • • ft-;, 1 ^ i <_ r. Then U is a similitude, 
j8(f/) = Pi.. . Pr-xP r , and <r f/ = Z). It follows that the image of © 
under U -> Up contains G = 31(2), i.e., that every automorphism of 2 
is of the form X -> U^XU, U € ©. From these observations one sees 
at once that G' = P Sp(S3), G = 31(2) 3 P©, where PSp, P© denote 
the corresponding projective groups. The mapping assigning to each 
U 6 © the coset P(U) g* 2 in g*/g* 2 induces on G/G' an isomorphism 
onto g*/g* 2 ; this may be regarded as another way of obtaining the 
result G/G' = g*/g* 2 of § 5 (cf. [216, 326, 358]). 

B r : Let S3 be a vector space of dimension 2r + 1 (7 2: 1) over g, 
and assume given on S3 a non-singular symmetric bilinear form (x, y) 
of maximal Witt index, r. We assume that the discriminant of the 
form is (—l) r , modulo squares (this assumption is inessential, since 
any two spaces of dimension 2r + 1 with forms of maximal Witt index 
are related by a similitude), so that S3 has a basis v lt . . ., v 2r+1 with 
(u;, Vj) =0 if |t — j\ =t= r , (Vi, v i+r ) = 1 for 1 f^ 2r, and with 
(»,-, v 2r+1 ) = ft 2r+1 , 1 5S i 2r + 1. Let 2 be the Lie algebra of 
endomorphisms of S3 which are skew relative to (x, y). Then 2 has a 
basis 

Ea — E i+r i+r ; Eij — E J+r i+r , i ft j; 

(6) E iitr+1 -E Mlii+r ; E i+rt2r+1 -E 2r+1J ; 

Ei,j+r — Ej ti+r , i < ;; E i+r j — Ej +r<i , i < /; 

1 ^ i, j ^ r. 

The E ti — E i+J . i+r span a classical Cartan subalgebra .‘p relative 
to which the remaining basis elements are root vectors belonging to 
distinct roots. A fundamental system of roots consists of the roots 
1 :£ * :£ r — 1, to which the 7ft i+1 — E I+r+1 i+r belong, and the root 
cx r to which E r 2r -i - E 2r+12r belongs. If r = 1, this system is of type 





§ 6. Realizatic 


69 


A ,; if r :> 2, it is of type £ r . Thus £ is a classical simple Lie algebra 
of type if r SL‘2 and we have 2l(£) = G for all values of r by § 5 • 

Again 2t(£) contains all mappings a Ut where U is a similitude of 2$, 
and the mapping U ->■ a rj is a homomorphism of the group © of simil¬ 
itudes onto a subgroup of 21 (£), the kernel being the scalar auto¬ 
morphisms of 58. The displayed (in (6)) root vectors e x relative to § 
satisfy e\ = 0 as endomorphisms of 58, with e\ = 0 except for those e x 
involving the index 2r-\-\. It follows that E (A e x ) = a a , where 
U = I + A e x + \)? el G 0 + (2?), the proper orthogonal group of SB, 
hence that G’ is contained in the image of £ ,+ (28) under the mapping 
U ->Ou. Next let D€H, e xl D = fa e„. =|| 0, t ^ i ^ r; then D = a Ut 
where VjU = Jij Vj for all j, with /. 2r +i = t, far-j = fafa-i ■ • ■ fa-], 
0 ^ ^ r — 1, A; = 1 Moreover, (7 G 0 + (SB). It follows 

that 21(£) = G consists of automorphisms a Ut U G 0 + (58), and hence 
that if W G ©, then W = fj,U for some U G 0 + (58), G §*, so that 
the factor of similitude /3 (IF) is fa G g* 2 ; every factor of similitude in SB 
is a square. Since 0+(58) has trivial center, we haveG = 21 (S) = 0 + (S3); 
since G' is the commutator subgroup of G and D' (2?) that of 0+ (58), 
we have G' = 0' (58). An isomorphism of G/G' with 3*/5* 2 ma Y be 
obtained via the spinorial norm isomorphism of 0 + (23)/0'(58) with 
g*/g* 2 [18, 112, 129, 358]. 

D,.\ Let 58 be a vector space of dimension 2 r over %, and let (x, y) 
be a non-singular symmetric bilinear form on 58 of maximal Witt index. 
Let £ be the Lie algebra of endomorphisms of 58 which are skew with 
respect to [x, y). Then 58 has a basis v lt .. .,v 2r with fai, Vj) = 0 if 
|| — /) 4= r, and with (i v i+r ) = 1. £ has as basis the 

E it - £ i+r , j+r ; E u - E j+rti+r , i 4= /; 

(7) E i,j+r ~ E j,i+r, i<j', E i+r j — E j+r,i, » < j 

1 £i,j gr. 

If r 2: 2, the 2i ;i — E i+rti+r span a classical Cartan subalgebra £>, 
relative to which the other basis elements are root-vectors; letting 
E i>i+1 — E i+r+lii+r belong to the root a*, 1 ^ i si r — 1, and E r _ lir — 
— £ r , 2r-i to « r , we see that a 1; . . ., tx r is a fundamental system of 
roots (for r = 1, £ has dimension one). When r = 2, the system or, a 2 
decomposes, and £ is the direct sum of two ideals of type when 
r = 3, the system «i, « 2 > «3 is of type A :i ; when r is: 4, the fundamental 
system is of type 1 ),.. Now the group of graph automorphisms has 
order 2 unless r = 4, in which case it is the symmetric group on 3 sym¬ 
bols. Again 2l(£) contains all a Ut U a similitude, and the group G' is 
contained in the group of all Ou for U G 0+ (58). Since G' = (G', G'), G' 
is contained in the group of all a l: for U G O' (23). If D G H , e aj I) = /?; e a ., 
let U be the automorphism of 58 with v 1 U = v t , ViU — fa .. . fa -, t>;. 
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i r; tv + i U = y fi r v r+1 , v r+i U = y• . . ft-i)’ 1 », +i , 1 

where y — . . . /? r _ 2 ) 2 . Then Li is a similitude with factor y f} r 

such that D — au- Moreover, det(7 = (y ft,)'", now if W is a similitude 
with factor (3, det W is equal to ±/9 r . W is called proper if detW = /3 r , 
otherwise improper. Since all elements of 0 + (S3), as well as U defined 
above, are proper, the group G is contained in the group of automor¬ 
phisms of £ of the form a Ut where U is a proper similitude. 

Now let T £ 0(33) leave v t fixed for i =[-- r ,2r, with v,.T = v 2r , 
v ir T = v r ; then detT = —1, so that T is improper, and a T has the 
form Dn, where D £ H CC, and where it is the graph automorphism 
interchanging « r _! and <x r as in § 5. If an element of the coset G n is 
of the form a v for U a proper similitude, then so is a T , so that T = XU, 
A£$> A 2 /?(I7) = 1, and detT = X 2r f}(U) r '= 1, which is absurd. 
Hence Gn = Go T , and we have proved for r- 1=4 that every auto¬ 
morphism of £ is of the form ou for some similitude U of SB. The group G 
consists of those o v for U G @ + , the group of proper similitudes ; the 
group G' consists of those ou for U £ 0' (S3), the commutator subgroup 
of the orthogonal group. The last remark follows from the fact that 
U -*■ au maps the commutator subgroup (@ + , ®+) onto the commutator 
subgroup G'. Since G'Q( r c -, it suffices to note that 0' Q (@ + , <B + ), 
which is immediate from the fact that 0' = (0 + , 0 + ) [18, 102]. 

For r = 4, the bilinear form (x, y) admits composition, i.c., a bi¬ 
linear product x y can be introduced in S3 relative to which ( xy, xy) 
= (x, x) (y, y) for all x and y [73 , 229]. There is in £ a principle of 
triality: if A £ £, then there exist uniquely determined elements 
such that (x y)A = {xAv) y + x(yAv) for allx,yGS3; 
furthermore, there is no automorphism B of S3 such that A:' e = B~ X AB 
for all A G £, nor such that Av = B~ X AB for all A, nor such that 
A? = B-'A'i’B for all A [234, 358]. Thus the automorphisms 7, cp, ip 
belong to distinct cosets in 2l(£) of the group G* of automorphisms 
of the form a u , L7 6<5. Now we have seen that (SI(£): G) =6, 
(G*:G) =2. Thus G*,<pG*,xpG* are the left cosets of G* in 31 (fl), 
and every automorphism of £ has one and only one of the forms, au, 
(p ay, y> au, where U £ ©. 

G 2 : Letting S be the algebra (the “split Cayley algebra’’) on the 
vector space S3 utilized above in describing the automorphisms of Z) 4 , 
let £ be the Lie algebra of derivations of E. If A is an automorphism 
of &, then ff | is an automorphism of £. Both the center of the auto¬ 
morphism group 2l((£) and the centralizer of £ in SI ((£) reduce to the 
identity. Further, a classical Cartan decomposition of type G 2 of £ 
may be chosen in which the root-vectors e a satisfy e 3 x = 0, acting in (S. 
Since the characteristic is not 2 or 3, each exp (A e x ) is in 91 (©), and 
E(X ej = ff cxp(Aeat) . Hence, by § 5, G' Q o %m , C 91 (£) = G = G'. It 





follows that the group 2l(£), which coincides with the simple group G', 
is isomorphic with the group 21 (©) of automorphisms of ©, via the mapping 
A -►o’,! from 2I(©) onto 2I(£) [214, 234, 358]. 

_F 4 : We speak of “the split exceptional Jordan algebra” Q over % 
as the space of 3 by 3 hermitian ©-matrices, relative to the involution 
x -» 2(x, 1) 1 — x in ©, and with the symmetrized product + 
(written simply u v in the sequel). g is a 27-dimensional simple Jordan 
algebra over fjf, and the bilinear form (u, v) — Trace (m is sym¬ 

metric and non-singular on $. Let £ be the Lie algebra of derivations 
of 21(3) the group of automorphisms of 3- Then £ is a classical 
Lie algebra of type and has a classical Cartan decomposition with 
root-vectors e a satisfying e\ = 0. From the fact that 2l(£) — G — G' 
in this case, and because the centralizer of £ in 21(3) is the identity, 
one sees as for type G 2 that 2l(£) = G' is isomorphic with 21 (3) by the 
mapping A -*<7.1, A ©21(3) [81, 234, 359, 400]. 

li # : With ^ as above, every element x£ % satisfies a relation 
x s — t(x) x 2 + s(x) X — n(x) 1—0, where t(x), s(x), n(x) £ g, and 
where n is a cubic form on 3- Polarization of n yields a symmetric 
trilinear form (x,y,z) on 3- Let £ be the Lie algebra of linear trans¬ 
formations B of 3 which are skew with respect to this form, i.e., which 
satisfy (xB, y, z) + (x, yB, z) ■+.(*, y, zB) = 0 for all x,y,z£%. 
Then £ is a classical Lie algebra over g, and has a fundamental system 
of roots of type E 6 . £ has a classical Cartan decomposition in which 
the root vectors e x satisfy e\ — 0, from which it follows as above that 
the group G’ is contained in the group of all Ou, where JJ is in the 
group % of non-singular linear transformations of 3 preserving the 
form (x,y,z). Such ov are clearly automorphisms of £, as are all as, 
for S a similitude of £5 with respect to (x,y, z). By considerations 
similar to those of earlier cases one sees that G is contained in the 
group of all a s , S a similitude. Furthermore, the mapping 9?: B — B*, 
where {xB*, y ) = (x, yB) for all x, y £ $ (the bilinear form being the 
trace form of the preceding paragraph), is an automorphism of £ and 
is not of the form au for any linear transformation [/ of (j. Since 
(21 (£): G) 2, it follows that G — {cr^ j S a similitude), and that 
2t(£) --- G - j <p G is the coset decomposition of 21 (£) relative to G. One 
can show that the exp (A ej as above generate %, so that G' = {a 0 1 U £ 2,}, 
and that the mapping which assigns to the similitude .S the coset modulo 
3* 3 of the factor of similitude of S induces on G a homomorphism onto 
$*/%* 3 with kernel G'. The conclusions: Let <3 be the group of similitudes, 
£ the group preserving the trilinear If‘norm”) form on 3; then the group 
2I(£) has the coset decomposition GsjtpG, where <p : B -*■ — B* is as 
above. The group G is the set of automorphisms a s , S £ 3, and G' is the 
set of a T , T£% H7, 227, 359, 376]. 
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E 7 : Upon multiplying the trilinear form of the last paragraph by 
a suitable scalar, we may assume 3n(x) = (x, x, x) for all x €. 3. 
Combining with the trace form (u, v) on 3 yields a commutative bilinear 
multiplication xxy in 3 determined by ( xxy.z) — (x,y,z) for all 
z 6 3- Let 58 be the 56-dimensional space 3 © A © A © 3, and let q 
be the quartic form on 58 defined by 

(8) q(x,y,g,rj) = (* X x,y X y) - 2f «»(*) - 2r) n(y) - 2(f(x, y) - I '#■ 
Denote by (, t,u,v,w ) a polarization of q, and let £ be the Lie algebra 
of endomorphisms of 58 which are skew with respect to this symmetric 
4-linear form. Then £ has a classical Cartan decomposition with a 
fundamental system of roots of type E 7 and root-vectors e a all satisfy¬ 
ing el = 0 as mappings of 58. It follows as with Eg that the group G' 
is contained in the group of o Ut U GO, the group of ^-preserving 
automorphisms of 58, while 21 (fl) = G contains all a s , S € 3, the group 
of ^-similitudes. In fact, one can show: 

a) If S £ 3, the factor of similitude of S is in 3* 2 , and G = {<r s | S € 3}; 

b) G' = {0(7 | U £ Q} if and only if —1 6 %*‘ l ) 

c) G’ = {o v | U G (Q, £})}. 

These results have been established in [363]. 

E s : In view of the representation theory in characteristic zero, it 
appears that the faithful representation of minimal degree of an algebra 
of type E s is the adjoint representation, in 248 dimensions. From the 
realization given by Cartan [53], it seems that (if p =1= 2, 3, 5) a Lie 
algebra of type E s may be realized as linear transformations in 248 di¬ 
mensions which are skew both with respect to a certain quintic form q 
and with respect to a symmetric bilinear form b (the Killing form, 
if one regards this as the adjoint representation). The fact that 2I(£) 
= G = G’ in this case will be reflected in coincidence of the groups 
of all as, S a q- and 6-similitude, of all Oc , where U preserves q and 6, 
and the group of all o T , where T is in the commutator subgroup of 
either the group of joint similitudes or the group of joint isometries. 
Thus the forms q and 6 should have the property that if .S' is a (q, &)- 
similitude with factors (/S, y), then fi £ 3*\ y £ 3* 2 - 

In each of the cases listed above, the group G' is identified with 
the quotient, by its scalar members, of a certain linear group. In no 
case has the simplicity of this quotient been used in establishing the 
identification, although the quotient is known to be simple except in 
the cases of E 7 and Eg (for types A—D see, e.g., [18 or 112]; for G 2 , 
see [229, 394]; for F t and Eg, [232, 233])- Thus these identifications, 
together with the simplicity of G ', establish the simplicity (over fields of 
characteristics 4=2, 3) of a number of classes of projective linear groups. 



Chapter IV 

Forms of the Classical Lie Algebras 


The discussion in this chapter may be regarded as motivated by 
the problem of determining all Lie algebras 8 with non-singular Killing 
form over an arbitrary field $ (characteristic -|= 2, 3). By Chapter I, 
§ 7, the problem reduces to the case where 8 is simple. If 3 ' s the 
centroid of 8, then 8 is normal simple when regarded as a Lie algebra 
over 3i moreover, if S is a 3'bnear transformation of 8, we have 
Trg(S) = T m {Tr a (S)), where T m is the trace in the field extension 
3/g (cf. [223, p. 66]). It follows that 8 has non-singular Killing form 
over 3. and that is not zero, hence that 3/S is a separable ex¬ 
tension. Thus the problem is reduced to the study of finite separable 
extensions of %, and to the case where 8 is normal simple. Assuming 
8 normal simple over %, let Q be an algebraically closed extension 
of S- Then So has non-singular Killing form, and so is a classical 
simple Lie algebra over Q; therefore So belongs to one of an already 
determined set of isomorphism classes. The “problem of forms’’ is 
that of describing 8 when 80 is known, i.e., of determining the ^-iso¬ 
morphism classes of algebras 8 such that 80 belongs to a given ^-iso¬ 
morphism class. 

§ 1. Forms and splitting fields 

Let SI be a field, $ a subfield of SI. Let (SB, {/,}) be a vector space 
25 over ffi, together with certain ^-multilinear operations /,■ on 23, tak¬ 
ing on values either in ® or in 38. Then an %-form of (25, {/,}) will be 
a vector space with multilinear operations (U, {g,}) over § such that, 
denoting again by g; the unique extension of g ; to a ^-multilinear 
mapping on Ug, there is a ^-isomorphism of (U sl , {g,}) onto (25, {/;})> 
i.e., a .^-isomorphism 99 of Ug onto 25 such that for all x lt . . ., x„(i Ug, 
. . ., x n <p ) = gi(x !,..., x n ) 99 whenever /, is w-linear with 
values in 25 and f i (x 1 <p,. . x n <p) = gi(x 1, . . ., x„) whenever /; has 
values in St. (No attempt is made here to define the notion of “form” 
in a comprehensive manner; rather, a simple definition has been chosen 
which is more than adequate for the purposes of the theory to be 
presented. For other formulations, cf. ! 11, 62, 1)1, 23 7, 255]-) 
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As an example, let £ be a Lie algebra over ft, Irom this point of 
view a vector space £ over ft with a ft-bilinear mapping of £ into £ 
satisfying the Lie identities. Then an g-form of £ is an algebra Tc 
over g such that the algebra is ft-isomorphic with £; thus 2R t 
is a Lie algebra over ft, and 9J1 is a Lie algebra over g. More generally, 
if 21 is a linear algebra over ft, an g-form of 91 is a linear algebra 51 
over g such that S3® is ft-isomorphic with 91. If 91 is a linear algebra 
with involution Q over ft, an g-form of (91, 6) is a linear algebra 53 
over g with mapping (necessarily an involution) ry of 53 into 53 such 
that there is an isomorphism <p of ft-algebras of 53 st onto 91 with 
(&>;) <p — {b (p)° for all b € 53 ft , where rj is again used to denote its ft- 
1 inear extension to 55 s . We say in this case that rp is an isomorphism 
of the involutorial ft -algebra (5 \,rj) onto (91,0). 

The classical Lie algebras of Chapter II are seen at once to enjoy 
the following properties: 

1) For every type ( A ,., B,., etc.) there is a classical Lie algebra of 
this type defined over every field g (characteristic 4=2, 3). 

2) If g is a subfield of ft and if 2R is an g-form of £, then if SDL is 
classical simple of type X over g, so is £ over ft. Hence if 3J1 and Si 
are classical simple and are g-forms of the same algebra £ over ft, 
then 55 and 9i are g-isomorphic. 

3) If £ is classical over ft, and if 2R is an g-form of £, then there 
is an intermediate field 6, finitely generated over g, such that 

is classical over ©. 

Now let ft be a field, and let g run over all subfields of ft. For 
each g, let Cg be a class of g-vector spaces with multilinear operations, 
and let Sg be a subclass of Cg such that: 

a) Each member of Cg is an g-form of a member of S$; in partic¬ 
ular, each member of C a is isomorphic with a member of S st . 

b) For each g and each (53, {/;}) in S tt , there is a (U, (gj) in Sg 
which is an g-form of (53, {/;}), and any two such are g-isomorphic. 

c) For each member (U, {g;» of Cg, there is a finite separable ex¬ 
tension 6 of g, (5 (j ft, such that (U, {g;}) is an g-form of a member of 5 e . 

Then it is clear that the members of Sg are determined to within 
isomorphism by the members of S^, ^3 being the prime field of ft. 
Taking Sg to be the class of classical simple Lie algebras over g and 
Cg to be the class of g-forms of elements of S ft , we see from 1) and 2) 
that a) and b) are satisfied, and from 3) that c) is satisfied whenever ft 
is algebraic over g, except perhaps for the requirement of separability. 
In the setting above, we say that a field S, g C (£ Cj ft 1 , is a splitting 
field for (U, {g,}), a member of Cg, if (U, {g;}) is an g-form of a member 
of Sit; we say that (U, {g,}) is split if g is a splitting field for (U, {g,}j, 
i.e., if (It, {g ; }) is (g-) isomorphic with a member of Sg. 




§ 1. Forms and splitting fields 


Thus we use the term “split Lie algebra” to refer to a classical 
simple Lie algebra, and, if £ is a Lie algebra over % such that £ g is 
classical simple for some extension (£ of g, each field @ with this prop¬ 
erty is called a splitting field for £. The study of forms of certain classical 
simple Lie algebras, as well as that of the forms of certain other simple 
Lie algebras (the Witt-Jacobson algebras) has been carried out for 
modular fields by Jacobson [ 216, 217] and Barnes [ 21], using both 
the classical Galois theory and the theory for purely inseparable ex¬ 
tensions of exponent one; for the non-modular case, see Chapter 10 of 
[234], and its bibliography. In [21 a], Barnes noted that for the study 
of algebras with non-singular Killing form, the classical Galois theory 
suffices; i.e., these algebras have separable splitting fields. In fact, this 
result extends to all forms of classical simple Lie algebras, with at 
most one exception: 

Theorem IV. 1.1. Let £ be a normal simple Lie algebra over a 
field $ Q and suppose that £ ft is classical, but not of type E s if fy 
has characteristic 5 • Then £ g is classical for a finite separable exten¬ 
sion (S of $. 

We need only consider the case where g is infinite; for if g is finite, 
we have an algebraic closure % oi % contained in Q, the algebraic 
closure of S. The theorem applies to g and shows that £~ is classical, 
therefore that £ g is classical for a finitely generated algebraic exten¬ 
sion @ of fj. Since g is perfect, (£ is the desired extension. Therefore 
we may assume £ has a Cartan subalgebra Now £ fl is classical, 
and we prove the 

Lemma IV. 1.1. All Cartan subalgebras of £ fl are classical. 

By remarks in Chapter II, §§ 3, 10, it suffices to prove the asser¬ 
tion when £ = £ 0 is of type A n , with n = —A (mod p). Now let SR 
be the Lie algebra of (n + 1) by (n + 1) matrices of trace zero over Q, 
and let (x, y) = Tr (xy) on SR. Let § be a Cartan subalgebra of SR, 
and let z € [,‘g §], [z .§] = 0. Let q be an irreducible constituent, of 
degree d, of the representation of .& on (n + 1)-space obtained from 
the given representation of SR. Then q(z)=xI is a scalar, and 
0 = Tr(j>(z)) = dx. If y 6 §, then by Th. 1.5.2, o(y) has a single char¬ 
acteristic root (x, so that Tr (o(y) ,o(z)) = dx /x — 0; it follows that 
(z, £>) = 0, and by Lemma ILL3 that (z, SR) = 0. One easily sees 
that such z must be scalar: z = ). I. If § consists of scalars, then 

[.£> $] =0; otherwise, since the characteristic p is not 2, there is 
an with (x, x) 4=0. We may assume q is as above, Tr(g (x) 2 ) 

= if £ 2 4= 0, where <? is the characteristic root of q ( x ); but Tr(g (2)) 
— dX — 0, so A = 0, and 2 = 0. As in Lemma II.1.4, £> is abelian 
(cf. [424] for a generalization of this argument). 
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Now let ■£)* be a Cartan subalgebra of W/QI ~ 2; we identify 
Tl/QI with 2. Then ip* = ft/QI , where § is a subalgebra of 3Jf con¬ 
taining QI. One verifies at once that § is a Cartan subalgebra of iUi, 
hence is abelian; therefore ,$* is abelian. The ^-power operation in 2 
is induced by the ordinary p-th power in ®L Thus if h C ft*, k>' — 0, 

we have h — z (• QI, z<L ft, zP — XI; replacing z by c — X 1 ' I, we 
may assume = 0. But then y z is nilpotent for all y G ft, (z, ft) = 0, 
and z is scalar; that is, h = 0. It follows that ft* is classical; for (*) 
of Chapter 11, §3, follows as in the proofs of Ths. II.1.1 and II. 1.2, 
and the form on 2 induced by the trace form on 2Ji is nonsingular. 

To return to the proof of the theorem, let e 1: ..., e,. be a basis 
for ft, and consider the Killing polynomial £ (f, X) = Det (ad (]£ ft e .) _ 
— XI) = X'(p r (ft + p r+1 (ft X + ■ ■ - Jj X n ~''), n = dim 2, where the 
pi (ft are polynomial functions, p,.(ft not identically zero. Denote by 
q(ftX) the polynomial X~ r k (ftX), and by D(ft the discriminant of 
g(ft X), a polynomial function in ft, .... ft.. Then D[ft is not identic¬ 
ally zero, since 2 a is classical relative to ft a by the lemma; for 
2 a = + 2Jcc (£nL> the (2 n ) a being one-dimensional and the %’s 

distinct non-zero linear functions; hence there is w = Z e i e 
such that ix (w) are all distinct and non-zero. It follows that 
p r (m) D((o) 4= 0, hence that p,.{X) D (X) =|= 0 for some {X x , . .., X,) from 
the infinite field g. Let h = £ X t e, G §. Then h is regular in 2 and 
the non-zero characteristic roots of ad h have multiplicity one. These 
are the roots of the polynomial q(X, X), which is therefore separable; 
let @ be the splitting field in Q of this polynomial. 

We claim that 2 g is classical relative to ft$. Namely, if yG ft$, 
then \y h] = 0 since ft si is abelian, and hence if 0 =[= v G 2 g belongs 
to the characteristic root /x =[= 0 of ad h, we have [x y] = (j x for some 
/?G (£. Thus all ady, y G ipg, act diagonally. Now the roots of 2a 
relative to ft a are the 12-linear extensions of the roots of 2 g relative 
to and if « ^ 0 is a root, [(2 e ) a , (2g)_J« = [(2 a ) a , (2«)_ J 4= 0. 
Properties b) and c) of iii) in the definition of a classical Lie algebra 
now follow at once for 2is> and the proof is complete. The lemma and 
Th. III.41 together yield the 

Theorem IV. 1.2. Over an algebraically closed field of characteristic 
4= 5. all Cartan subalgebras of a classical Lie algebra are conjugate. 

It will be noted that simplicity is not assumed; however, if 
2 = £1 © • • • © 2 S , 2i simple, and if ip is a Cartan subalgebra of 2 , 
then it follows from 2, £>] C 2; that 2 ; = 2, (0i © 2) 1] , where 2j 0) is 
the intersection of the kernels of all (adA)' 1 | S; {h G ft) , n dim 2, and 
where 2,- 1) is the sum of the images of 2, under all these mappings (the 
Fitting decomposition of 2;—cf. [234], p. 39). Now 2- 0) C 2 0 = ft, and 
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£,© c £ (1 -’, with £ = £' :o) © £ (1) = (2 £[ 0) ) © (2 . Thus in par¬ 
ticular .£> = £[ 0) , £f } = £, ; , which is now evidently a Cartan 

subalgebra of £, . If every £ ; is classical, then it is clear that § 
is classical. 

As a consequence of Th. 1, we see that when St is an algebraically 
closed field, a) — c) are satisfied with the class of split Lie algebras 
over % (excluding E s if p = 5) and C d the class of g-forms of members 
of S*. 

Note. Th. 1 and 2 are also valid generally for characteristics at least 5, by 
results of Humphreys on algebraic Lie algebras (§ VI.2). 


§ 2. Galois semi-automorphisms and 1-cohomology 

Let ®/5 be a finite Galois extension, with Galois group ®. Let 
($,{/;}) be an ^-vector space with multilinear operations, and let XX 
be the vector space 58 s . Denoting again by /,• the ^-multilinear ex¬ 
tension of /j to U, we see that (U, {/;}) is a S-vector space with multi¬ 
linear operations, and that (2$, {/(}) is an g-form of (U, {/;}). If <r£ ®, 
there is a unique u-semilinear mapping V„ of U into IX leaving 58 fixed; 
namely, if x x , . . ., x n is a basis for 9?, we have (£ Yi x i) v ° = 2 Yi x < - 
y t e SE. From this formula it is clear that the fixed elements of U under 
all V a , cr€ @, are just those of 58, and that V x = I, V a V r = V az for 
l.or.rG®. One also sees at once that for , . . ., y m G IX, ft (yi V a , . . ., 
y m V a ) = fi(y 1, • • ., y m ) Va if the original /, is 58-valued, fi(yiV a , ..., 
y m vj) = fi(y i, . . y m ) a if fi is ^-valued. It follows that if A is an 
automorphism of (XX, {/;}) in the sense of § 1, then so is V~ x A V a , and 
that the mapping A -* A a = V; 1 AV a defines an action of © as a 
group of automorphisms of the automorphism group Aut (XX, {/,}). 
Examination of the condition x J V~ 1 A V„ = xjA for all j,\ ^ n, 

and for all a 6 ® shows that A a = A for all a 6 ® if and only if xj A € 58 
for all j, i.e., if and only if A is the extension to XX of an automorphism 

of (58, {/;})• 

Now let (585, {g,}) be an arbitrary 5-form of (XX, {/;}), and let <p 

be a ^-isomorphism of (28 ft , {g;}) onto (XX, {/;}). If w x , - w n is a basis 

for 585, and if ff£®, the mapping U a : (2f Yj w j) 9 (2 Yj w j) 9 is 

a cr-semilinear mapping of XX into XX, and U x = 1, U„U T =U at , 
ii{y 1 U at . . ., y„, U a ) = fi{yi, . . .,y m ) U a or /, (y lt . . ., y m ) a , according 
as ft is XX-valued or S-valued. The group of all {U a } is called a group 
of Galois semi-automorphisms of (XX, {/,}). The fixed elements of XX 
under this group form an g-subspace X whose inverse image under ep 
is 923, and the 5‘ s P ace with multilinear operations (X, {/, | X}) is iso¬ 
morphic with (98, {gf}) bv means of <p. 
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With V a as above, let = U „ 1 V „; then Z a € Aut(U, {/,}), Zj — /, 
and Z„ r = U~ 1 U~ 1 V„V r = Z r (Z a ) r . A mapping a > / of © into 
91 = Aut (U, {/,-}) satisfying 

(1) Z x = /. Z ai = Z x {Zg)' 
will be called a \-cocycle on © with values in 91. 

Now let (9), {hi}) be a second g-form of (U, {/;}), and let rj be an 
^-isomorphism of (9), {hi}) onto (SB, {g ; }), ip a ^-isomorphism of 
(Dt> {hi}) onto (U, {/,-}) and {T„} a group of Galois semi-automor¬ 
phisms of (U, {ft}) associated with ip as the {U a } are associated with <p. 
Let Y a = T~ l V a , the 1-cocycle associated with f) (and with ip). Denote 
by rj the Si-isomorphism of (9) a , {hi}) onto (SB a , {g { }) extending the 
given r ]. Then A =ip~ 1 r)<p€. < i l, and for <r G ©, A ~ 1 Y„A a = A~ l l\ a - 1) AV a . 
For r G ©, T r A is r-semilinear, and sends y ip, for y € 9), into y ip A; 
meanwhile A U T sends y ip into yrjfp U T =yrj(p = yipA. Both being 
r-semilinear and coinciding on 9) ip , which contains a basis for U, these 
mappings coincide. Thus A^YgA* = A~ l A t/ (a -i)F a = Z„. In general 
two 1 -cocycles a -»■ Y„ and cr Z 0 are called cohomologous if there is 
an A € 91 such that 

( 2 ) A- 1 Y a A a = Z a for all 

Cohomology is an equivalence relation on the set of 1 -cocycles, and 
we have just seen that g-isomorphic forms of (U, {/,}) give rise to co¬ 
homologous 1 -cocycles. In particular, if we start with a given g-form 
°f (U> {/;}), then the cocycles obtained from any two ^-isomorphisms 
of the extension with (11, {/,}) arc cohomologous. Thus we have a 
mapping of the ^-isomorphism-classes of g-forms of (U, {/,}) into the 
first cohomology set H 1 (®, 91), i.e., the set of cohomology classes. (Note 
that the action of © on 91 is determined by the fixed choice of the 
{V a }.) 

Theorem IV.2.1. The mapping described above establishes a 1 — 1 
correspondence between the ^-isomorphism classes of p-forms of 
(U, {/,}) and the set /P(@,9I 1 ). 

For if a -+■ Y„ is a cocycle, define T a — V a Y ~ 1 ; then T„ is a (T-semi- 
automorphism of (U, {/,}), 1\ = = /, T ai = T„T r . Let 3i be the g-sub- 
space of U consisting of the fixed elements under {T,,}. From the Si-in¬ 
dependence of the (Tii® as Si-valued functions on Si, it follows that 
there is no non-zero .Si-valued Si-linear function on U vanishing on all 
elements £y a {xT a ) for yG Si, xG 11. Since these elements are in Hi, 

we see that £ contains a basis for U, so that U = £ s , and the restric¬ 
tions to 1 of the /,; determine {£, {f t | I}) as an g-form of (It, {/;}), 
the identity mapping giving a Si-isomorphism of (3E ft , {/,}) and (11, {/,-}). 
The Galois semi-automorphisms U a associated with this isomorphism 
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are given by (2 Yj x .i) U a = 2 Yj x i for xj^l, Yj £ ft. Since T a is 
<x-semilinear and fixes 3c, we have U a = T„. Thus (36, {/, : | 3E}) is an 
pj-form of (U, {/,}) whose cohomology class is that of a -y Y„, so that 
every cohomology class corresponds to an ^-form of (U, {/,}). 

Finally, let (28, {g,}) and (f,.{*,}) be ^-forms of (U, {/,}), with 
associated isomorphisms cp resp. ip of (2B S , {g,}) resp. (2)g, {A,}) onto 
(IT, {/f}) - Let W a resp. Y a be the associated cocycles, and suppose 
these are cohomologous: there is an A £ 91 with A~ x Y a A a = W a for 
all <r€ ©5. Then rj = <p A- 1 ip~ l is a ^-isomorphism of (28 a , {g ; }) onto 
(?).«> {^i}). so that it suffices to prove that %Qrj = fj, that is, that if 
x £ 2B S , x cp fixed under all U„ = V a W~ \ then (x rj) ip is fixed under 
all r [„ = V a Y~ l . Now ( xi]) ipV a Y~ 1 = x tpA-WaY' 1 = x cpV a {A a )-' 1 - X 
X Y p 1 = x cpVaW” 1 A -1 = % cp A* 1 = xrj ip, and the proof is complete. 

It will be noted that with ft/g as above, with S s the class of classical 
simple Lie algebras over ft, C@ the class of ©-forms of members of S a 
for each subfield © of ft, and with S = (23, {/,}) a fixed member of S$, 
we obtain a canonical 1 — 1 correspondence between the ^-isomorphism 
classes of fy-forms of fi* and the first cohomology set H 1 ]®, Aut£ s ). 
This correspondence depends in an essential way on the fact that £ 
is chosen from Sg, and this choice may be regarded as the choice of 
a distinguished “zero-element” in H 1 ^, Aut£g). 

§ 3. Simple involutorial algebras and the types A— D 

We follow here the ideas of a paper by Weil [406], Let ft be a field 
of characteristic not 2. By a normal simple involutorial algebra (911, rj) 
over ft we mean an associative ft-algebra 931 (finite-dimensional, with 
unit), together with a ft-antiautomorphism rj of period 2, such that 
931g has no proper //-invariant ideals for any field extension © of ft. 
We give a more concrete description of such algebras. First suppose ft 
is algebraically closed, and let 93 be an ordinary proper ideal in 931. 
From the ^-invariance ol 93 93’' and 21 -j-2b we have 9R = 93 © 93^, 

and we see that 93 must be a simple algebra over ft. Thus 93 = M n (ft), 
the algebra of n by n ft-matrices [5, 100, 218]; on the other hand, if 
931 contains no ordinary proper ideal, we have 931 ~ M„ (ft). In thelatter 
case, it is known [5, 226] that there is an identification of 931 with the 
full algebra ©(93) of endomorphisms of a finite-dimensional vector 
space 93 over ft which identifies ?/ with the adjoint operation with 
respect to either a symmetric or alternate scalar product on 93. We 
say that (931, rj) is of type B if one such form on 93 is symmetric and n 
is odd; of type D if such a form is symmetric and n is even; of type C 
if such a form is alternate (n is necessarily even). More generally, if $ 
is a subfield of ft and if (91, 6) is an fl-form of (931, rj), we call (91, 0) 
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of type X if (TO, ry) is. (At this stage, it is conceivable that (TO, rj) may 
belong to several types.) When $ 4= TO, so that TO is not a simple 
algebra, we say that (TO, rj) is of type A. In this case, let <p be an iso¬ 
morphism of S3 onto M „ (St), and let x ->• l x be the transpose mapping 
of M n ($i). Then (M„ (it) © M„(S), t) is a simple involutorial St'-algebra, 
where (x © y) r = 'y © 'x, and the mapping b © c’> b cp © ( (c <p) (b, c G S3) 
is an isomorphism of (TO, ry) onto (Af„(ffi) © M„(ffi), r). 

When S' is not assumed algebraically closed, we say that a simple 
involutorial S-algebra is split if it is isomorphic to one of: 


(3) 


(iif„(S) © M„(®), t) . . . type A„^i (n 2), 

(Af 2 , !+1 ($), 0j) ... type B n (n ^ 1), 

(M 2 „(S), 0 2 ) ... type C n (n 1), 

(M 2 „(S), 0 3 ) ... type D„ (n © 1), 

where 0 ; is the involution x -+ s” 1 (fx) s t of M s (St), and where 


( 0 

I n 

0 3 

I H 

0 

0 

v 0 

0 

1 / 


0 |/„ 


Then each of these involutorial algebras is normal simple, and each 
simple involutorial algebra over an algebraically closed field is split. 
Moreover, each normal simple involutorial algebra (TO, rj) has a separ¬ 
able splitting field. For if TO is itself normal simple, then a finite separ¬ 
able extension S gives TO e = M„(g) for some n [5, p.62]; if TO is 
simple, but not normal simple, then the center (= centroid) of TO is 
a quadratic extension £ of %, not fixed under jy; if TO = S3 © ST, 
then S3g ~ Af„(g) for some separable 6. In the first case, we have 
an involution in M„(g) over g, and the fixed elements in the center 
are those of g; in the second, TO fi = $8 © S3'', where © is normal simple 
over S. The first case is that of an involution of first kind, and the in¬ 
volution may be identified with the adjoint relative to a symmetric or 
alternate form on g"; in the alternate case, g is a splitting field (type C ); 
in the symmetric case, a finite sequence of quadratic extensions leads 
to a split algebra of type B or D. In the second case, where the involu¬ 
tion is of second kind, then considering TO a reduces the problem to 
the third case TOs = S3 ® S3' 1 , S3 = M n ( g), in which case the algebra 
is split by g and is of type A as before. 

If (TO.iy) is an involutorial algebra over it, we denote by ©(TO, rj) 
the set of all x £ TO with x’> = — a Lie subalgebra of TO, by ©(TO, rj)' 
the derived algebra of S(TO,?y), and bv ©(TO,ry)* the quotient of 
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2 (§01 , rj)' by its center. When (§01, rj) is split, the Lie algebra ©(§01, rj) 
is isomorphic to one of: 

{x © (-'%), * £ M n («)} (type A,, ^), 

e(3f, n+1 (#),0,) (type B „), 

(5) ©(M*„(S),0 2 ) (type C„), 

@(M,„(8),0,) (type D n ), 

the isomorphism being effected by means of restricting to © (§01, rj) 
an isomorphism <p of (§01, 77) onto the corresponding involutorial algebra 
from the list (3). Thus, for types B n (n 2> 2), C„ (n 7> 3), D n («^4), 
2 (§01, rj) is isomorphic with the classical simple Lie algebra given the 
same designation in Chapter III, § 6, provided the characteristic is 
not (2 or) 3. Thus ©(§!Jt,r?) is a classical simple Lie algebra in these 
cases, and ©(§01,77) = ©(§01,77)' = ©(§01,77)*. For type A, the map 
x®(— t x)-*-x is an isomorphism of ©(§01,77) on t° the Lie algebra 
M„($), hence induces an isomorphism of © (§01,77)' on t° M„($)', the 
matrices of trace zero, and of ©(§01,77)* onto M n ($ I)*, the matrices 
of trace zero modular scalars of trace zero. As seen in Chapter III, § 6, 
this is a classical simple Lie algebra of type provided the char¬ 
acteristic is not 2 or 3, and ©(§01,77)' = ©(§01,77)* unless the character¬ 
istic divides n. Thus we have a correspondence (§01,77) ©(§01,77)* 

between split simple involutorial algebras over ® (characteristic =)= 2, 3) 
and split simple Lie algebras of type A— D over £. Clearly, isomorphic 
involutorial algebras give rise to isomorphic Lie algebras; the con¬ 
clusions of Chapter II, § 10, and Chapter III, § 6, show that every 
classical simple Lie algebra of type A— D over $ is isomorphic with 
an algebra ©(§01,77)* for a unique (up to isomorphism) split simple 
involutorial algebra (§01,77). (The restrictions n ^ 1 for A n , n ^ 2 for 
B n , n 2; 3 f° r C n , n S: 4 for D a are always assumed.) 

Lemma IV.3.1. Let A* be an automorphism of ©(§01,77)*, where 
(§01,77) is a split simple involutorial algebra over S', subject to restric¬ 
tions on characteristic and dimension as above. Then, except in case 
Z) 4 , A* is induced by a unique automorphism A of (§01,77). 

First suppose the type is B, C or D, where we may assume (§01, rj) 
= (M n (2) , 6,) for i — 1,2, 3 and for appropriate n. By Chapter III, 
§ 6, A * has the form x -* s _1 x s (x £ ®(§0t, 77)' = © (§01,77)*), where s 
is the matrix of a similitude of S' 1 with respect to the bilinear form 
defined by 0 it i.e., ss’ = ss # ' = H, 0=]=A£®. Thus if y£§0{, 
(s _1 y s)’> — s* y*> (s’ 1 ) -1 — yi s, so that A : y S _1 y s is an auto¬ 
morphism of (§01,77) inducing A*. The uniqueness follows by Chapter III , 
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For type A, we see by Chapter III, § 6, that A* is induced by an 
automorphism A' of 3(9Jt, r/)', and that by combining A' with the 
isomorphism * © (—■ f x) -> x of ©-{SR,-»/)' onto either 

(x © (—'x))A' = (b* 1 x b) © '(— I)- 1 x b) for some b € GL ( n, g), or 
\x © (— f x)) A' == (— b- 1 <x b) © l (b~ 1 l x b) for some b t GL(n, g). One 
sees at once that the mappings y © z -> b* 1 y b © '(I)- 1 f zb) and 
y © z b~ 1 z b © '(6 -1 'y &) are automorphisms of (SOi, ??) - (M„ (g) © 
© Af „(g), t) , and A' is the restriction to © (2JI, rj)' of one of these, which 
we take as our A inducing A*. Uniqueness follows as in Chapter III, § 6. 

Corollary. Under the assumptions as to type of the lemma, the 
mapping assigning to the automorphism A of the split involutorial 
simple algebra (9)1, rj) the induced automorphism A* of <B(3R,rj)* is 
an isomorphism of the group Aut(9Jl,»?) onto Aut(@(2Jl, rj)*) . (This 
follows from the Lemma, the considerations of Chapter III, § 6, and 
the known form of Aut(9Jl,p) [213].) 

Now let % be a field of characteristic -[=2,3, and let £ be an (y-form 
of a split simple Lie algebra (over some extension of %) of type A, B, G 
or D, where n 2; 5 for type D n . By Th. 1.1, there is a finite Galois ex¬ 
tension g of g, with group ®, which is a splitting field for 2. That 
is, we have a split simple involutorial algebra (‘ill, 6) over (y, so that 
<5(31, 0)* is a split Lie algebra, and £ fi ~ (@(91, 0)*) ft = @(9I a , 6)*. 
Let { V a } be the group of Galois semi-automorphisms of (91y t , 0) associ¬ 
ated with a canonical embedding of (31, 0) in (91 a , 0). Then the V„ 
map ©(91gj,0), 5(91.®, 0)' into themselves, and induce a group of 
Galois semi-automorphisms { V*} of ©(91$, 0)*. 

Let {U*} be a group of Galois semi-automorphisms of ©(92$, 0)* 
associated with £ and a g-isomorphism of £ a onto ©(91^,0)*; let 
Z* = U*~ 1 V* be the associated 1-cocycle, with values in 91* 
= Aut(©(9l s , 0)*). The construction of the { V *} above defines the 
action of © on 91* in such a way that the isomorphism A -> A* of 
91 == Aut(9l®, 0) onto 91*, described in the Corollary, is a ©-isomor¬ 
phism. Hence there is a unique 1-cocycle a -> Z„ on © with values 
in 91 inducing Z*. By Th. 2.1, the fixed elements 9J1 of 9l s under 
{V„Z~ 1 }, together with the restriction rj to 9)1 of 0 (acting in 9l )t ), con¬ 
stitute an g-form (9Jl,?j) of (91$, 0) with associated cohomology class 
that of {Z„}. Now the {V„Z a x ) induce on 5(91$, 0)* the {U*} as the 
group of Galois semi-automorphisms associated with the canonical 
identification of (3(9Jl, jj)*)® with ©(91®, 0)*; hence the associated 
1-cocycle on © with values in91* is {U*~ X V*} = {Z*}. By Th. 2.1, £ is 
isomorphic with ©(9H,?7)*. We have thus proved the first assertion 
of the following: 

Theorem 4.3.1. Let % be a field of characteristic 4= 2, 3, and let £ 
be a norma] simple Lie algebra over (y of type A, B„ ( n > 2), C„ 
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(« 3), or D n (» ^ 5). Then 2 is isomorphic to @(35 t,?/)*, where. 

(251, rj) is a normal simple involutorial algebra over g of the same type 
as is S. Conversely each such 8(291, r])* is a normal simple Lie algebra 
of the same type as (951, rj), and each isomorphism of the Lie algebra 
8(991 ,tj)* onto 8(']9,£)* is induced bv an isomorphism of (991, rj) onto 
(¥. 0 . 

In view of earlier remarks, it remains only to prove the last asser¬ 
tion. Let <p be an isomorphism of 8(2)1, ??)* onto 8(99, £)*, and let 
be a Galois extension such that both (3Jl sl , r/) and ($$,£) are 
split; let (91, 0) be the split involutorial simple algebra over g of the 
same type as (991, rj) and ('}?, £) (these necessarily have the same type, 
by the fact that 8(991 M ,v?)* and 8C99 st ,C)* are split and isomorphic). 
Let a Z„ and a -> Y „, respectively, be cocycles on the Galois group © 
with values in 91 = Aut (91 s , 6) , associated with (991, r/) and ( s fi, f), 
respectively, and with the respective isomorphisms pi, v of (99l a ,r/) 
resp. ($g, C) onto (91 s , 0) . By Th. 2.1, we have an automorphism 
A* £ 91* = Aut(8(9?j,v, 0)*) with Z* = A*~ 1 Y*A* a , where the nota¬ 
tions are as before, viz. A* = v*~* cp -1 pi*, where <p is regarded as ex¬ 
tended to an isomorphism of S(9Jf a ,r?)* onto 8(^,0*. Now there 
is A (z 91 inducing A*, and {A - 1 Y a A a )* = Z* for all cr G hence 
A~ X Y a A" — Z„ by the Corollary, and (991, rj) and ( S B, f) are isomorphic 
by Th. 2.1. In fact, the proof of Th. 2.1 showed that the restriction ip 
to 991 of fiA- 1 v* 1 is an isomorphism of (991, rj) onto ($, £); on 8(991®, rj)* 
we have ip* = /^(A*)- 1 ( v*) _1 = <p. Hence ip* — cp on 8(991,??)*, and 
the proof is complete. 

One can be somewhat more explicit in the description of normal 
simple involutorial algebras (291,??) over $, hence in the description 
of normal simple Lie algebras of the types treated in this section. If 
991 is a simple algebra, then either: (a) 99t is normal simple over g, or: 
(b) 991 is normal simple over (5 = %(£) , the center of 991 and a quadratic 
extension of %, where f may be so chosen that = — |. In case (a), 
991 may be identified with the ring of all endomorphisms of a finite- 
dimensional vector space $8 over a central division algebra $ over §, 
® admitting an involution <x -y ex', and the involution rj may be identi¬ 
fied with the adjoint mapping of endomorphisms of 9S relative to a 
hermitian or anti-hermitian scalar product in 9L Moreover (cf. [18, 
p. 114]) if 3) =t= g, 8(991, rj) for the anti-hermitian case is isomorphic 
with an 8(9)!,??') for the hermitian case, by changing the involution 
in % and the scalar product on SB. In this case classification of the 
Lie algebras depends upon classifying the central involutorial division 
algebras over g, and upon classifying the hermitian forms in finite¬ 
dimensional vector spaces over these algebras (as well as quadratic 
forms over the case % = %). (For a detailed exposition of this 
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material and that of the next paragraphs, cf. [234, Chap, lo; 5, Cliap. 10; 
226, Chap. IV; 218, Chap. 2'|.) 

In case (b), 9Jt may be identified witli the ring of all endomorphisms 
of 33 over 3), where 3) is now a central division algebra over G, $ pos¬ 
sessing an involution inducing on (5 the restriction of rj, and rj may 
be identified with the adjoint mapping relative to a hermitian or anti- 
hermitian form on 33 over 3); for purposes of studying 5 (9K, rj) the 
hermitian case is again sufficient, so that the problem of classifying 
Lie algebras of this type (“type A n ”) may be regarded as solved once 
one has classified all involutorial division algebras 3) over % whose 
center is a quadratic extension of jy moved by the involution, and all 
hermitian scalar products in vector spaces over such algebras. 

Finally, if 9)1 is not simple (“type Ai”) we have the case 9JI = 33 © 93’h 
33 normal simple over g. Thus 33 is a full ring of endomorphisms as 
above. As in the split case, we have an identification of <S(9Jl, rj) with 33, 
considered as a Lie algebra, and 9JI = 33 © S3’ ? and 93 = G © G J are 
isomorphic as algebras with involution if and only if 33 and G are iso¬ 
morphic or anti-isomorphic. The classification of the simple algebras 
@(9)t, rj)* thus depends mainly upon the classification of central division 
algebras over %, and of hermitian scalar products. 

§ 4. Derivation algebras of alternative and Jordan algebras 

The passage from (9 'Sl.rj) to @(9Jl,?j)* of the last section is an ex¬ 
ample of a process which has been treated in a more general context 
by Jacobson, who has given it the name of “forming a class of derived 
algebras” [237]- His theory provides a general setting in which deter¬ 
mination of forms of a derived algebra can be equated with determina¬ 
tion of forms of the original algebra. Rather than attempting a summary 
of this theory here, or trying to adapt the theory to the general formal¬ 
ism of § 2, we give some further examples of the process, which yield 
all algebras of types G 2 and _F 4 , as well as others of § 3. 

a) Let G be a normal simple alternative, but not associative algebra 
over 5, i.e., the subalgebra of G generated by any two elements is 
associative. As associated derived Lie algebra we take the algebra 3) (G) 
of derivations of G. Now it is known 7, 25f, 344, 344, 425] that G is 
a Cayley-Dickson algebra, that is, an 8-dimensional algebra carrying 
a non-singular symmetric bilinear form (x,y) satisfying (x y, x y) 
= ( x, x) (y, y) for all x, y € G. The mapping x -* 2(x, 1) 1 — a is an 
involution rj in G, and every element satisfies x 2 — 2(x,\)x-\- 
+ (x, x) 1 = 0. When G contains isotropic vectors with respect to the 
bilinear form, then G is determined to within isomorphism, and is the 
split Cayley algebra of Chapter III, § 6. This situation can always be 
achieved by quadratic extension of the base field. Thus if S' is a field 
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(of characteristic 4 = 2), and if C M consists of all algebras over St which 
are isomorphic with split Caylcv algebras, Cg. (for (y a subfield of $) 
of all g-forms of members of C K , Sg of all split Cayleys algebras over 
then the conditions a) and b) of § 1 are satisfied, and c) holds if ® is 
algebraically closed. Furthermore, by Chapter III, § 6, when ® has 
characteristic 4= 2, } the mapping A -> A* of Aut (©) onto Aut ($(©)), 
assigning to A the automorphism A* : D -*■ A~ l DA , is an isomorphism 
for © in C$, and $(©) is the split Lie algebra of type G a . One now 
proceeds by formal analogy with arguments of § 3 to prove the following 

Theorem IV.4.1 (Jacobson [214], Barnes [21]). Let g be a field 
of characteristic 4 = 2,3, and let £ be a normal simple Lie algebra of 
type G a over $. Then £ is isomorphic to 2) (©), for © a Cayley-Dickson 
algebra over Conversely, each such 3)(©) is a normal simple Lie 
algebra of type G 2 , and each isomorphism of 2s (© 1 ) onto 3 (© 2 ) is in¬ 
duced by an isomorphism of © x onto © 2 . 

B) Let S be an exceptional normal simple Jordan algebra over § 
(characteristic 4= 2,3); that is, is commutative, satisfies the identity 
x 2 {y x) = (x 2 y) x, and is not isomorphic with any subspace of an 
associative ^-algebra with the operation x ■ y = £ (x y -\- y x) (a special 
Jordan algebra). Then each element of satisfies an identity x 3 — 
— t{x) x 2 4- s (x) x — n(x) 1 = 0, where t(x),s(x ), n(x) are forms of 
degrees 1,2,3 respectively. Now either the polynomial X 3 — t(x)X 2 -f- 
4 - s{x)X — n(x) is irreducible whenever x and 1 are linearly inde¬ 
pendent (here $ is a Jordan division algebra), or Q is isomorphic with 
the set of 3 by 3 matrices over a Cayley-Dickson algebra © which are 
hermitian under a certain involution (the operation being symmetrized 
matrix multiplication | (x y y x )). Moreover, if © is split, this second 
{reduced) $ is determined to within isomorphism, and may be identified 
with the “split exceptional Jordan algebra” of Chapter III, § 6. (For 
the preceding, see [6, 8, 10, 48, 232, 238, 342, 344].) In the first case, 
a cubic extension of the base field leads to a reduced Jordan algebra; 
then a quadratic extension splits the associated Cayley-Dickson algebra. 
Thus if Cg. is the family of g-forms of the split exceptional Jordan 
algebra over B, and Sg the family of split exceptional Jordan algebras 
over 2?, the conditions a) and b) of § 1 hold, and c) holds if ® is alge¬ 
braically closed. In Chapter III, § 6, we have seen that the mapping 
A -> A*, where A* sends D C 2>($) into A~ l DA , is an isomorphism 
of the automorphism groups Aut (3) and Aut($ (Q)) in the split case, 
in which case $(Q) is classical simple of type F 4 . A straightforward 
analogy with § 3 now proves the 

Theorem IV.4.2 (Tomber [400], Barnes [21]). Let § be a field of 
characteristic 4 = 2, 3 , and let £ be a normal simple Lie algebra of type -F 4 
over g. Then £ is isomorphic to 3) (3) for £5 an exceptional normal 
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simple Jordan algebra over 3- Conversely, each such 2(3) is a normal 
simple Lie algebra of type F t , and each isomorphism of 2(3i) onto 
2(3 2 ) is induced by an isomorphism of 3i onto 3 2 - 

C) Descriptions of a similar nature can be given, using the same 
formalism, for forms of the algebras of types discussed in § 3. If (311, rj) 
is a normal simple involutorial algebra, and 2(3) l,rj) the Lie algebra 
of derivations of 3ft commuting with rj, the derived algebra 2:(3ft, rj)' 
is normal simple when (3ft, rj) is of type A n (n 1), B n (# ^ 2), C„ 
(n 22 3), or D n (« 22 4), and 2(3ft, rj)’ is a form of the classical Lie 
algebra of the same type. In the split cases, except for D i , we again 
have an isomorphism A -> A* as in A), B) from Aut (3ft, rj) onto 
Aut (2 (3ft, rj)') . (The essentials here are Chapter III, §6, Chapter IV, 
§ 3, and the fact that any derivation of a normal simple associative 
algebra is inner [218].) The conclusion then is that, subject to the same 
restrictions on types as in §3. every normal simple Lie algebra of a given 
type over % is the algebra 2(Sft, rj)', where (3ft, rj) is a normal simple in¬ 
volutorial algebra of the same type, and conversely ; any isomorphism 
between 2(3ft,»7)' and 2(91,0)' is induced by an isomorphism between 
(3ft, j?) and (91, 6). 

A somewhat closer analogy with B) is found if one considers alge¬ 
bras 2(3)', where 3 runs over normal simple Jordan algebras of suit¬ 
able types (in the classification of such algebras). For characteristic 
zero, the conclusions here are to be found in [401]; once again the 
essentials involve only making the identifications of 2(3)' with the 
split Lie algebras when 3 is split, proving that 3 has a separable splitt¬ 
ing field, and showing that A ->• A* is an isomorphism of Aut (3) onto 
Aut (2 (3)') in the split case (cf. [209, 238]). 


§ 5. Other types 

A) D 4 : Combining the considerations of § 3 and those of Chapter III, 
§ 6, we see that if 2 is an p-form of a split Lie algebra of type Z) 4 over £, 
a Galois splitting field for 2, and if an associated cocycle on (9 = © (S/g) 
with values in Aut(2g) has values in a subgroup of index 3 in Aut (2®) 
containing the Chevalley group G, then 2= ©(3ft.ry), where (3.ft, rj 
is a normal simple involutorial algebra of type Z) 4 over F. Furthermore, 
any isomorphism between two ^-algebras 2i, 2* of type /t 4 with this 
property relative to some common Galois splitting field £ and cocycles 
cohomologous within the same subgroup of index 3 hr Aut (£ st ) is 
induced by an isomorphism of (3fti, rjj) onto (3ft 2 , r) 2 ) • According as 
the subgroup in question of Aut (2#) is G or properly contains G, one 
says that 2 is of type D 44 or Z) 4II . That this is independent of the chosen 
Galois splitting field is not difficult to show [It, 236]. Likewise, if 
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the associated cocycle has values in a subgroup of Aut (2 ft ) of index 2 
containing G, but if 2 is not of type D tl , 2 is of type D x m ; in the remain¬ 
ing case, 2 is of type D 4V j. 

All types can occur, and indeed as subalgebras of Lie algebras of 
type F 4 ; namely, let $ be an exceptional normal simple Jordan algebra 
over g (cf. § 4), and let 91 be a 3-dimensional semisimple associative 
subalgebra of (5. Let 2 be the Lie subalgebra of X (j) annihilating 91. 
If 91 = % ® % © %, then 2 is of type Z> 41 ; if 91 = % © @, ® a quadratic 
extension, 2 is of type Dm; if 91 is a cyclic cubic extension field of %, 
2 is of type Z) 4 1It ; if 91 is a non-cyclic cubic extension field, 2 is of 
type Z) 1VI . Not all algebras of type D iX or Dm over a general field 
arise in this way [11, 236]; it seems to be an open question whether 
all algebras of type D im or Z) 4VI can be so realized. The most thorough 
study of these “Jordan Z) 4 ’s” has been made by Allen [11] (cf. also 
[52, 227, 372]); for the question of isomorphisms between algebras of 
type Z) 4I or of type D iU , see Jacobson [236]. 

B) E 6 , E 7 , E s : As with D t , we may divide algebras of type E 6 into 
two classes, E sl and E 6U , according as an associated cocycle does or 
does not take values in the Chevalley group G associated with a split £ 6 . 
Neither of these classes has been described as fully as have those, other 
than D 4III and Z) 4V 1, discussed earlier in this chapter. Algebras of 
type £ 61I do exist [131, 227, 233]. A class of algebras of type E 61 is 
provided by carrying out the procedure used to give a split E 6 in Chap¬ 
ter III, § 6, with the split exceptional Jordan algebra replaced by an 
arbitrary exceptional normal simple Jordan algebra; however, these 
do not exhaust the algebras of type £ 61 , as Jacobson has shown [227]. 
The most complete study to date of forms of E t and their isomorphisms 
is probably the thesis of Ferrar [131]. 

In the cases of E 7 and _E 8 , the descriptions known for the split 
algebras are not very simple; thus, even though the group Aut(2jJ 
is the Chevalley group G when It is a splitting field, this result does 
not yield a manageable list of forms for 2$. Some constructions due 
to Tits [345, 395, 397] which provide what seem to be all known algebras 
of types E 7 and E it are as follows: 

1) Let 91 be a Cayley-Dickson algebra over 5, and let [y be a Jordan 
algebra which is a form over % of a Jordan algebra (under \{a b + b a)) 
of 6 by 6 matrices of the form gx, where g is a fixed invertible skew- 
symmetric matrix, and where x runs over all skew-symmetric matrices. 

2) Let 91 be a normal simple associative algebra of dimension 4 
over and let Q be an exceptional normal simple Jordan algebra 
over g. 

3) Let 91 be a Caylev-Dickson algebra, Q an exceptional normal 
simple Jordan algebra. 
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In each of the algebras 91, 3 above, a (“generic”) trace is defined, 
which is a linear function; let 9l 0 resp. he its kernel. Let 91 resp. 3> 
be the Lie algebra of derivations of 91 resp. (5, and form the direct sum 
£ = 93 © (9l 0 <8> $0) © ®. Introduce in £ a bilinear product [x y] 
which is the ordinary Lie product when both factors are in 93 or in 3), 
such that [93 3>] = 0 = [$ 93], such that — [a ® c, B + D\ = [B + D, 
a® c] = aB® c + a® cD for «G91, ct 3, B G 93, D G 3), and with 
[a®c,a'®c'] = (c, c') <«, a'} + {a* a') ® (c* c') + {a, a') <c, c'>, where 
[a, a') = a') , (c, c') = t^(c c'), % resp. t 3 being the trace, where 

a* «' =s a a’ — (a, a') %, c* c' = c c' — (c, c') and where <«, a'} G 93, 
<c, c'> G 3) are defined as follows; 

b<a,a’) = i[b, [a', «]] - f ((««') b - a(a’b)), 
d<_c,c'y = c(c'd) -c'{cd). 

In cases 1) and 2), £ is a Lie algebra and a form of E 7 ; in case 3), 
£ is a form of E s . Taking 5 as in 2) or 3) and 91 to be a separable as¬ 
sociative algebra of dimension 2 over g, the construction gives forms 
of E 6 , as it does when we take 91 to he a Cayley-Dickson algebra and 
$ a form of the Jordan algebra of 3 by 3 matrices. The latter case 
provides “exceptional” forms of E s . 

§ 6. Finite fields 

In case the field g is finite, results of Lang on algebraic groups 
over finite fields [270] have been utilized by Hertzig [183] to study 
simple algebraic groups defined over g. We give here a slight generaliza¬ 
tion of the relevant result of Lang and apply it to the determination 
of all g-forms of classical simple algebras. 

Let ^ be the field of q elements, ® an extension of g of finite degree d, 
and Q an extension of $ which is algebraically closed and of infinite 
transcendency. 

Let G be an irreducible algebraic subgroup of GL{n,Q) which is 
defined over %, i.e., G is the intersection with GL(n, Q) of the set of 
all n by n matrices over Q which are the zeros of a prime ideal '£ in 
the polynomial ring in n 2 variables (the matrix entries) over Q, this 
ideal being generated by polynomials with coefficients in %. (Then 
is the totality of polynomials vanishing on G.) Now the map f -> £1 
is an automorphism of Q with % as fixed field, and its restriction to St 
generates the Galois group © of ®/g. The map <p: (| ;j ) (|f)) is thus 

an automorphism of GL(n,Q) such that G^QG. By a generic -point 
of G over St is meant an element x G G such that the polynomials over 
St vanishing on G are exactly those vanishing at x. If a = (£m) is a 
generic point of G over St, and if z -■ - (;,•,) is any point of G, then there 
is a Si-homomorphism of ®[*] = onto = SELCiy] mapping 
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£ij onto Ctj for all i, j, and this mapping is an isomorphism if and only 
if z is a generic point of G over or if and only if the transcendency 
degrees over ® of ft [z] and St \x] are equal (see [42, 271, 407] for these 
facts and for the existence of generic points). We denote by G s the 
group Gr\GL(n, St). 

Lemma IV. 6.1 (cf. Lang [270]). Let c <E GL(n, %) satisfy the con¬ 
dition r'Gc == G. Then the image of G under the map s -*■ c -1 2 _1 c zv 
contains G s . 

For let x be a generic point of G over and let y be any point of G a . 
Let w = c -1 x cyipcf)- 1 . Then w is a generic point of G over St; for 
St (w) Q $(x) = St (w, x), and St(r) C ®(w, x'') g St 1 (w) $(x)? (the sub¬ 
field of St (x) generated by St’ (w) and q -th powers of elements of $ (x)). 
Thus the only derivation of St(r) vanishing on St(w) is zero, so that 
St(r) is (separably) algebraic over St (w ), by a result cited in Chap¬ 
ter III, § 4; hence w is a generic point of G over St. In particular, 
v = c- 1 xc{x ?)~ 1 is a generic point; hence there is a St-isomorphism of 
St[u] onto St ’a 1 ] mapping v onto w. This mapping extends to a ^-iso¬ 
morphism rj of St (x) into Q. Thus if x = (£;_,-), u = x* — ($j) C G, 
and if t = u~ x x, then c~ x t~ x c tv = c" 1 x~ l c(c~ x u) c(m ^)- 1 x* — c~ x x 
Xx _1 c v-> xf ■= c -1 x _1 cw xv = y. 

Now let £ be a split Lie algebra over an arbitrary field %, and let 
21 = Aut(Sfi). In terms of a basis for £, the matrices of 9f constitute 
an fj-closed subgroup of GL[n,Q), also denoted by 21. Since Q is 
algebraically closed, the Chevalley groups G and G' of Chapter III 
relative to fl Q coincide, so that G is generated by elements of 21 of the 
form E (A e a ), e x Q £, ACS?. Relative to a basis for £ consistent with 
a classical Cartan decomposition, the matrices of the E (A e a ) constitute 
a homomorph of the additive group of Q and have entries which are 
fixed polynomials in A with coefficients in moreover, at least one 
of these entries, the coefficient of e x in the image under E (A ej of 
h C §, x (h) =1= 0, has the form /S A, 0 4= £ € 3- It follows that @(«) 
= {E (A ej | A C Q} is defined over %, and hence, by [407], p. 79. that 
any finite product of these g(x)’s is a variety defined over g; in fact, 
since S(«) is biregularly equivalent with the affine line, any finite 
product of the (£(x)’s is biregularly equivalent over g with an affine 
space. Now let S3 be such a product, with r factors; let y lt .. ., y r be 
independent generic points over § for these factors, and consider the 
variety U in l? u ' +li ^ with generic point (y 1( .. ., y r , y t y 2 . . . y r ) ■ Then 
U is clearly defined over g, and is biregularly equivalent with S3 over %. 
By [407], Chapter I, § 7, and Chapter IV, § 3, U has a projection p (U) 
on the last factor, which is a subvariety of Q n * defined over If n (11) 
denotes the set-theoretic projection of U on the last factor, 7r(lt) C G 
and 7r(U) is dense in p (U) in the Zariski topology of Q n \ Since G is 
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generated by the (§(«), G is the union of the sets n (U) so formed for 
all finite products S3 of the 6 (a). 

Now dim/>(U) ^ n 2 for all U; choosing It such that dim/)(It) is 
maximal, let S3 be the product of varieties @(a) used in forming It, 
and let a be an arbitrary root. Let S3' = @(«) X S3, U' defined as above 
for S3'; then clearly tt(IX) C n(W), so p{ It) C />(tt'). By the maximality 
of dimension of p (11) we have p (U) = p (U'), and it follows that p (11) 
contains all products in GL{n,Q) of elements of the various @(<x), 
hence that G £ p (U). Thus if q ( X) is a polynomial over Q vanishing 
on G, q(X) vanishes on n (It), hence on p (U), and the ideal vanishing 
on G is generated by polynomials over %. 

By the generation of G by the @(«), and by p. 123 of [711, G is closed 
in the Zariski topology of GL (n , Q ). It follows that G = G ^ GL(n, Q), 
G being the closure of G in Q' l ‘; but G = p (U) by the density of G 
in p (U), from which we see that G is an irreducible algebraic subgroup 
of GL ( n, Q) defined over g. 

If r is the group of graph automorphisms of £ (Chap. Ill, § 5) 
relative to a chosen basis and fundamental system, we denote again 
by r the group of extensions of these to £ n . This is the group of graph 
automorphisms of £ fl , and we have 91 — TG, a semi-direct product 
with G invariant. 

Now let $ and ® be finite fields as at the beginning of this section. 
The mapping <p : (| ;j -) (fL) in GL (n, Q) sends E (A e x ) onto E {):> e j, 
hence maps G onto G. If cr€ ©($/g), the Galois group of ft over g, 
the semi-automorphism V a of £ s over £ has the action A ->■ A n 

V~ 1 AV„ on Aut(£g); if A has matrix («,-_,■), then A a has matrix 
{oclj). In particular, the restriction of cp to the matrices of G SI is 
the same as A ->• A a , where a : f -*■ is the canonical generator 
for G. 

Now suppose 311 is an g-f° rm of a classical simple Lie algebra; let £ 
be the split algebra over % of the same type, and let $/% be a finite 
extension which splits 91L Let 9lg be the automorphism group of £ a , 
and let r -»• Z r be a 1-cocycle on @ = ®(®/g) with values in 2t s . 
Write Z T — C r X T , C T 6 T, X r € G s( . Since C r is the extension of an 
automorphism of £, we have C\ = C T for all 6 £ ®. Thus Z r0 = Z (J Z a r 
= C e C T (C^ 1 X 0 C r X°P). From the effect of 6 on the generators of G w 
given in Chapter III, § 1 (cf. also Lemma III.2.7), we have G* c = G sl , 
so that C re = C 0 C t , X T(1 = C r i X 0 C T X° t . When a is the generator 
£ ->• f* for G, C = C„ satisfies the hypotheses of Lemma 1, so that for 
some W£G, X a = C- 1 W~ 1 CW<p, Z„ - W-'CW*, Z (gl) = Z a Z a „ . . . 
Zy~"> = Z a Zl. . . Zf' 1 = W^OAV'A. if d : %] , we have 
Z (a<!) = Zj = 1 = W~ 1 O' W'i'\ and C d = 1 since r -> C T is a homo¬ 
morphism with (t —> G. Thus IT''" = IT, from which W C G a , IT'' — W°, 
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and we have Z T = IT 1 C r W T for all x C @. Thus every cocycle r > Z r 
is cohomologous to a homomorphism r -*■ C T of © into F. 

Now r is the symmetric group on 1, 2 or 3 letters. In the first case, 
every cocycle is cohomologous to the identity, and 9K is split. In the 
second case, there are two possibilities if d is even, otherwise only one. 
In the third case, the fact that all elements of order 2 in S 3 are con¬ 
jugate shows that all homomorphisms © -»• r with C of order 2 give 
cohomologous cocycles, and likewise all with C of order 3 are cohomolo¬ 
gous. Thus there are at most three non-isomorphic Lie algebras over ft 
which are ft-forms of 2g, according as C has order 1,2, 3- Moreover, 
if A £ 9I S has A~ 1 CA a — D, with C,D£F, let A - BY, B £ F, 
Y £ G @ ; then {B-'CB)Y° = D(D~ l YD), and C and 1) are conjugate 
in F\ thus no two of the above forms are isomorphic. By the existence 
of a common finite splitting field, it follows that the upper bounds 
given above for numbers of ft-forms of 2« are the maximum numbers 
of ft-forms of 8 a . Our knowledge of T now gives the 

Theorem IV. 6.1. The number of forms of a classical simple Lie 
algebra over the finite field ft (characteristic =4= 2, 3) is as follows: 

Types A lt B, C , G 2 , -F 4 , E 7 , E s : one; 

Types A n (n> I), D n (n S: 5), E 6 : two; 

Type _D 4 : three. 

If § £ © is the kernel of the homomorphism r ->- C t , and if (5 is 
the fixed field of §, then the restriction to § of the cocycle r ->■ C t is 
trivial, i.e., 2R® is split. Thus 3K has a splitting field ® of degree I, 2 
or 3 over ft, and the cocycle in Z J (® (ffi/ft), AutSg) = Z 1 (©/§, Aut S s ) 
associated with 911 is cohomologous with that induced by r ->■ C r 
{C r erQ Aut 2 L (). These remarks enable one to give an explicit con¬ 
struction of all ft-forms of classical simple Lie algebras: one chooses 
an extension ® of ft of degree I, 2 or 3, and lets 8 be the split algebra 
of a specified type over ft, r -*■ C T an isomorphism of the Galois group 

© = ©(©/ft) into the group F associated with 8. Let oc lt - <x r be 

a fundamental system of roots of 8 with respect to a classical Cartan 
subalgebra <g, and let {e x , h,} be a basis for 8 chosen as in Chapter II, 
§ 8. The semi-automorphisms V T which define the action of © on Aut (S@) 
send 1 e into F e, where e 6 8, A G ©. Then r U r = V T C; 1 defines 
a group of Galois semi-automorphisms of 8@, and the fixed ft-sub- 
algebra is an ft-form of 2® with associated cocycle r C T (§2). Now 
C r sends e x into a root-vector relative to = 6®: denote this root 
by oc T , and let a ; = a' r , 1 Then U T sends X e a . onto X T e x ;, 

and similarly for X e_ also, the effect on these generators for 2 e 
determines U r . 
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I‘or type A r with r S; 2, we have = # r _ i+1 , where a is of order 2 
and generates ©(©/?(). Thus the g-form 0 f Og with non-trivial co- 
cycle is the set 3Jt of fixed elements of imder the semi-automorphism 
sending Xh t onto X a h,._ l+1 , 1 -^Li<Lr, [c a{ e a . + i ] . . . e ] onto 

■ • l e «,_ i+1 e a r -H • ■ ■ e *, :mf l similarly for negative roots. In 
terms of our realization of Sg as the (r + 1)-rowed ©-matrices of trace 
zero (modulo scalars), we obtain a realization of as <g(SB, rj)*, where 
58 = M,. + 1 (©), and where rj is the involution sending (/?,■•) G S3 onto 
s~ ll ((Fij) s, with 



Then (S3, rj) is a normal simple involutorial g-algebra, and is ^-iso¬ 
morphic with (S3, (/?) —>■ '(/S®)). Hence the only non-split algebras of 
type A over a finite field, are those of the form , (/3) ' (/?“))*, 

where © is the quadratic extension of and a generates ©(©/£(). 

One can carry out a similar analysis in terms of the realizations of 
other types. One may also note that if s is the 2 r by 2 r matrix 



where — /Sis not a square in g, then for r ^ 4 (M 2r (g), (*) -> s" 1 *(«) s) 
is a normal simple involutorial algebra (3T, rj) of first kind, not split, 
and hence that @(9Jt,»?)* = (2(2ft, rj) is a non-split algebra of type D r , 
which is split by a quadratic extension of %. These algebras provide 
realizations of all types D r except Z> 4 when [©: g] = 3. In this case, 
a realization is available as the Lie algebra of derivations of the (split) 
exceptional simple Jordan algebra 3 over g annihilating a cubic sub¬ 
field [11, 227] (and § 5 above). Finally, the non-split E 6 over g may 
be obtained from the split E 6 , say £, over g, by taking the fixed 
elements of £g ([©: g] = 2) under the semi-automorphism XJ„: XD -* 
->■ — X a I)*, where D £ £, X G ©, D* is as in Chapter III, § 6, and where a 
generates ®(g/g) [131, 378, 392]. 

The process whereby the non-split algebras above are obtained is 
also applicable to forms of algebraic groups; even when % is not finite, 
the construction is possible for an extension g/g where ©(©/$-) is 
isomorphic to a subgroup of the group 7 1 for the split type being con- 
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sidered. The resulting forms have been variously named (“quasi-split”, 
“semi-split”, "twisted”) by their investigators, chiefly Tits (392, 394] 
and Steinberg [378]. The exceptional algebras Z> 4 and £ 6 obtained 
by this process over finite fields yield new simple finite groups [378, 379]. 
analogous to the group G' of Chevalley in the split case. A refinement 
of the method for characteristics 2 and 3 has been shown by Ree 
[330, 331] to yield further finite simple groups, including those of 
Suzuki [57, 312, 386]. 

§ 7. On automorphism groups 

In Chapter III we have seen that the automorphism group of a 
classical simple Lie algebra has a subgroup G of finite index whose 
commutator subgroup is simple. One may ask whether an analogous 
result holds for arbitrary forms of classical simple Lie algebras. Since 
the forms of algebras of type A include the derived algebras of central 
division algebras, one sees from § 3 that any such theory would be ap¬ 
plicable to the quotient by its center of the multiplicative group of 
such a division algebra. It is known (e.g., see [226, p. 191]) that such 
a group can have a very complicated structure. Similar objections can 
be raised in the case of the Lie algebras associated with symmetric or 
hermitian scalar products of Witt index zero [18, 102, 112]. Now in 
these simple Lie algebras there is no element x -j- 0 with ad x nilpotent, 
since such an x is necessarily nilpotent as an element of the division 
algebra, or of the ring of linear transformations of the vector space 
admitting the scalar product. This is seen for characteristic p by 
(ad x) p* = 0 = ad (x^) for some k, and for characteristic zero by 
embedding r in a 3-dimensional subalgebra as in [234, Chap. 3]. But 
there are no non-zero nilpotents in a division algebra or in the skew 
transformations of an anisotropic space. In an attempt to avoid these 
cases, we therefore restrict our attention to algebras we shall call non¬ 
compact, namely those which possess elements * 4= 0 with ad x nilpotent. 

Except in the case of G 2 , all root-vectors e x of a classical simple 
Lie algebra S satisfy (ad ej 3 = 0, so that the simple Chevalley group G’ 
for such an algebra is a subgroup of the group of automorphisms gener¬ 
ated by all E(x) = exp (ad x) , where (ad xf = 0. This is in fact the 
case for G 2 as well: one has (adej 3 = 0 for “long” roots <x (±«i, 
4- 3 * 2 ), (2«j + 3<x 2 ), in the notations of Chap. II), and pro¬ 

ducts of such E(e a ) for different Cartan decompositions yield the E(e ff ) 
for the remaining roots ft. One can also verify in general that those 
x 6 S with (ad x) 3 = 0 and ad x of minimal rank among such x are 
conjugate under G' to root-vectors e a , where tx is a long root in the 
cases B, C, F t , G 2 , and that the E{eJ for long roots a in all (classical) 
Cartan decompositions suffice to generate G'. Thus the simple group G' 



94 IV. Forms of the Classical Lie Algebras 

may be described as the group generated by all E(x), (ad x) 3 = 0 and 
ad x of minimal rank with this property. It does not seem to be known 
(even if a non-singular Killing form is assumed) whether every non¬ 
compact form of a classical simple Lie algebra contains elements x =|= 0 
with (ad*)® = 0. This is not hard to see in the case of characteristic 
zero, by embedding a non-zero nilpotent y in a 3-dimensional simple 
algebra {e,f,h} and by taking * to be a characteristic vector belonging 
to the greatest characteristic root of ad h in 8. It is also valid generally 
for algebras of types A n (p f (n + I)). B, C, D n {n > 4), and G 2 , by 
appeal to the classification of these and their realizations as discussed 
earlier in this chapter. Because of the uncertainty as to the existence 
of such elements in general non-compact algebras, we introduce the 
term anti-compact to refer to a form of a classical simple Lie algebra 
containing elements * =|= 0 with (ad x) 3 = 0. 

Let 8 be an anti-compact Lie algebra, and let It be the group of 
automorphisms of 8 generated by all E(x) , where ad % 4= 0 is of minimal 
rank with (ad*) 3 = 0. We may then conjecture that It is a simple 
group. By identifying 8 as one of our realizations, and by identifying 
elements * G 8 having the above property, we can hope to give a re¬ 
alization for U. For the cases A, B, C, D n (»> 4), one thus obtains 
an identification of U with the quotient by its center of a classical group 
SL m (S>), Sp 2m Cfi), D m (%, f) , T m (^8,g), in the notations of Dieu- 
donne [112], where g is the ground field, 3) a finite-dimensional central 
division algebra over g, S3 a finite-dimensional central involutorial 
division algebra over / a bilinear scalar product of positive Witt 
index, and g a hermitian scalar product of positive Witt index. Further¬ 
more, m is bounded from below to an extent which guarantees that 
these quotients are simple [112]. The only non-compact form of G 2 is 
the split one, so 11 = G' is simple in this case as well. 

A general proof of our conjecture, when % is perfect, of characteristic 
+ 2,3,5, appears as a corollary of a theorem of Tits [398]: If Q is 
a universal domain over g, a basis for the anti-compact Lie algebra 8 
over % gives a set of matrices for the group Aut(Su) which are the 
zeros in GL(n, Q) of a set of polynomials with coefficients in jj. Lett- 
mg G 0 be the component of the identity in the algebraic group consist¬ 
ing of these matrices for Aut(Sa), we see that every automorphism 
of Q over $ maps G 0 onto itself. But this condition guarantees that G 0 
is defined over % [42; 271, p. 74]. Now the Chevalley group G is of 
finite index in Aut (S fl ), since Sa is split, and the matrices for G rel¬ 
ative to a suitable basis for 8a form a connected algebraic group, the 
component of the identity in the matrices of Aut(8a) relative to this 
basis. It follows that G and G n are conjugate in GL{n,Q), and that 
60 = G = G' is a simple group. Now let H be the subgroup of G 0 gener- 
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ated by all unipotent elements of G 0 rational over g, i.e., matrices of 
automorphisms of the form A a , where A 6 Aut (£) is unipotent. By 
the theorem of Tits, the quotient of H by its center is a simple group. 

Our group 11 is evidently generated by elements of H, so is contained 
in H ; since the set of generators is self-conjugate under automorphisms, 
11 is normal in H. For characteristics greater than 5, elements £ 
with (ad x) 3 = 0 can be embedded in 3-dimensional simple subalgebras; 
since an “opposite” element y to x in such a subalgebra can be chosen 
with (ad y) 3 = 0, Rank (ad y) = Rank (ad x) (cf. Chap. V, § 8), one sees 
that U is non-abelian, hence coincides with H. An element of the center 
of U must fix all & for which exp (ad x) is one of our generators; 
under the hypotheses, this implies that a basis for £ is fixed (Chap. V, 
§ 8), so that the center of U is trivial, and U = H is simple. 

The theorem of Tits, in its general form, would enable the same 
conclusions to be drawn as to simplicity of 11 when g is not perfect if 
we knew that: 1) G 0 is defined over 2) each generator E(x) of 11 
is contained in the unipotent radical of some parabolic subgroup of G 0 
defined over The restrictions on the characteristic of g are not those 
of Tits, but rather are imposed by the limitations of our theory of Lie 
algebras; in particular, the exclusion of the characteristic 5 is due to 
technical difficulties in finding appropriate 3-dimensional subalgebras. 

In the case where £ is semi-split in the sense of § 6, but not split, 
our groups 11 coincide with the simple groups of Steinberg [378]. For 
perfect ground fields this is most easily seen by observing, as above, 
that the latter must coincide with the group H of Tits. In the general 
case, more direct methods establish the identity of these groups. 





Chapter V 

Comparison of the Modular and Non-modular Cases 

§ 1. Solvable and nilpotent algebras 

The famous theorem of Lie on solvable linear Lie algebras over an 
algebraically closed field of characteristic zero asserts that every such 
algebra has a common eigenvector or, equivalently, consists of triangular 
matrices when interpreted as matrices relative to a suitable basis. The 
common algebraic proofs of this theorem use an argument which infers 
the nilpotency of a matrix from the vanishing of the traces of certain 
polynomials in the matrix, especially its powers, as in [234, pp. 43 — 50, 
and 64, pp. 2-05, 2-06]. One may also deduce the result from the cor¬ 
responding one (due to Kolchin [254]) for solvable connected linear 
algebraic groups over arbitrary algebraically closed fields, via the 
correspondence in characteristic zero between linear algebraic groups 
and their Lie algebras [71, 72]. The conclusion fails for modular fields, 
although some of the proofs referred to are still applicable when the 
degree of the matrices is less than the characteristic. Over a field g 
of prime characteristic ft , a 2-dimensional solvable Lie algebra £ of ft 
by ft matrices is spanned by 



These evidently have no common eigenvector; in fact, £ acts irreduc- 
ibly [234, p. 52]. 

A corollary of Lie’s theorem is the nilpotency of the derived algebra 
of a solvable Lie algebra over any non-modular field. Taking £ as 
above, acting in g' J , let 9JI = £ © with the product [ A -f x, B + y] 
= [4B] + (xB - yA) for A , B € £, x, y € gr. Then W = %E + %p, 
9K !3) =0, but S« (2) = (9J1')'= g* = [9K', 9Jl (2 ’], so that M' is not 
nilpotent; thus this corollary of Lie’s theorem also fails for prime 
characteristic [234, p. 53]- 
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Applied following the conclusions of Th. 1.5.2, Lie’s theorem yields 
that each of the 33,of that theorem has a basis relative to which the 
matrix of each I£S(a nilpotent Lie subalgebra of 6(33)) has the form 



This would imply in particular that the weights of 2 are linear func¬ 
tions. We give an example to show that the weights of 2 are not, in 
general, linear; this will show that the conclusions of Lie’s theorem 
must fail even for nilpotent Lie algebras. (It should be noted that when 
2 is a nilpotent Lie algebra of linear transformations of index at most p , 
the weights are linear, while 2 need not be triangulable—[234, p. 53]- 
where the result of the exercise mentioned is valid when the index of 
nilpotency does not exceed p , but fails in general.) Our example is as 
follows: Let E ti denote the usual p by p matrix unit, and let 

V k = ^ (—t)” (* _ 1 ) Ep-r, , 1 ^ k 5S p. In particular, V p = I, the 

identity matrix. The V k span a commutative ^-dimensional Lie alge¬ 
bra S3, and Vf, — 0 for k < p. Thus if V = 2j A* V ./>. V p — AJJ/. Let 

U = E p ! + Ve,,, , +1 . Then V* = I and \V,,U] = V k+1 , k < p. Thus 

the space 2 spanned by 33 and U is a (p -|- 1)-dimensional Lie algebra 
of p by p matrices, and is nilpotent of index p + 1. From (3) of Chap¬ 
ter I, § 3, we see that for V = 2.' £ S3, [i G {V + /*U) P — V p + 

+ fiPUP + pP-'V (ad U)p~ 1 = (A'J + (j,p + Ai up- 1 ) I. Thus the only 
weight (p of 2 has 

(1) y(V + h U) = X v + (i H- (A x pP-')T, 

and is not additive. 

A general theory of irreducible representations for nilpotent Lie 
algebras over algebraically closed modular fields has been given by 
Zassenhaus [419]: One sees easily from the definition that each nil- 
potent Lie algebra 2 has a regular basis {x L }, i.e., for all i, j, [ x t xj ] is 
a combination of the x k with k > Max(i, /). Taking a fixed regular 
basis, and o an irreducible representation of 2, Zassenhaus showed 
that q is determined to within equivalence by the values of its single 
weight at the x t : moreover, these values may be chosen arbitrarily. 
The 2-module associated with q has dimension equal to a power of 
the characteristic p , and these dimensions are bounded. 2 has a faithful 
irreducible representation if and only if its center is one-dimensional. 
The eigenvalue <p(2 ii *;) of o( >[ £; x t ) is given in terms of the <p{x,) 
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as a certain fixed combination of the <p{x i )i‘- J l with coefficients which 
are homogeneous poiynomials in the In the example above, 

U = x t , Vi = x i+1 define a regular basis, with q>(x i) = 1 = <p(x p+1 ), 
<p{xf) = 0 otherwise; the formula (1) may be regarded as a prototype 
for the formula of Zassenhaus. More recent investigations have been 
made by Curtis [92], Kanno [244] and Zassenhaus [422], who have 
simplified the original proofs and have extended them somewhat. In 
particular, Jacobson has shown [234, Chap. 2] that in an indecompos¬ 
able nilpotent Lie algebra of linear transformations over an arbitrary 
field, the minimum polynomial of each element x is a power of a (monic) 
prime polynomial n x \ one may thus regard the mapping a -> n x as the 
unique weight of this Lie algebra. In this extended sense, the notion 
of a weight for a representation q of a nilpotent Lie algebra £ is now 
clear. Curtis [92] showed that there is a mapping of equivalence classes 
of irreducible representations of £ onto mappings of a fixed regular 
basis onto prime polynomials, the mapping associated with q being 
the restriction to the regular basis of the unique weight of q . Here the 
dimensions are evidently unbounded in general. 

§ 2. Representations 

The results of § 1 include the fact that a nilpotent irreducible 
modular Lie algebra of linear transformations need not be abelian. 
This contrasts with the situation in characteristic zero, where solvable 
irreducible linear Lie algebras are abelian; namely, Jacobson has 
proved [210], [234, Chap. II] that a completely reducible linear Lie 
algebra of characteristic 0 is the direct sum of its center and a semi¬ 
simple Lie algebra, the elements of the center being semisimple endo- 
morphisms. These conditions characterize non-modular completely 
reducible linear Lie algebras. By way of contrast, Jacobson has shown 
that every modular Lie algebra has a faithful completely reducible re¬ 
presentation and a faithful representation which fails to be completely 
reducible [221; 234, Chap. VI], One might hope to salvage part of the 
analogy with the non-modular case by considering only Lie algebras 
which are restricted and only restricted representations. Here Hoch- 
schild [191] has proved that a restricted Lie algebra £ has all its restricted 
representations completely reducible if and only if £ is abelian and x -*■ x ! -P': 
is one-one. Thus these conditions on £ are equivalent with semi¬ 
simplicity of the finite-dimensional associative algebra U(£), the 
“u- algebra” of Chapter I, §4, hence with the complete reducibility 
of the regular representation of 11(£). Since this representation is 
faithful, it follows that a restricted Lie algebra has a faithful representa¬ 
tion which is not completely reducible except when £ is abelian and 
x -> #[pj is one-one. It remains an open problem to determine the 
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structure of those restricted Lie algebras having faithful completely 
reducible restricted representations; the abelian algebras in this class 
are those for which x —>- %$•'■ is one-one. 

The non-modular representation theory is most highly developed 
in the case of semisimplc Lie algebras over an algebraically closed field 
or, more generally, for classical Lie algebras [54; 166; 411; 64, Ex¬ 
poses 17—20; 234, Chap. 7, 81- A partial analogue of this program for 
classical modular Lie algebras, namely the study of irreducible (re¬ 
stricted) representations, has been carried out by Curtis [95, 96]. In 
terms of these representations, one may describe the radical of the 
w-algebra U(£)—it is the intersection of their kernels in U(£) —and 
thus may give a condition (p (x) = 0 for all x G SR) which is necessary 
and sufficient for the complete reducibility of a given restricted re¬ 
presentation q of £. To establish a condition of this type which can 
be readily checked for a given representation q would require finding 
a fairly simple set of generators for the ideal 3It. The only case in which 
such generators are known is that of the classical 3-dimensional alge¬ 
bra A lt where the author has shown in unpublished work [360], that 
if {e,f,h} is a basis for £ with [eh] — 2e, \j h] = —2/, [ef] = h, 
then the elements eP- 1 (h -[• 1), (h + 1) /' J_1 of U(£) generate the ideal 9t. 
Jacobson [228] had shown earlier that the ideal generated by eP- 1 , 
fp * 1 contains 5Jt, but is not equal to iff. In unpublished work, Curtis 
has given sufficient conditions for a restricted representation q of a 
classical Lie algebra to be completely reducible, conditions which 
require at least that g(O p_1 — 0 f° r all root-vectors e x relative to a 
classical Cart an subalgcbra. By the above, these conditions are not 
necessary. 

The results of Curtis on the irreducible restricted representations 
are as follows: Let £ = §-[- ^ £„ be a classical Cartan decomposition 
01 4 s 0 

of £,«!,..., <x r a fundamental system of roots, and let h t £ [£*,. £_.J, 
«i[hi) = 2. Let 0 be an irreducible restricted representation of £ in S8. 
Then there is a unique one-dimensional subspace 36 of 33 such that 
36 q [ej - 0 for all e x £ £,, « > 0 in an ordering associated with the 
given fundamental system. For x € 36, one has * g(/q) = ) H x, A, in the 
prime field Z p , and the linear function X on Q with X (hj) = A,-, f r, 

is called the highest weight of o. Two irreducible restricted representa¬ 
tions having the same highest weight are equivalent, and conversely. 
Given any linear function A on § such that A (h t ) € Z p for all i, there 
is an irreducible restricted representation of £ with highest weight A. 
Thus tlie-re is a one-one correspondence between equivalence classes of 
irreducible restricted representations of £ and linear functions A on 
satisfying A (hi) £Z p for all i. The space 31 is generated by 36 and the 
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S,- Xi , in the sense that 93 is the smallest subspace of 93 containing BE 
and stable under the p (/,), / ; G £_ v .. Proofs of these results are in [95]. 
In another paper [96 ], Curtis has shown that under rather strong 
general conditions on the irreducible representation p, the dimension 
of S3 can be computed from the highest weight X and the system of 
roots of £ by the formula of Weyl [411; 142; 64, Exposes 19, 20; 
234, Chap. 8] for the non-modular case, suitably interpreted. Niel¬ 
sen [ 308] has given elements of U(£) which generate minimal right 
ideals affording all irreducible representations of £. 

A procedure utilized by Curtis in obtaining some of his results is 
a passage from the non-modular to the modular case. More recently, 
such techniques have been given a more comprehensive setting [ 332 ; 
371; cf. also 78]: If £ c is a complex semisimple Lie algebra, p c an 
irreducible representation of £ c in 33c, then there is a basis for fl c 
and one for 93 c , the former consisting of root-vectors e x and elements 
as above and the latter consisting of weight-vectors, such that the 
former basis is a Chevalley basis for £ c in the sense of Chapter II, § 3 , 
and such that each q c (x), x G £ z , the additive group generated by 
the {e x , hi) , maps into itself the group 93 z generated by the basis for 9$ c • 
(In fact, £ z is mapped into itself by all exp (ad mej, m G Z, and 33z 
is stable under all exp(p c (ra ej ).) If $ is a field, 58 = 58 z®z% thus 
affords a representation p of £ = £ z ® z g, a classical Lie algebra 
over % or one which becomes classical when reduced modulo its center. 
If 0 =1= vG S3z belongs to the highest weight of p c (with respect to a 
fixed admissible ordering of the roots) and if 9ft is a maximal p-stable 
subspace of S3 not containing v ® 1 , then 95/931 affords an irreducible 
restricted representation of £. Its highest weight X has X (h l <g> 1 ) 
= A {he) (mod ft ), where A is the highest weight of p c . Using the map¬ 
pings induced in S3 by the exponentials above, one is able to obtain 
linear groups acting in S3, or in 9$/9ft, which are analogous to the 
group G of Chevalley (acting in £). For suitable representations (those 
whose weights generate an additive group containing all weights of all 
representations of £ c ), one thus constructs a linear group G* which 
admits each such linear group associated with £ as homomorphic image 
in a canonical way [95, 332]. For certain classical algebras £, the 
group G* (associated with the modules S3/9Jf) has been identified as a 
special linear group, symplectic group, or as a spin group associated 
with a quadratic form of maximal index [95, 3 84] - 

For Lie algebras of characteristic zero, one has the result that the 
tensor product (p ® 1) + (1 ® a) of two completely reducible represen¬ 
tations, p, a is again completely reducible [234, Chap. 3]. This fails in 
the modular case, even for restricted representations of classical Lie 
algebras. Namely, consider the 3-dimensional algebra £ with basis 
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{e,f,h} as above; then the irreducible restricted representation o 
with highest weight A: A [h) — ft — 1 has degree ft , and a vector x =|= 0 
belonging to A has x g (/)p _1 ~Y 0, x g (f) p = 0. Thus the x g (/)', 0 ^ j < ft, 
are linearly independent. Let a be any non-zero irreducible restricted 
representation of £, with highest weight fj,, and let y 4 0 belong to // ; 
then ju,(h) = ft, 0 < ft < ft, and y a(f) k =(= 0, ya(f) k+1 = 0. The re¬ 
presentation T = g®l+l®u is a restricted representation of £; 
by the remarks above, it is completely reducible only if r(h) r (/) p_1 + 
+ T(f) p ~ 1 =0. If we apply this transformation to x ® y, we obtain 

an expression x gtfy- 1 ® y a{h) + 2 x g(f)i ® yj. Since the x g{f)J are 

linearly independent, and since y a(h) — ft y =j= 0, this cannot be zero, 
and r is not completely reducible. 

The w-algebra U(£) of a restricted Lie algebra £ provides an inter¬ 
esting class of non-semisimple associative algebras. From Curtis’ re¬ 
presentation theory, it follows that all irreducible representations of 
U(£) are absolutely irreducible if £ is classical, hence that U(£)/9i is 
separable in this case. If e x , . . ., e n is a basis for £, Berkson [29] has 

shown that the linear function A(^ e' 1 . . . c'") — p _ x 

makes U(£) into a Frobenius algebra; Schue [ 352] has shown that 
U(£) is a symmetric algebra whenever Tr(ad x) =0 for all #££, 
thus in particular whenever £ is classical. 

§ 3. Cohomology 

The cohomology theory for Lie algebras may be regarded as be¬ 
ginning with the lemmas of Whitehead [412, 413], which have as 
consequences the complete reducibility of representations of a semi¬ 
simple Lie algebra of characteristic zero and Levi’s theorem on the 
existence of a subalgebra, isomorphic to the quotient by its radical, 
in a Lie algebra of characteristic zero [234, Chap. 3; 64, Exposes 4, 5; 
47]. If cp is a representation of £ in 9k, we write v x for v (p(x), v £ 9K, 
x 6 £; by a natural extension of the notions of the Whitehead lemmas, 
a ^-linear alternating function on £ with values in 9k is called a cocycle 
if it satisfies the functional equation (8f) (x 0 , ...,%)= 0, where 

(df) (*,. . . ., X k ) = i ( —l) i+fc /(* 0 , . . . . ., X k ) Xi + 2 (-1)W + 1 

X / ([#; Xj], x 6 , .... , .... Xj , .... x k ), where the circumflex indicates 

an omitted argument. The function / is a coboundary if there is a (ft — 1)- 
linear alternating function g on £ with values in 9k such that / — <5g. 
One verifies that <3(<5g) =0, hence that a quotient group // A (£, 9k) 
= cocycles/coboundaries may be defined for each ft (O-coboundaries 
being defined to be 0). Thus //°(£, 9k) = elements of 9k annihilated 
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by £, and the Whitehead lemmas assert the vanishing of //' and H 2 
whenever £ is semi-simple and non-modular. 

From the fact that II' (2, 3ft) = 0 for all 3ft implies the complete 
reducibility of all £-modules, and from the existence of non-semi-simple 
modules for all modular £ =j= 0 (§2), we see that if £ is a modular 
Lie algebra such that H 1 (£, 3ft) =0 for all 2-modules 3ft, then 2 = 0. 
It appears likely that a similar conclusion holds with H 1 replaced by 
dp, and perhaps by H k for each k < dim £. A simple example shows 
that it is not true that H 2 (£, 3ft) = 0 for all 3ft even when £ is classical 
(hence restricted) and when 3ft is an irreducible restricted £-module. 
Namely, let £ be the classical algebra {e, f, h} of § 2, and let 3ft be the 
(p — f)-dimensional irreducible restricted £-module; then 3ft has basis 
Vi, ■ ■ ■, v p - 1 , with 

Vif=v i+ 1, v p -x f — 0; 

v.e ■■=■—(» — 1) (p — i) Vi-j, i> i, v x e = 0; 

Vih= (p-2i)vi, 1 ^i^p-\. 

Let g be the alternating bilinear function on £ with g (e, f) = 0 = g (/, h), 
g[e, h) = Vp-x • One verifies at once that (Sg) (e, f ,h) =0, from which 
it follows that dg = 0. On the other hand, if k is any linear mapping 
of £ into 3ft, ( dk) ( e, h) = k(e) h — k(h) e — k(\eh\) is seen to lie in 
the subspace of 3ft spanned by the v L , i < p — 1. Thus g -|= 8k, and 
H 2 (£,3ft)=|=0. (In fact, H 2 (2, 3ft) has dimension 2 over the base 
field and if 3 1 is any other irreducible restricted module for this 
£,tf 2 (£,5ft) = 0.) 

When the module 3ft is one-dimensional, with v x = 0 for all v 6 3ft, 
xd. 2, we may identify 3ft with the ground field Q. If % = R, the 
field of real numbers, and if £ is the Lie algebra of a compact con¬ 
nected Lie group @, Chevalley and Eilenberg [80] have shown that 
this cohomology of £ is isomorphic with the real cohomology of ©. 
Thus the groups H k (2,%) take on special interest; if £=[££], 
then H 1 (2, 5) =0 since all 1-cocycles are zero. If £ carries a non¬ 
singular symmetric associative bilinear form (x, y ), and if all derivations 
of fl are inner (e.g., if £ has nonsingular Killing form), then every 
2-cocycle / on £ with values in % has the form f(x,y) = (xS,y), 
where S is a linear transformation of £ skew with respect to (x,y)\ 
it further follows from the cocycle condition that S is a derivation of £, 
and from this that f(x,y) = {[x z], y) for some fixed z € £. That is, 
/ = dg, where g(x) = (x, z), and H 2 (2, g) = O for such £. In fact, 
this reasoning shows that the mapping S -v /, where f{x,y) = (x S,y), 
induces an isomorphism of S $(£)/(ad £), the algebra of “outer deriva¬ 
tions” skew with respect to (x, y), onto 71 2 (£, §) whenever £ has a non¬ 
singular symmetric associative bilinear form (x , y). In particular, for £ 
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classical of type A„, p\ (n | 1), tf) das dimension one (of. § 5). 

If £ possesses a symmetric associative bilinear form (x, y) , let g(x, y , z) 
= (x, [y z]); one verifies directly that g is a 3-cocycle with values in %. 
If ( x , y) is non-singular, and if g — df, there is a linear transformation T 
of £ such that f{x,y) — (x'T, y) = — ( x,yT ). Setting g = df yields [yz] 
= [yzM' —\yT, z]-[y,zT] for all y, z££, or [adz, T ] = adz + ad (zT) 
for all z £ £. Now suppose £ = [£ fl]; it then follows from the non¬ 
singularity and associativity of (x , y) that the center of fl is zero, so 
that ad £ is isomorphic to £. If, in addition, every derivation of fi 
is inner, the fact that [adz, T] G ad £ for all z££ implies that 
ad z, T] — [ad z, ad t] for some t£ 2, all z £ £, from which zT 
= [z t] — z for all z. Substituting in df gives g(x, y, z) = (df) (x,y,z) 
= -3 g(x,y, z) + (x, [|y z] t] - [[y t] z] - [y[z <]]), from which 
4g(*,y,z) = 0 by the Jacobi identity. If the characteristic of % is 
not 2, this is absurd. In particular, we see that for characteristic =|= 2, 
if £ 0 has nonsingular Killing form, then H 3 (2, %) =1= 0. For semi¬ 

simple algebras of characteristic zero, this is a familiar result [80, 266]. 

To discuss the cohomology in terms of general theory, one starts 
with a projective resolution of g, regarded as a trivial £-module, or 
right 11'(£)-module, where U'(£) is the universal associative algebra 
of £. That is, one constructs an exact sequence 
0^— -, 

where the X, are projective 11' (£)-modules and e, d are U'(£)-homo- 
morphisms. With this resolution and with a given £-module 9ft one 
may associate the additive groups 9ft; = Hom(X,-, 9ft) of U'(£)-homo- 
morphisms of X t into 9ft. Composition with the maps 9; gives rise to 
a complex 

9ft 0 -^>2fti-^*9ft 2 -%■ - ■ •, 

i.e., composition of successive <5, ; is zero. The associated /e-th cohomology 
group is Ker (d k )llm(d k - 1 ), for k — 0 simply Ker(9 0 ) being taken. It 
follows from general principles that the cohomology groups so obtained 
are independent of the particular projective resolution chosen, as are 
various operations on the cohomology 156]. The groups H A (£, 9ft) 
defined above in terms of functional equations may be identified with 
those obtained by this latter process from a particular free resolution 
of g as 11' (£)-module [56, 64, 234, 266, 287]. 

This second point of view may be taken whenever one has an as¬ 
sociative algebra 91 over % and an augmentation e : 91 % which is 

a homomorphism of 91-modules (one takes X„ = 91) [56, 287]. In partic¬ 
ular, if £ is a restricted Lie algebra, one may take 91 to be the “n-alge- 
bra” ll(£) of Chapter I, § 3, and use this procedure to define the 


i 
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restricted cohomology groups (£, 911), where 9J1 is a restricted £- 
module. Interpretations of H*( S, 3K) for k = 1,2, 3 have been given 
by Hochschild [192—194, 198]: for (£, s JJi), in terms of extensions 
0 -* St -* (S -> 0 of restricted £-modules, where $1 is the space 
of all ^-linear mappings jQ S' with the action (/ x) (</) = f(q) x — 
— f(q x) for / € SR, x 6 £, q £ £*; for H\ (fl, 2K), in terms of extensions 
of restricted Lie algebras 0 9J1 * (5 - ->■ £ -»■ 0, where 9J1 has the 

structure of an abelian restricted Lie algebra with xh 1 '. — o for all 

9H; for iZ® (2, 9J1), in terms of extensions of restricted Lie algebras 
with non-abelian kernels. In particular, the vanishing of •//*(£, 91?) 
for all finite-dimensional 91? implies the complete reducibility of all 
finite-dimensional restricted S-modules (i.e., the semisimplicity of 
U(S)) which by results of Hochschild cited in § 2 implies that S is 
abelian with one-one p-th power operator. Conversely, if the base field 
is perfect and S has this structure, then so does £ s ,, for St the algebraic 
closure of so that by [225] (or [234, Chap. V]) fl a has a basis {e t } 
with e\ p] = e t . It follows that U(S§) ~ U(£) Sl is a semisimple associ¬ 
ative algebra, hence that tt(£) is separable, and that every restricted 
S-module is a projective !I(S)-module. Thus //([(£, 9}1) —0 for all 
k > 0 and all restricted S-modules 9K. One thus sees that the condition 
that the first cohomology groups be zero for all finite-dimensional 
modules is equivalent to: for characteristic zero, the semisimplicity 
of S [47, 64, 234, 266]; for characteristic p and ordinary modules, 
£ = 0; for characteristic p and restricted modules, £ abelian with 
one-one £-power map. 

Although an interpretation for H\(2,W) in terms of functional 
equations on £ has been given by Hochschild [192], similar inter¬ 
pretations for higher restricted cohomology seem to be available only 
in terms of functions on U(fl) (i.e., from Hom u(S) (£(IX(£)), 2R), where 
B is the “bar construction” of [287]). A resolution of % which is U(£)- 
free, and which appears rather efficient for computation has been found 
by May [3 02], in the more general context of graded restricted Lie 
algebras. He has used this resolution and connections with the cohomol¬ 
ogy of Hopf algebras to obtain extensive information on the homotopy 
groups of spheres [3 01]. In particular, May is able to use his resolution 
to show that H*(£, %) = 0 only if £ is abelian with one-one ^-power 
[300]; the converse (for perfect fields) holds by the above. On the other 
hand, H 2 (2,%) =[= 0 if £ is abelian of dimension at least 2, while 
// 2 (£, 2r) = 0 for most classical semisimple algebras £ by remarks 
above. (For further studies on graded Lie algebras, restricted or not, 
see [305, 336], and references therein; in [305], it is shown that Hopf 
algebras of the form U(£), where £ is a graded restricted Lie algebra, 
play an important part in the general study of Hopf algebras.) 
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If the /j-power map of the restricted Lie algebra 2 is one-one (in¬ 
deed, if *>] = 0 implies x — 0, x£ 2) and if the base field $ is alge¬ 
braically closed, then 2 is abelian [234, p. 196, ex. 14; 83]. Chwe has 
established the analogous result over arbitrary' fields when 2 is solv¬ 
able [82]. In this paper, he gives relations between the ordinary and 
restricted cohomology of a restricted Lie algebra 2 by connecting the 
restricted cohomology with relative ordinary cohomology with respect 
to the subalgebra <3 of U' (2) generated by all xv — rW, x f: 2. 


§ 4. Known simple Lie algebras 

In Chapter IV, we have given what seems to be the current state 
of knowledge concerning simple modular Lie algebras which have 
analogues of characteristic zero. Except for small prime characteristics, 
the determination of all forms of simple classical Lie algebras has 
reached the same degree of completeness in the modular and non-modular 
cases. While these exhaust the normal simple Lie algebras of character¬ 
istic zero, it will be seen from the following examples that the situation 
is radically different for modular Lie algebras. 

A. The Jacobson-Witt algebras 323, , 

Let % be a field of prime characteristic p . Let g [-X] = % ~X ^,.. ., X n ] 
be the polynomial ring in the indeterminates X t and let 21,, be the 
quotient of g[V] by the ideal generated by the X p i: 1 <Li <n. Then 
21,, is a commutative associative £r-algebra with unit, of dimension p n , 
and with basis consisting of monomials in x lt ..., x„ , the images of 
the X it of degree at most p — 1 in each x it and with xf = 0. The 
algebra 323, , is the Lie algebra of derivations of 2l„ as g-algebra; 323j is 
known as the Witt algebra [66, 419]. A more general case, in which 
the generators for the ideal to be factored from g [V] have the form 
Xf — Si , has been studied by Jacobson [217]; this algebra is a form 
of 3B„, as one sees by adjoining S) ,p to g and replacing V, by X t — £V p . 
Thus we refer to as the split Jacobson-Witt algebra of order n over 

The algebra 28„ is a simple Lie algebra except when it is 2-dimensional. 
Being a derivation algebra, 3S„ is necessarily restricted. A Cartan sub¬ 
algebra ,£> for 323„ is obtained as the set of derivations of 2l„ preserving 
each of the one-dimensional spaces 1 This § is commu¬ 

tative, and its roots are linear ^-valued functions on §; in fact, they 
may be described as follows: 

Let H £ <q , Xj H = X L ( H) x L all i; then 

= (2 , Vi A i (H)) (n x ?y 
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Now 28„ lias a basis consisting of derivations D j> sending x k into 
Sjk n and \D jAv) H\ sends x k into d Jk (Z v t (H) - A*(ff)j JI *?. 
Thus D jt lv) belongs to the root ^ [*i — dij) h, and the roots relative to § 
are the members of the additive group generated by the A,-. Each root space 
has dimension n; for n> 1 and p >3, these last remarks represent a 
substantial departure from the situation treated in Chapter II. Every 
derivation of 28„ is an inner derivation, and for p =|= 2, 3, the mapping 
sending A c Aut (3I„) onto a A € Aut(3B„) :Do A = D A, is an iso¬ 

morphism of Aut (3l„) onto Aut (2B„). In constrast with the classical case, 
consideration of a normal series for Aut (21,,) does not lead to simple 
groups distinctively associated with SB,,. What one obtains, even for 31,, 
in the more general form considered by Jacobson, is a normal series for 
Aut (3l„), whose only nonabelian factor is a full linear group over a certain 
subfield of 31„. Any isomorphism between the derivation algebras of 
two algebras 3l„ (in the general form) is realized by an isomorphism 
between the associative algebras. Any form of 353„ which is split by a 
separable extension, or by a purely inseparable extension of exponent 
one, is the derivation algebra of a general 31,, (if p > 3). These facts are 
to be found in [217], with details. 

B. Some simple subalgebras of 38„ 

A large number of simple Lie algebras of prime characteristic (and 
all the known simple restricted Lie algebras not included in Chap. II) 
may be realized as certain distinguished subalgebras of Jacobson-Witt 
algebras. (This is not so surprising since Jacobson (unpublished) and, 
independently, Ju. I. Manin [292] have proved that every restricted 
Lie algebra can be embedded in a Jacobson-Witt algebra.) A unified 
treatment which provides most known simple Lie subalgebras of 2B„ 
has been given by M. S. Frank [314, 135]- She shows that, if % is a field 
of prime characteristic, 311 a Lie subalgebra of the matrix algebra 3k„($). 
3l„ as in A) above, il = 9K 3l„ , a Lie algebra over g with [m 1 <g) a lt 
m 2 <2> a 2 ] = [m 1 m 2 ] 0 a x a 2 , then 2; (9J!) = fi* is a Lie subalgebra of 
S3,,, where 2* is defined as follows: Let 2 be any subspace of 
3R„(f5) 3K„(3l„); if D G 2B„, define a(D) to be the element of 

3c„ corresponding to the matrix {%iD )) in 3Jt„(Sl„) under the 
canonical isomorphism indicated above. Then 2* is the inverse image 
of 2 under the mapping D a (D). Here may be interpreted as 
the derivation denoted in A) by D, 0 . Conjugate subalgebras of 3k„(g) 
give rise to isomorphic subalgebras of 28„, but isomorphic subalgebras 
need not do so. The algebra 9J1 is closed under p- th powers if and only 
if ®(9H) is. Mrs. Frank gives simple conditions on ® (3k) which guarantee 
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that the derived series of X (931) terminates in a normal simple Lie algebra, 
provided that 931 is absolutely irreducible as subalgebra of W n [%) ■ 
Application of the procedure yields simple Lie subalgebras of in the 
following cases: 

a) The class 3„ [133. 91 

Let 9)1 be the Lie algebra of matrices of trace zero in 93f„ (5) » n > 1 ■ 
For n S: 3, X(931) a ’ = X (931) - , and this is a simple restricted subalgebra 
of SB,,, denoted by 0„; its dimension is (n — 1) (p u — 1). For n = 2, 
X(9)t) !li 4= X(931) {2! = X(93t)' 3> , and, for p> 2, X(931) 2 ' is a simple 
restricted subalgebra of 2B 2 . of dimension p 2 — 2. We denote this algebra 
by 0 2 . 

b) The class 93,, [9, 33, 356| 

Let , . . ., be nonzero elements of g, and let 9)1 be the Lie 
subalgebra of 93l 2n (^) consisting of matrices (a) with (a) ('(//)) = 
(jtt) ('(<%)), where *(«) is the transpose of (<%), and where (^t) is the skew- 
symmetric matrix of degree 2 n 



Clearly 931 is closed under p -th powers; hence X (931) is a restricted sub¬ 
algebra of 9B 2 „. Conjugation of 931 by 



carries 931 onto the set of the matrices satisfying the same conditions 
for fa = •••=/«„= 1; hence the resulting algebra X (931) is isomorphic 
with that obtained for all /^, = 1. One has X(931) =1= X (931) 1 = X(9J1) (2> 
for p > 2 or n > 1, and X (9)1) 111 is a simple restricted subalgebra 93 ( „, 
of dimension p‘ ln ~ 2 of 2B 2n under these conditions. By the above, all 
93„_ ( , 0 are isomorphic with 93„, (1) , which we denote simply by 9?„. 
(For another interpretation of these algebras and this isomorphism, 

of- F343]-) ■ 
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c) The class [134,135] 

Taking the basis for 21„ consisting of the monomials x\' . . . x) 

0 ^ Vi < p , and ordering these by a lexicographic ordering of the 
w-tuples (v lt . . v n ) , the matrices of the regular representation of 2(„ 
constitute a commutative subalgebra S3 of 2fl p »(g). Let © be the nor- 
malizer (as Lie algebras) of 33 in © p »(g), a restricted subalgebra. Then 
$(9K) is a restricted subalgebra of of dimension p 2n+1 . It p does 
not divide n + 2, then $D(©) is simple ; if p | (n + 2), then 5D(©) (1) is 
simple, of dimension p 2 n+1 — 1. We denote the simple algebra correspond¬ 
ing to the index n by 9f„. 

Mrs. Frank has also shown how the four “great classes” of split 
classical simple algebras may be obtained from the construction HR A? 

as restricted subalgebras of Jacobson-Witt algebras. Together 
with their forms and those of the classical algebras, the above exhaust the 
known normal simple restricted Lie algebras defined for “almost all’’ 
characteristics; for the special case p — 2 see also [346]. 

As subalgebras of Jacobson-Witt algebras, the algebras from which 
one starts in obtaining the algebras ©„ and 33„ as members of the derived 
series may be described as follows: For <3„, one takes all derivations D 
of 21 „ such that = 0, where a, =-x,D [9, 133]; for 23,,, one 

starts with all derivations D of 2t 2 „ such that, for 1 <]»',/ <* n, 
da, da, da n + , da n+j da, , da n ., r T 

~ d ^ l 7"^77’ ~ d ^~ = ~ dJf ~’ ~ d ~ x 7 + "9^77 = 0 [9] ’ In each casc * 

these are a set of homogeneous linear conditions on the •—. A single 
homogeneous linear condition involving both the a, and their partial 
derivatives gives 

d) The class % n [9] 

Let £ be the set of all derivations D of 2t„ such that £ 4— = £ a it 

where a, = x,D as above. Then £ is a simple Lie subalgebra of 3B„ 
if P > 2 and n > 2; it has dimension (n — 1) p n over %, and has been 
denoted as % n by Albert and Frank [ 9]. The algebras % n are not 
restricted subalgebras of 3, nor do they admit any structure of restricted 
Lie algebras compatible with their structure as Lie algebras [33, 356]. 

Another means of distinguishing and generalizing interesting sub¬ 
algebras of S8 n has been given by Jennings and Ree [243, 325, 329]. 
These Lie algebras are described generally by Ree [325] as follows: 
Let § be a field of prime characteristic p, 91 a finite-dimensional commu¬ 
tative associative ^-algebra with unit. With the action D ■ a — DR a , 
the derivation algebra ® (31) becomes a right 21-module. Ree considers 
Lie subalgebras £ of $(3l) which are free as 2l-submodules, He shows 
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that £ is simple only if 31 is completely primary, in which case a commu¬ 
tative basis {£>*} can be chosen for £ as 31-module, along with elements 
x t 6 31 such that Dj = dij. Assuming this is the case, and that g is 
algebraically closed, make the further assumption that the only common 
eigenvectors of all the D t are units, and that the only vectors annihilated 
by all Z), are elements of g; then one may assume that 31 is an algebra 31 m 
and that all the D; are nilpotent. These are the generalized, Witt algebras 
of Zassenhaus [419] and Kaplansky [246]. By selecting subalgebras 
£(D ; , bi) in terms of conditions of the form 2’ fl iA = J on the 
derivation D = •«;££, where 6 ; £ 31 satisfy b t Dj = bj D t for 

all i, Jennings and Ree [243] generalize some of the algebras of Albert 
and Frank [9]. In particular, for all &; = 0 one obtains a generalization 
of the algebras <5„: the derived algebra is simple of dimension n {p m — 1), 
where there are n + 1 of the D ; and where 31 is of the form 3l,„ (1 n<m). 
For b t £ g, not all zero, if there is c =]= 0 in 3( with cD t = b t c, all i 
then the derived algebra is simple for 1 <n <m. For n = 1, p > 2, 
m> 1, the second derived algebra £(£>,, b ,) (2) is simple of dimension 
pm — 2 . For bi as above, in the case where there is no c 4= 0 with 
cD t = bi c, all i , the algebra £ (Z),, b ; ) is itself simple for n < m, provided 
only that p > 2 or n > 1; its dimension is n p"\ which coincides with 
that of a generalized Witt algebra. There appears to be no discussion of 
this coincidence in the literature. 

C. Algebras defined by finite groups of functions 

a) Generalized Witt algebras [246, 325] 

Let $ be a field of prime characteristic p, S3 a set of m elements, 
@ a finite additive group of functions on 8 with values in it, and suppose 
that the only ^-valued function ion S such that X ^ M a M = ° 

for all cr£ © is the zero-function (“65 is total"). Then 6) has order p". 
Let £ be a vector space over with basis the set @X S, and define a 
bilinear product in fl by [(a, i), (r, /)] = r(i) (c + r,j) — a(j )(cr + t, i) 
for basis elements. With this product, £ becomes a Lie algebra, called 
by Ree a generalized Witt algebra, of dimension m p n ; £ is simple if 
m > 1 or p > 2. As remarked in B above, Ree has identified generalized 
Witt algebras (over algebraically closed fields) with subalgebras of 
Jacobson-Witt algebras. 

b) Another generalization of the Witt algebra [9] 

Let g, S', 65 be as above, and let m = 1. Then we may identify 
(5) X S with ® X {1}; let h be a homomorphism of © into the additive 
group of g. Let £ be a vector space over % with © X {1} as basis, and 
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define a bilinear product in £ by f(cr, 1), (r, 1)] = { ff (i) [h (r) l) — 
— t( 1) (h(a) + l)} (a + r, f). (For h = 0, this is the algebra of 1) with 
m = 1.) It is a Lie algebra and is simple if p > 2; its dimension is p". 

c ) The algebras of Block [33] 

Let © = © 0 + • • • + @ m , the direct sum of m + 1 finite abelian 
groups. For 0 g t g m, let / ; be a skew-symmetric biadditive function 
on ©,■ with values in the modular field g, and let / be the biadditive 
function on © whose restriction to ©, ; x ©,- is /,• and which vanishes 
on © ; x for i =|= j. Let <5 = <S„ H-f d m , ©,, and suppose 

= 0, (5; =)= 0 for all i > 0. Suppose that for each i, there exist additive 
functions g it h t on ® ; , with /(« £ , ft) = ft (ft) - gi (ft) ft ft,), 
g'i(di) = 0. Let S be a vector space over % with basis {uj in one-one 
correspondence u ,^><x with elements of and define a product in 2 

by bilinearity and [ u a u p \ = 2 j Pi) + p-d t - Then 2 is a Lie algebra 

over and u 0 clearly is central. The cosets v x , modulo this one¬ 
dimensional ideal, of all u a , ot =f= 8, form a basis for an ideal in the 
quotient. Block has denoted this ideal by £(©, d,f), and has shown 
that S(®, 8, f) can only be simple if all f L are non-singular and if @ is 
an elementary ^-group, where p is the characeristic of §. If © has order 
p n and © 4= © 0 , then S(®, d,f) has dimension p n — 2; if © = @ 0 , 
the dimension is P’' - 1. Simplicity of £(©, 6, f) follows from the non¬ 
singularity of f and any of the following: a) 0 =|= ©,. =|= ©; b) © = ® 0 , 
*>k c) ® = @1, n> 1, pi> 2. The cases b) and c) had previously 
been investigated by Albert and Frank [9; see also 310]. 

Quite recently, Mrs. Frank has further generalized the procedure 
described under B above [136]. Her construction appears to give explicit 
realizations, as subalgebras of algebras 28„, of all the simple algebras 
listed here. (See also [265] for other realizations.) 

D. Isomorphisms among known simple algebras 

Unless otherwise indicated, we exclude characteristics 2 and 3 from 
consideration here, even though most of our assertions remain valid 
for these cases when meaningful. The question of isomorphisms among 
classical simple algebras has been dealt with in Chapter IV. In particular, 
the results of Chapter III show that the automorphism group of a split 
classical simple algebra has no non-trivial solvable invariant sub¬ 
group; on the other hand, the group of automorphisms of induced 
by all automorphisms A of 2I n such that x t A = v, mod (%, . . ., x n ) 2 
for each i is such a non-trivial subgroup of Aut (SB„). Thus there are 
no isomorphisms between Jacobson-Witt algebras and classical simple 
algebras. 
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Dimension and characteristic considerations rule out isomorphisms 
between Jacobson-Witt algebras and algebras of the classes ©„ and S3,,, 
as well as 9t„ for p | (n + 2). We have seen in Chapter II, § 10 and 
Chapter IV, § 1 that every Cartan subalgebra of a classical simple Lie 
algebra over an algebraically closed field is classical. On the other hand, 
the intersection with ©„ of the Cartan subalgebra § of 28,, given in A 
above is contained in a Cartan subalgebra of dimension (n — I) (p — 1), 
relative to which root-spaces have dimension (n — 1) p =|= 1. Hence 

(n ^ 3) cannot be classical. In 1 L, Block has shown that the algebras 
3„ (n > 3) cannot admit a nonsingular symmetric associative bilinear 
form, whereas the algebras 23„ do admit such a form; thus there can be 
no isomorphisms between algebras <B n and algebras 23,„ except perhaps 
for n = 2,3. For n = 3, dimension considerations rule out isomorphism; 
for n = 2 and m — 1, the dimensions of and S3,,, coincide, and in 
fact they are seen from B to arise from the same subalgebra DI of 
93i 2 (f’s) 1 thus and SS t are isomorphic. 

The algebras SS„ have abelian Cartan subalgebras with root-spaces 
of dimension p n , from which it follows as above that no algebra S3,, is 
classical. For n ^ — 2 (mod p), the dimension of coincides with that 
of 2B,„ only if m = p k , n — \{p k + 7e — 1); this is the only case of possible 
isomorphism between 3t„ and 23„,, and it is not known whether the algebras 
are actually isomorphic in this case. For n ^ — 2(mod^>), dimension 
considerations show there can be no isomorphism between and any 23„, 
or S m . In this case, Mrs. Frank [135.1 has displayed a Cartan decompo¬ 
sition for 9?„ with root-spaces of dimension p n : it follows as above that 
3l„ is not classical. This is even true for n = — 2 (mod^>), again by a 
Cartan decomposition found in [135]- For n = — 2(mod/>), dimension 
considerations rule out isomorphism between and any 33 m . There re¬ 
mains the question of isomorphisms ~ where by <5 2 = ®i 
we may assume m ^ 3. In this case one sees easily that one must have 
m — 2(mod£ m ), which is absurd if m > 2. Thus there are no isomor¬ 
phisms 31„ = 

The above discussion completes our treatment of the existence of 
isomorphisms among known simple restricted Lie algebras. This is 
not to say that the procedure of Jennings andREE or that of Mrs. Frank 
yields no new restricted Lie algebras not in the above list, but rather 
that these are the only ones whose identity has been so well established 
as to make them distinguishable from classical Lie algebras and from one 
another. The same kind of qualification applies in the remainder of 
this section. 

By the fact that the algebras %„ do not admit the structure of 
restricted Lie algebras, they cannot be isomorphic with any restricted 
Lie algebras; hence they are new with respect to the algebras discussed 
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above under this subsection. As for the generalized Witt algebras of C, a), 
it is not hard to see that the only restricted generalized Witt algebras are 
the algebras S 8 „. There is a dimension-coincidence of certain generalized 
Witt algebras and the algebras % n \jn — 1 ) p n ~\; it has not been established 
whether there are any isomorphisms at these dimensions. Apart from 
the 28„ and perhaps these % n , there are no algebras isomorphic to generalized 
Witt algebras among those discussed above in this subsection. Except for 
certain cases (treated below), the algebras of Jennings and Ree intro¬ 
duced in B have not been discussed with respect to restrictedness or 
isomorphism, except to show that they are distinct from the algebras 31„ 
[135]; their dimensions are not new in general, and they include the 
algebras For the simple algebras of Albert and Frank of C, b), 
one sees easily that restrictedness is possible if and only if the algebra 
is SSBj, the original Witt algebra; otherwise (and for h =|- 0 ) the question 
of isomorphism with others in our list of non-restricted algebras is not 
settled. In the case of the algebras 8 (©,$,/) of Block (C, c)), Block 
has shown [ 33 ] that 8 (©, d , /) is restricted if and only if 03 0 = 0 and 

has order p 2 for 1 i si m, in which case 8(®, <5, /) is an algebra 
33 m , (,,) of B, b), hence is isomorphic with 58 m . He has also remarked in 
a footnote that the algebras S(@, d,f) include the simple algebras of 
Jennings and Ree of dimensions p n — 1, p n — 2, the latter being 
exactly the 8 (@, 6 , /) with @ = . By studying their derivation 

algebras, he has obtained necessary conditions in terms of the groups ® 
for two algebras 8(®, d,f) of the same dimension to be isomorphic. 
In the non-restricted case, the only possible algebras in our list which 
can be isomorphic with S(®, <5, /) are seen from the dimensions to be 
those of Jennings and Ree having the same dimension. 

§ 5. Derivations 

It is well known (cf. Chap. I, § 8 ) that all derivations of a Lie algebra 
with nonsingular Killing form are inner. In particular, all derivations of 
a semisimple Lie algebra of characteristic zero are inner. This conclusion 
fails, even for simple Lie algebras, in prime characteristic; probably 
the simplest counterexample is the classical simple algebra 8 of type A n , 
p | [n + 1) • Here 8 may be regarded as the derived algebra of = 
®bi(S )/3 1 , and the centralizer of 8 in 311 is zero; it follows that any 
inner derivation of induces a derivation in 8 , and that not all of 
these are inner since 8 =[= Except for (perhaps) p — 5 and type E s , 
these are the only classical simple algebras having outer derivations, 
and over an algebraically closed field, they are the only classical simple 
Lie algebras (of characteristic pi> 3 ) not having a representation with 
nonsingular trace form. One thus has the result, due to Block [35], 
that if 8 is semisimple and has such a representation, then every deri- 
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vation of £ is inner; Block’s proof uses the full classification theory, 
and no direct proof is known to the author. Further simple algebras 
with outer derivations are the £(©,<5,/) of Block [ 33 ] and. the 9t„ 
of Mrs. Frank [135]. For characteristic 2, it is even possible for the lie 
algebra of outer derivations of a simple restricted Lie algebra to be 
simple [ 346 ]. 

If £ is a Lie algebra of characteristic zero, and 3 its radical, it is 
well known that 3 is a characteristic ideal, i.e., 3D C 3 for all derivations 
D of £; in fact ©DCS?, the maximal nilpotent ideal of £ (cf. [ 234 ], 
p. 74). This conclusion fails for prime characteristic, as the following 
example shows; The algebra of § 4 has radical 5ft of codimension 1, 
generated by the let SR be any simple Lie algebra over the field % 
and let £ = SOt <g> g 8f„. One may regard £ as a Lie algebra over Sf„, 
obtained by extending the base ring, hence as a Lie algebra over %, 
and one easily sees that the nilpotent ideal SD? ® is the radical 3 of £. 
The mappings 1 ® D, D £ S8„, are derivations of £, and it is clear that 
3 is not preserved by these; in fact, £ contains no proper characteristic 
ideal. A prototype for this class of examples is to be found in [354], 
where some conclusions are drawn as to the structure of Lie algebras 
in terms of their characteristic ideals. 

In dealing with restricted Lie algebras £, there are several natural 
reasons for considering derivations D satisfying x' J D = (xD) (ad*)'’- 1 ; 
such derivations have been called restricted by Jacobson [215], who 
has shown that they are the derivations which extend to derivations of 
the M-algebra U(£), and include the inner derivations. From the point 
of view of general “algebras” defined by polynomial mappings, he has 
also shown that they are the appropriate mappings to be regarded as 
derivations in restricted Lie algebras [23 7j - In any restricted Lie 
algebra £, one sees from . 1 j = (—1)1 mod^ that ad (xi’D) = 
ad {{xD) (ad*) p_1 ) for all r G £ and all derivations D\ thus if £ has 
center zero, all derivations are restricted. On the other hand, if £ is 
abelian and x -*■ xp is a semilinear automorphism of £, the only restricted 
derivation of £ is zero, while all linear transformations are derivations. 

If D is a derivation of £, it is customary to refer to a constant of D 
as an element x € £ with xD = 0. Let £/, be the space of D-constants. 
For Lie algebras £ of characteristic zero, Jacobson 224' has proved 
that if iSB — 0 for some D , then £ is nilpotent, and the same conclusion 
holds if both £ and D are restricted of prime characteristic. In fact, 
he establishes these results with D replaced by a nilpotent Lie algebra 
of (restricted) derivations, and £ n by their common constants. 

An example of Dixmier and Lister [216] shows that it is possible 
for a nilpotent Lie algebra £ to have fl D 4 = 0 for every derivation D. 
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Clearly, a derivation D with 2 D = 0 cannot be inner; thus a partial 
converse to the results above on nilpotency when 2 D = 0 is given by the 
existence of non-inner derivations of a nilpotent Lie algebra 7 2}4, 
p. 29, 399]- In proofs of nilpotency under conditions like the above, 
one may assume the ground field algebraically closed, and consider 
the decomposition of £ into subspaces £ A corresponding to the character¬ 
istic roots X of D; Jacobson’s device is to use the fact that [£ A £„] (I 2,. +/l 
to apply his theory of “weakly closed sets of linear transformations’’ 
to 9J1 = Ui £ A to show that if ad* is nilpotent for each * G 3JI, then 
the same holds for all x€ 2. When all LfO, the desired conclusions 
follow if it is not the case that fj ,, p -f X , ^ + 2 X , . . . are all characteristic 
roots of D for any characteristic root X. 

Over a perfect ground field %, one has the well-known Chevalley 
decomposition T — S + N of an endomorphism of a vector space 
into semisimple and nilpotent parts, which may be written as poly¬ 
nomials in T without constant term. In the algebraically closed case, 
these correspond to the diagonal and off-diagonal parts of the Jordan 
canonical matrix for T. If D is a derivation of 2 over $, and if ® is 
the algebraic closure of one sees from the Jordan form and the relation 
[£;. £,,] Q £;.-,, that the semisimple and nilpotent parts of D $, acting 
in £ fi , are again derivations. Since these are S s , N s ., where 5 and N 
are the semisimple and nilpotent parts of D, it follows that S and N 
are derivations of 2, or that the derivation algebra ©(£) is “almost 
algebraic” (Jacobson) or "splittable” (Malcev). This conclusion 
remains valid for restricted derivations of a restricted Lie algebra. 
A general result of this type for restricted Lie algebras follows in § 7. 

If 2 has center zero, 2 may be regarded as an ideal (the inner deri¬ 
vations) in $(£); then if D is central in $(£), xD is central in 2 for 
each x€ 2, so that D = 0: $ ( 2 ) has center zero. Then, repeating, 
one has the derivation tower 2 C $(£) C $ ($(£)) C •• • Schenkman 
[348] has proved that the derivation tower is stable after finitely many 
steps. 

Analogous to the study of Lie algebras £ with some 2 D = 0 is the 
study of Lie algebras 2 having an automorphism A without fixed 
points =1= 0. If A has finite prime period, then Jacobson [224] has 
shown that £ is nilpotent (the analogue of the much deeper theorem 
of J. Thompson [ 388 ] for finite groups); Jacobson also shows that £ 
is nilpotent if no characteristic root of A is a root of unity. It has been 
shown by Kreknin [ 267 ] that if A has finite period, then £ is solvable 
(cf. also [264] for special cases); for £ a Lie ring and A of prime period, 
nilpotency has been proved by G. Higman [188]. For classical simple 
algebras and for the Jacobson-Witt algebras, every automorphism has 
a fixed point |= 0, and the dimension of the space of fixed points has 
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been studied by Jacobson [235J, by Smith 170j, and by Lissner j_285j• 
In the case of characteristic zero, the existence of an automorphism 
without fixed points 0 implies solvability [43, 3l8j. Using the results 
of Krekxin, Winter has recently extended this result to the case of 
prime characteristic [414] - 

§ 6. Extension of the base field 

By analogy with the theory of associative algebras, it seems natural 
to call a Lie algebra 8 over % separable if 8 sl is semisimple for each 
field extension S of In particular, a separable 8 is itself semi-simple. 
It is clear from Chapter I, § 9 that if 8 has nonsingular Killing form, 
then 8 is separable. In general, let 8 be semisimple, and let 991 be the 
sum of all the minimal ideals of 8 . By finite-dimensionality, 991 is the 
direct sum of finitely many minimal ideals of 8 ; the centralizer 91 
of 2Jt in 8 is an ideal, so that 91 cs 3 ft = o by the semisimplicity of 8 . 
On the other hand, if 91 ]- 0, 9? contains a non-zero minimal ideal not 
contained in 911; hence 91 = 0 . Thus the adjoint representation of 8 in 911 
is faithful and completely reducible. Let 8 * denote the associative 
enveloping algebra of the set of representing transformations; then 8 * 
is a semisimple associative subalgebra of S (991). If S is an extension 
field of %, then 991, t is an ideal in 8 S£ , whose centralizer is zero, and 
( 8 *) s is naturally identified with the enveloping algebra of the restric¬ 
tion to 991st of the elements of adSg. If ( 8 *)<, t is semisimple, then 991® 
is a completely reducible module for 8 ® under the adjoint representation. 
Now let 58 be an ideal of 8 ®, [58 58 = 0 ; if 58 ]= 0 , ws may assume 58 

to be a minimal ideal. Now 58 ^ 991,,, = 0 or 58 £ 991 ft . The former is 

impossible for any ideal 58 -[- 0 since [58 99t s ] -|= 0 ; in the latter case, 

991® = 58 © S, where K is an ideal in 8 ®, and [58 991®' = [58 58] = 0, 

also a contradiction. Thus if (S*)g is semisimple, 8 « is semisimple. 
In particular, if ® is a separable extension of g, it follows from associa¬ 
tive theory (e.g., r 5 ^ too, 218]) that 8 ® is semisimple, and hence, that 
if 5' i s perfect, every semisimple Lie algebra over % is separable. 

If one adopts the more stringent definition of semisimplicity which 
requires that 8 be a direct sum of minimal nonabelian ideals, one has 
991 = 8 in the above setting, and (8*)a becomes the enveloping algebra 
of ad Sg. In this case, the semisimplicity of (8*)®, as associative algebra, 
is equivalent with the complete reducibility of the adjoint represen¬ 
tation of Sg, hence with the semisimplicity, in this stricter sense, of 8®. 
Once again, one sees that this notion of semisimplicity is also preserved 
under separable extension of the base field. 

On the other hand, if fy is not perfect, let 8 be a The algebra over 
g of the form 991 where 991 is a normal simple Lie algebra over g 

and ,51 is a purely inseparable extension field of jy, .ft ]- [y. Then, as 
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a Lie algebra over £ is normal simple and £ is simple as a Lie algebra 
over (For if 3t 4= 0 is an ideal, let 6 be the subset of elements /? € it 
such that 3JI ® 0 Q SR; if fi G g, et € ft, then [3J? 0 /J, 3Ji 0 <x] = p 3R]® 
®/3<x = 3Jl®/S«Cj 9?, and 6 is seen to be an ideal in it, hence either 
ft' or 0. If (S — ft, then iK = £. But S =]= 0, since if e t , , e n are a 
basis for 3J? over %, and if V e, 0 (« ; € ft) is in 3? with, say, ot t = |- 0, 

we know by the normal simphcity of 31? that for each z € JJc, there is T 
in the enveloping algebra (ad 30?)* such that z = e 1 T, e t T = 0 for i > 1. 
Now T®I is in the ^-enveloping algebra of ad£, from which ffi 
contains all % ® oc ly x G 30?; thus 0 =1= a, <E ©, so that <5 = ft, 3? = £.) 
Now £ ff may be identified with 31? (ft ® 5 ft), regarded as ft-algebra 
by the ft-action on ft ®g ft. Since the commutative associative algebra 
ft <8>g ft has a radical 3? =|= 0, 30? 3? is a non-zero nilpotent ideal 

in £ Sl , and the simple algebra £ is not separable. 


§ 7. Cartan subalgebras 

We have defined a Cartan subalgebra § of a Lie algebra £ as a 
nilpotent subalgebra which is its own normalizer. Over algebraically 
closed fields of characteristic zero, Chevalley [67; cf. also 72, Chap. VI; 
234, Chap. IX] showed that any two Cartan subalgebras are conjugate 
under the group of automorphisms of £ generated by all exp (ad a), 
x£2, adx nilpotent. It follows from Chapter I, §9 that all Cartan 
subalgebras of a Lie algebra over an arbitrary non-modular field have 
the same dimension. 

For the existence of Cartan subalgebras (Chap. I, § 6 ), we have 
referred to a proof which requires a sufficiently large base field and then 
displays a Cartan subalgebra as the sum of the spaces annihilated by 
powers of adz, where x is a regular element. For characteristic zero, 
every Cartan subalgebra is of this form. In the algebraically closed 
case, this follows from the conjugacy of Cartan subalgebras, and the 
general result then follows from the observation that, for infinite ground 
fields, if contains a regular element of £ ft then § contains a regular 
element of £. All these conclusions fail, even for simple Lie algebras 
over algebraically closed fields, in the modular case. Namely, Block 
has shown [ 33 ] that the simple algebra £ (©, d , /) of § 4, C. with 

% — ©0 °f order fi ( 2 ) possesses Cartan subalgebras of each of the 
dimensions p k — 1 , k = \ ,2 m — 1 . On the other hand, we 
have seen in Chapter III, § 4 , Chapter IV, § 1, that all Cartan sub¬ 
algebras are conjugate in classical Lie algebras over algebraically closed 
fields. This result has the consequences of commutativity and equality 
of dimensions for Cartan subalgebras of forms of these algebras, as 
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well as the conclusion that every Curtail subalgebra of a form of such 
an algebra over an infinite field contains a regular element. Over general 
fields, we have seen in Chapter III, § 4 that classical Cartan subalgebras 
of classical semisimple Lie algebras are conjugate. 

One may also seek an analogue of the theorem of Chevalley asserting 
conjugacy of Cartan subalgebras in solvable Lie algebras over arbitrary 
fields of characteristic zero [72, Chap. VI]. Such an analogue does not 
exist in general; namely, let 211 be the (p -j- 2 )-dimensional solvable 
Lie algebra of § 1 whose derived algebra is not nilpotent. The centralizers 
in 311 of F resp. E + F are Cartan subalgebras of dimensions 2 resp. 1 , 
hence cannot be conjugate, nor can the Cartan subalgebra containing F 
contain a regular element. There is, however, an interesting class of 
solvable algebras in which all Cartan subalgebras are conjugate. Namely, 
let £“ be the intersection of the lower central series of S, an ideal in £, 
and suppose that § is a Cartan subalgebra of S. By [2)4, p. 39]. and 
Lemma 1.6.1, £ = $ © £ 1( where £ x is the sum of the spaces £(adA)' 1 , 
n = dim £, h running over £). Moreover, since £(ad/s ) n+1 = fl(ad/s )' 1 
and [£ x §] g £ x , we have [£ x §] = £j. It follows that £ 1 (ad§) ra = 
£i S £ n + 1 = £“• Now suppose £“ is abelian] then [£j £i] = 0, £'' = 
<Q>‘ © fl^adfc )*- 1 = $* © fix, and £'• = £ x . Thus £ x = £»>, and we 
have £=§©£“ for every Cartan subalgebra Sq , provided £“ is abelian. 
In particular, all Cartan subalgebras of £ have the same dimension ; in 
fact, they are all conjugate by automorphisms of £ of the form I + ad a, 
a 6 £“ (each such map is an automorphism since £“ is an abelian 
ideal). To see the last assertion, first assume g is infinite, and let h 0 be 
a regular element of £, lp 0 the Cartan subalgebra containing h 0 , and § 
any Cartan subalgebra of £. By the above, [£-“ § 0 ] = £“, and by 
Th. 1.6.1, [£" h 0 ] = £“. Since £ = § © £“, we have h (i = h + x, 
X e £», h € Now x = [ah 0 ],a£ £“; thus h 0 {I + ad a) = h 0 - * = h 
is a regular element in §, so that § is the space annihilated by suffi¬ 
ciently high powers of ad h. It follows that ,§ 0 (7 + ad a) = §, and the 
proof for infinite base fields is complete since automorphisms I + ad a, 
a £ £“, form a group. Now let g be arbitrary, and let $ be an infinite 
field containing %. Let §2 be two Cartan subalgebras of £ = .§1 |- £‘° 
= § 2 + £“. Then (,f);) a is a Cartan subalgebra of £ st , fig = (£“)® is 
abelian, and there is aG (S“)s with (§i)a(^ + a( l«) = (§ 2 ) 41 - Letting 
{«(} be a basis for § 1( {/,} for £“, and letting {q> k } be a basis for the 
subspace of the dual space £* annihilating .'po, this says that the system 
of linear equations {(pk( e il -|- <pk{l e i fj\) = 0} with coefficients in % 

has a solution (£,•) (viz. a = £ Sj fj) in ®; hence it has a solution (#,-) 
in %, and b — £ Pj fj satisfies (/ -(- ad b) Q £>,. By equality of the 
dimensions, this completes the proof (cf. [43])- 
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In general if SJ" is abelian, and if $ is any subalgebra such that 
8 -- 8" (vector space direct sum), then & is a Cartan subalgebra. 

For Q 8® o <q = 0 shows that § is nilpotent. Now 8 = 8 0 © £ x , 
where 8 0 2 ip is the intersection of the kernels of all (ad A)", A ' So, 
n = dim 8, and where 8i is as above. It suffices to show 8 0 = ip, or 
that £ x = £®. By the above, 8 X Q 8", since 8 X = f8 x §]; from 8 = 
§ + £“, [8“ 8"] = 0, we have 8(ad$)« - S"(ad£)» = 8®(adS)“= 8". 
Now for each A £ ip, ad A acts nilpotently in 8 0 ; by Engel’s theorem, 
there is a basis for 8 0 relative to which all ad A, A € ip, have properly 
(upper) triangular matrices. Thus 8« (ad§)" = 0, and 8“ = 8(ad§)" — 
8 0 (nd§)' 1 + 8 x (adip) K = S x (ad§)“ Q 8 X . This proves our assertion. 
(These considerations and the reduction to the case where 8“ is abelian 
in the theorem below were suggested to the author by D. J. Winter.) 

Theorem V.7.1. Let 8 be a solvable Lie algebra over an arbitrary 
field %. Then £ has a Cartan subalgebra. 

First we suppose £“ abelian, in which case the above shows that it 
is enough to establish that the exact sequence 0 ->■ 2 m ->- 2 -r 3J1 -> 0 
splits, where = 8/8'“, or that the cohomology class in H 2 (‘’31, £“) 
of any cocyclc associated with this extension is zero, where the action 
of on 8“ is induced by the adjoint representation of 8. The existence 
of a Cartan subalgebra and earlier remarks show that this is indeed 
the case if g is infinite. In general, the result then follows by the same 
kind of “descent” used above to show conjugacy of Cartan subalgebras. 

Next let 8 =|= 0 be an arbitrary solvable Lie algebra, and suppose 
the theorem true for solvable algebras of lower dimension. Now 8 has 
an abelian ideal 21 =|= 0, and 9Jt = 8/21 is solvable, of lower dimension. 
Let be a Cartan subalgebra of SDl; then ip' = 81/21, where 31 is a sub¬ 
algebra of 8 containing 2L We distinguish two cases: 

1) 3? = 8. Then 8/21 is nilpotent, or £“ C 21 is abelian. This case 
has been treated above. 

2 ) 31 =|= 8 ■ Then 31 is solvable, of lower dimension than is 8 , so 
has a Cartan subalgebra ip. We claim § is a Cartan subalgebra of 8 . 
For since §' = 91/21 is nilpotent, 31“ C 21 is abelian, and 3i = § ® 31". 
Let <p be the canonical homomorphism of £ onto 8/21. From 31" = 
3t"(ad §)' 1 as above, we have q> (31") Q 95 (3i) n + 1 — (,£)')" + 1 = 0 (for 
n = dim£, say). Thus <p{Sp) — <p(31) = ©'. Hence if x£ fl, [x ff} C <g, 
we have \jrp(x), 90 (■©/j = <p {x ), §'] Q ip', so that xG 31, and therefore 
x G §. This completes the proof. 

We next propose to demonstrate the existence of Cartan subalgebras 
in all restricted Lie algebras; it is clearly sufficient to treat the case of 
finite ground fields. More generally, we assume the ground field % 
to be perfect and of prime characteristic p. First we consider the Jordan- 
Chevalley decomposition in restricted Lie algebras over /y ■ 
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Let £ be a restricted Lie algebra over g. We denote by %p the image 
of % G £ under the ^-power operation of S, by x>* the image of x under 
the /fe-th iterate of x ->■ xp (with x''“ = x ), and by <*) the smallest re¬ 
stricted subalgebra of £ containing the space of linear combinations 

of the xi*, k = 0,1,2,... The free restricted Lie algebra on one 
generator X is simply the subalgebra <X> of the polynomial ring fy [X], 
regarded as a commutative restricted Lie algebra with the associative 
p -power for polynomials. We call * G £ semisimple if x G <*p> , nilpotent 
if x>* = 0 for some k. Assuming £ finite-dimensional, (x) is finite- 
dimensional for each x G £. Let $ be the kernel of the homomorphism 
of <X> onto <x> sending X onto x. 

Lemma V.7.1. $ = (q(X)}, where 0 4= q(X) is of minimal degree 
in ft. If x is semisimple, the coefficient of X in q(X) is different from 

Since ® -|- 0, we may choose q(X) as indicated. If r(X) G $ has 
degree p n , r(X) C (q(X)), and r(X) is of minimal degree in $ with the 
latter property, let q (X) have degree p m . Then n~2>m, and for suitable 
AG %, r(X) — A q(X)r ,n ~ m G ® has lower degree than has r(X ), and 
cannot be in (q(X)}. This contradiction establishes the first assertion. 
For the second, the condition that x be semisimple amounts to saying 
that fit' contains some r(X) in which the coefficient of X is not zero. 
Thus r(X) = A 0 q{X) + A x q[X)p + • ■ •, A,- G g. By comparing terms 
in X, we have the lemma. 

Lemma V.7.2. Let £ and % be as above. Then the following are 
equivalent: (i) Every x G £ is semisimple, (ii) No x =1= 0 in £ is nilpotent. 

For if x G £ is semisimple, then <*>; -sa <*''> = for each k\ 

thus x>* = 0 implies x = 0. Conversely suppose only 0 G £ is nilpotent; 
let x C £ and let q(X) be as above. If q(X) has no term in X, then since 
% is perfect q(X) = s(X)i\ s(X) G <X> of lower degree than q(X). 
Thus s(x)‘> — 0, s{x) = 0, and s (X) G S', contrary to the choice of 
q(X) as generator for .ft. It follows that a term in X is present in q(X ), 
hence that % is semisimple. 

Lemma V.7.3. Let £ and g be as above. Let x G £ be semisimple. 
Then < x ) consists of semisimple elements. 

For if r(X) G (X) is such that r(x) is nilpotent, we have r(X)i ,lc £ 
< q(X)} for some k. By examining terms of degree less than p k in X in a 
representation r(X)i ,k = A 0 q(X) + A x q{X)i’ + • • •, we see by Lemma 1 
that A, = 0 for all i < k , i.e., r (X)r ,k G (q {X)i' k ). Since g is perfect, r (X)P k 
m u{Xy k ,u[X) G (jq (X)), from which r (X) = u (X) € (jq (X)> and r(x) = 0. 

Lemma V.7.4. If x,y€ £, [* y\ = 0, and if x and y are nilpotent 
(resp. semisimple), so is every element of the restricted subalgebra 

<*> + <y>- 
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The assertions follow at once from the fact that the conclusions 
hold for the formal direct sum (x) © <y>, and from the fact that nil- 
potency resp. semisimplicity of elements is preserved under homo- 
morphisms of restricted Lie algebras. 

Theorem V.7.2. Let x£ 2, a restricted Lie algebra of finite dimen¬ 
sion over a perfect field g. Then there exist elements s,»G (x), s semi¬ 
simple and n nilpotent, such that f=s|«. If y £ 2 is semisimple, 
z £ 2 nilpotent, [y z] = 0, x = y + z, then y = s and z = n. 

Once the existence of s and n has been proved, the rest is clear; 
for [s y] = 0 = i z n], so that s — y = z — n is at once semisimple 
and nilpotent by Lemma 4- But this element must then be zero, e.g., 
by the proof of Lemma 2. Now let 0 =1= q (X) £ (X ), q(x) = 0. If 
q(X) £ (Xp) , then x is semisimple and we are done. Thus we may 

assume q[X) — a ; Xp* + ‘, &>0, a 0 T 0. We argue by induction 
on k to show the existence of s and n, having our assertion if k = 0. 
Let A* £ g, X t P * = oci, m; let r(X) = £ A ; X>'\ and let 

u = r{x ), so that u £ (x) satisfies u< ,k = q(x) =0. Let w = x — Aj 1 u, 
t[X) = 2 * XP k ~ 1 + i . Then t(w) = t(x) — ^A^ 1 u) = t(x) — up k ~ 1 , 

since uP h = 0; but t(x) = uP k ~ 1 , so that t(w) = 0. Since A 0 4= 0, we 
have by induction that w = s + n x , s semisimple, n l nilpotent, s and 
Mi in (w) £ (x ). Hence we take n = + X „ 1 u and have x = s + n 

as required. 

If 2 is an associative algebra over g, regarded as a restricted Lie 
algebra, then x 6 2 is semisimple in our sense only if x satisfies a semi¬ 
simple polynomial (no repeated roots), so has semisimple minimum 
polynomial as an element of the associative algebra. Conversely, if # 
has semisimple minimum polynomial, then gM is without nilpotent 
elements, so that (x) Q g [x] consists of semisimple elements. Thus the 
above proof also shows the existence and uniqueness of the Jordan- 
Chevalley decomposition for linear transformations of finite-dimensional 
vector spaces over perfect fields of prime characteristic. 

Theorem V.7.3. Let 2 be a restricted Lie algebra over a perfect 
field g. Let § be a subalgebra of 2 which is maximal with respect to the 
properties: 1) § is commutative; 2) each h € Ip is semisimple. Then the 
normalizer 9t(§) is a Cartan subalgebra. 

For let 9t = 9J(£>), a restricted subalgebra of 2; now we have [91 §] =0, 
since h € Ip implies that ad h is semisimple as linear transformation of 
2, and 9t(ad&) 2 = 0 since § is commutative; thus 9}(ad h) =0. Now 
let x £ 9t, x = s -f- n as in Th. 2. Then g s + § is commutative and 
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consists of semisimple elements, so that .s G Q by maximality of .ip. 
Therefore every x G 91 has its semisimple part in ,<p. Now consider adx, 
acting in 91; we have (ads) | 9} = 0; hence (adx) | 91 = (adw) | 91 is 
nilpotent, from which 91 is a nilpotent subalgebra by Engel’s theorem. 
Relative to §, 2 = S 0 © Si> the Fitting decomposition of [234, p. 39]. 
where 2 0 = 91 since all ad A (h G §) are semisimple, and where [£ 0 2i] C 2,. 
If u x 1 • v normalizes 91, where x G 91, v G 2j, we have [v Ip] G 
2i ^ 91 = 0, and v G 91, hence v = 0. Thus 91 is a Cartan sub¬ 
algebra. 

Corollary. Every restricted Lie algebra has a Cartan subalgebra. 

For restricted Lie algebras 2 over perfect fields which have (restricted) 
representations with nonsingular trace form, the algebra § above is 
itself a Cartan subalgebra, as we shall now show. Conversely, in such 
an algebra which is its own derived algebra every Cartan subalgebra § 
satisfies these conditions, as is seen by applying Chapter II, § 1 to 
2 S3 and where Q is an algebraically closed extension of g. We prove 

our assertion in a slightly more general form: 

Theorem V.7.4. Let 2 be a restricted Lie algebra over a perfect 
field g- Let (x, y) be a nonsingular symmetric associative bilinear 
form on 2 such that for all x , y G 2 with [x y] = 0, y nilpotent, we 
have (x,y) = 0. Let § be as in Th. 3. Then § is a Cartan subalgebra. 

For let 91 be as in Th. 3, 2 = 91 © 2i, 2i = [2j $]. Thus if * G 91, 
yG 2i, we have y = S[hi 2,-], A ; Glp, and (x, y) = 27([x hi], z t ) = 0. 
Therefore 91 is a nonsingular subspace of 2 with respect to the form. 
Next let hi: S), y G 91, y == s + n as before (sG §, n nilpotent), and 
assume (h, y) =1= 0. Since [ hn ] =0, we have (h, n) = 0 by the hypo¬ 
thesis, hence ( h , s) =|= 0. It follows that Ijp is a nonsingular subspace. 

Next we show that 91 is commutative; if not, let 0 =)= y G [91 91], 
y central in 91, y = s + n as above. Then n is central nilpotent in 91, 
from which (n , 91) = 0 by assumption, and y = s G §. Hence there 
is h G !q with (h, s) s|i-#. But (£>, [91 911) = ([$ 91], 91) = 0, so this is 
impossible, and 91 is commutative. Therefore 91 contains no nonzero 
nilpotent elements (since 91 is nonsingular) and 91 = 2). This completes 
the proof. For analogues of Theorems 3 and 4 in characteristic zero, see 
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For characteristic zero, one has the result of Morozov and Jacobson 
that if E is a nilpotent linear transformation belonging to a completely 
reducible Lie algebra 2 of endomorphisms of the finite-dimensional 
vector space S3, then there are elements F, H G 2, with F nilpotent 
and H semisimple, such that [EH] = 2E, [FH\ 2F, [EF] = H 
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(cf. [234, pp. 98—lOOj). In particular, one may apply this result to ad £, 
when £ is semisimple, to embed every e G £ with ad e nilpotent as a 
root-vector in a split 3-dimensional simple subalgebra of £. We consider 
the latter problem for prime characteristics, where £ is assumed to be 
a form of a classical simple Lie algebra. (This is the case connected 
with the group U of Chap. IV, § 7.) By considering the classification 
in Chapter IV, one may proceed as in [167 and 230] to show that the 
analogous result holds for types A, B, C and D n (n> 4). In fact, it 
holds for all characteristics other than two and without finiteness 
restriction on the dimension over its center of the division algebra 
involved in Chapter IV, § 3 in the description of a realization of each 
of these classes. This has been shown in unpublished work of the author 
[361], where canonical forms for certain nilpotent linear transformations 
have been given; knowledge of these forms may then be applied to 
identify the group U with a classical group as indicated in Chapter IV, 
§ 7 [362]. A similar method has been applied to G 2 to yield the result 
in that case for characteristic =|= 2, 3. No generally applicable method 
for establishing this result seems to have been developed. For characte¬ 
ristics other than 2,3, 5, and for elements e with (ade) 3 = 0, the result 
does hold generally, as we now show. 

Lemma V.8.1. Let £ be a Lie algebra with nonsingular Killing 
form over a field of characteristic not two. Let *G £, ad* nilpotent. 
Then there exist y,;zG £, z = \xy\, [x z] = 2x. 

For it is possible to choose Y, ZG 6(£), the full algebra of linear 
transformations, with Z — [ad*, Y], ad*, Z] = 2ad*, as in [234, 
p. 100]. Let (U, V) — T r(UV) on g(fl)", so that (17, F) is nonsingular 
on ©(£) and ad£ is a nonsingular subspace. Thus Z —■ ad z-\-Z 0 , 
Y — ady f Y 0 , where y, 26 £ and Y 0 , Z 0 6 (adfi) 1 . By the associa¬ 
tivity of (U, V ), [ad £, (ad £)->-]£ (ad £)-*-, from which x z] ■■-■■■ 2x, 
xy] = z. 

Lemma V.8.2. Let £ be a Lie algebra over a field of characteristic 
other than 2, 3, 5. Let 0 4= e G £, (ade) 3 = 0, 2e — [eh] for some 
AG [£ e]. Then there is / G £, \ej) — h, \f h] = —2/, and for such / 
we have (ad/) 3 = 0. 

This lemma is really a summary of certain results of Jacobson 
( see also [50]). As in [234, p. 99], one finds that if [u e] = 0, then 
u{adh) ((adh) — l)((ad/») — 2) = 0 = M(adA)(ade), hence that (ad/^+2 
induces an automorphism (as vector space) of the kernel of ade. Taking 
v G Ker(ade) with v((adh) +2) = y((adh) + 2) G Ker(ade), where h = 
[y e] , and letting / = v — y , we have [e /] = h, [/ h] = —2 /. Next one 
notes that if E, F , H are linear transformations of a vector space S3 
with [EF\ - H, EH = 2 E, EI1 = -2F, and E 3 = 0, then by 
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Lemma 1 of [228], ]J(H + $ ~ j) = 0; that is, H is semisimple with 

characteristic roots among 0, ± 1 > ds 2 . By the restriction on charac¬ 
teristics, ±3 and ±4 are not characteristic roots of H, and if v G V, 
vH — X v, then vFH (X — 2) vF; from this it follows that F 3 — 0. 
Applied to E — ade, F = ad/, H = ad h, this completes the proof. 

Combining the cases previously mentioned with the observations of 
Chapter II, § 10, we see that the conclusion of Lemma 1 is valid for 
all forms of classical simple Lie algebras of characteristic -|- 2, 3, 5 • 
Hence we have the conclusion of Lemma 2 for all such algebras: 

Lemma V.8.3. Let £ be a form of a classical simple Lie algebra 
over a field of characteristic not 2, 3, 5- Let e(z £, (ade) 3 = 0. Then 
there exist f,h£ £ with \eh] = 2e, [ef\ = h , [//»] = -2/, and 
(ad/) 3 = 0. 

With the assumptions above, the results of [228] may be applied 
to study the adjoint representation on £ of %=%e+‘%h + '$f. 
This representation is completely reducible, and its irreducible summands 
are of (at most) three types; 1) one-dimensional, annihilated by 2; 
2) two-dimensional, of the form %v + ijrfa/], where [[fl/]/] = 0, 
[»*]=», [[p /] h\ = —[vf], [u e] = 0, [[fl /] e] = — v ; 3) three-dimen¬ 
sional, isomorphic to the adjoint representation of 2. Let 2Ji, 5ft, ip be 
respectively the sums of the irreducible 2-submodules of types 3), 
2), 1). Let £ A , 3ft A , etc. denote the subspace of £, 2ft, etc. belonging to 
the characteristic root A of ad h\ then 50i = 5Lft s -(- ift 0 + 9Ji 2 , 5ft =- 
Sftj. + 5ft-i, 5p = 5p 0 , and £ = 5!ft © 5ft © 5P- Moreover, the dimensions 
of 50i 2 , 5tft„, 50L? are equal, as are those of 5ft t and 5ft_ x ; the range of ade 
is 2ft„ + 5W 2 T iftj, while that of ad/ is 5Dl„ + 5Sft_ 2 + 5ft-,. Thus 
Rank (ad/) == Rank (ad e). If * 6 50t 2 ^ 5tft- 2 , then (ad*) 3 = 0 from 
[£a 2,,] Q £;, + ,;. From this, we also have for * G 2ft 2 , Rank (ad x) = 
dim[50L 2 x] + dim[5ft_i x] + dim[£ 0 x] ^ dim9ft_., + dim5ft-i -(- dim50t 2 
= Rank (adc). Thus if e =|- 0 is such that (ade) 3 — 0 and ad e has mini¬ 
mal rank with this property, the same holds for every * ■]= 0 in 50l 2 ^Stft-2 - 

Lemma V.8.4. £ = 5!ft + 5R + [5SJl 2 5JR_ 2 ] + [5ftj 5ft_i]. 

Since 50i =|= 0, it suffices by simplicity to show that the right-hand 
side, is an ideal in £, and for this to show [£ 0 g] £ ft', or [2ft 0 ft] C ft, 
[5P 9]C S. Again, it suffices to show [50t o ft'o] Q ft. [5P ft 0 ] £ ft. where 
ft„ = 5Ko + [SR, SR-J + [5fti 5ft_!]. That [£„[5!ft 2 5»L 2 j], [£ 0 [5ft! 9LJ] 
are contained in [2ft 2 2ft_,j, [5ft, 5ft-,], respectively, follows from the 
Jacobi identity. Thus it remains to show ;5)[ft 0 5Ifto] C ft, [5tfto 5P] Q ft. 
Now let x, yG 5Jft„, x=\uf], y = ]vf\, u, r>G5)ft 2 ; then \xy]S; 
[II«/]o]/]-[D:*/3«»]e[S/l + L3R-,3JyCffi. Finally, if x~[uf\£ 5Jft 0 , 
z e 5p, then \x z ] = [[« /] z\ = [r« z] /] € [£ /] C ft, and we are done. 
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We refer to automorphisms of £ of the form exp (ad#), where *=(=0, 
(ad#) 3 = 0, and ad# is of minimal rank with this property, as trans- 
vections of £, and to the elements # of this kind as pre-transvections 
("ptv” for short). The terminology is suggested by the identifications 
indicated in Chapter IV, § 7. Clearly the automorphisms of £ map ptvs 
onto ptvs, and we have seen above that all non-zero elements of 3R„ w 9JL 2 
are ptvs when e is a ptv. Hence, assuming e to be a ptv, we see that 
33t 2 + 9JL 2 is spanned by ptvs; we wish to show this is the case for £ 
itself. Now let u€%; then fi(adw) 3 C % + %, £(adw) 4 £ from 
which [£(adw) 3 , £(adw) 4 ] = 0, while 2(adu) 5 = 0. It follows that 
exp(adw) is an automorphism of £, and the same holds if wC 9J_i. 

Lemma V.8.5. £ is spanned by pre-transvections. 

From #(exp (ady)) see [#y] (mod ift 2 + iOt_ 2 ), where #£%, y€W- 2 , 
and from 9Ji 0 = [9JJ 2 /] Q [9J} 2 9JL 2 ], we see, by the fact that 9k 2 + 5DL 2 
is spanned by ptvs, that 9J1 + [W 2 9JL 2 ] is spanned by ptvs. Now let 
u £ %; then / (exp (ad X u )) is a ptv for each X € and / (exp (ad A u)') = 
X[f «] + \X? [[/ u]u] + iX s [|J7 u\ u] u] (mod+ [% 9k_ 2 ]). Since g 
has at least seven elements, we see by varying X that the space 31 spanned 
by the ptvs contains [/ w], [[/ u ] m], /(ad«) 3 for each u € 9^. As u runs 
over 9?!, [fu] runs over 9t_i, so that 9J_i Q 0fJ; similarly, 9l t C fR. Finally, let 
v £ 9Ii, w C 9i_i; then w =«; \f u\ for some u 6 9fi. By the above, 9i contains 
/(ad (u + i;)) 2 - /(ad«) 2 - /(adw) 2 == [[/m] v] + [[/w] u] = 2[[fu\v] + 
+ [f[v «]]; but [f\v u]] e [9K-2 9« 2 ] Q fR, so that [w v} = [[/ u\ v] 6 31, 
[% 9f-i] Q 9?, and 3*1 = £ by Lemma 4. 

From Lemma 5 and the fact that £ is normal simple it follows at 
once that the group U of automorphisms of £ generated by the trans- 
vections acts irreducibly in £ and that its centralizer consists of scalar 
transformations. 

A form of a classical simple Lie algebra cannot contain elements 
# -[= 0 with (ad#) 2 = 0; for algebras with nonsingular Killing form, 
this is seen at once from —2 (ad#) (ady) (ad#) = (ad#) 2 (ady) — 
— 2 (ad#) (ady) (ad#) + (ady) (ad#) 2 = ad(y(ad#) 2 ) = 0 for such #, 
a fact which implies ((ad#) (ady)) 2 = 0, hence (#, y) == 0 for all y. 
For the remaining cases (except E H when p = 5) the assertion may 
be verified by use of the classification. Lie algebras containing such 
elements # have been called strongly degenerate by Kostrikin [261 — 263], 
who has investigated restricted Lie algebras for this property. In par¬ 
ticular, he has shown that the only strongly degenerate simple restricted 
Lie algebra of dimension less than 2 p is the Witt algebra [261]. 

The embedding of nilpotent elements in split three-dimensional 
algebras may be regarded as a special case of a general problem as to 
embedding subalgebras of nilpotent elements (“nil subalgebras ’’) of 
semisimple algebras in a canonical way in the algebras, i.e., as to con- 
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jugacy of every nil subalgebra with a subalgebra of a canonically chosen 
maximal nil subalgebra. This amounts to the conjugacy of maximal 
nil subalgebras under the automorphism group. Analogous questions for 
algebraic groups have affirmative answers; over algebraically closed 
fields, the conjugacy of maximal solvable connected subgroups ("Borel 
subgroups”) of a connected algebraic group was established by Borel 
[42], and each maximal connected subgroup consisting of unipotent ele¬ 
ments is the set of unipotent elements of a Borel subgroup [42, 79] ■ 
Over general fields, one may see [45] for an indication as to correspond¬ 
ing results. For algebraic Lie algebras of characteristic zero, in parti¬ 
cular for semisimple Lie algebras, these results are reflected in conjugacy 
of the corresponding maximal solvable resp. nil subalgebras. A direct 
proof of conjugacy of maximal nil subalgebras of semisimple Lie algebras 
of characteristic zero has been given by Mostow (unpublished). To 
the writer’s knowledge, no results of this type have been proved for 
characteristic p , even for classical semisimple Lie algebras. In view of 
the non-triangulability of some solvable algebras (§ 1) it is clear that 
conjugacy of maximal solvable subalgebras is not to be expected; one 
can be more optimistic about maximal triangulable and nil subalgebras 
in the classical cases. They should be of the form § + 2j res P' 
2J £* for some admissible ordering of the roots. >0 

«>o 



Chapter VI 

Related Topics 


§ 1. Nilpotent groups and Lie algebras 
The restricted Burnside problem 

Let © be a group, and let © = ©j 2 © 2 2 ' ’ ' be its lower central 
series: © i + 1 = (©, ©,), the group generated by all commutators (x, y) s# 
x~ x y~^xy, where r£®, y£@ ; . Then each © ; is normal in © and 

@,7®,; +1 is abelian. Let £ = £ © ©,/©,; +i , writing the group operation 

additively. One sees by induction that if x 6 ©;, y £ ©,-, then (x, y) £ 
© i+ y, and it follows from the identities (x,y z) = (x, z) (x , y) z , (xy,z) = 
(x, z)u (y, z) (where u v = v~* u v) that the coset of (x, y) mod©, :+(+1 
depends only on the coset of x mod@ ;+1 and that of y mod© /+1 . Thus 
one obtains a pairing (x © i+1 , y ® J +1 ) -► (x, y) © i+J+1 from £ £ x £/ 
into 2i+j, where 2 k = ©; f /@ fe+1 . Using the identities (u, v) ((u, v),w) = 
(u,v) w = (w, (v,u)) (u,v) to substitute in the above, one sees that 
this pairing is biadditive; it is then extended to a biadditive product 
[x y] on S in the only possible manner. From (u,u) = i and (u, v) = 
(v, u)- 1 in © it follows that [x x] = 0 for all x G £. From the identity 
(x J , (y, z)) (y* (z, *)) (z*. (x, y)) = i in © one obtains the Jacobi identity 
in 2; thus £ is a Lie ring. If © is finite and if ®/ ( = ©/, +1, then £ is finite 
of order (®:@/ f ); conversely, if £ is finite of order | £|, then ® fe = © /c + 1 
for some k, and | £| = (©:©/,). 

In particular if x m =1 for all x £ ®, then m x = 0 for all x £ £, 
and £ may be regarded as a Lie algebra over the ring Z„, of integers 
modulo m. The case where this observation seems to be especially 
useful is that where m is a prime p ; in this case the fact that £ is a Lie 
algebra over the field Z p is supplemented by the less trivial one that £ 
satisfies the (p — 1 )-th Engel condition: (ad x)’’- 1 = 0 for all x £ 2 
(cf. [186; 161, Chap. 18]). Now Kostrikin [259] has shown the follow¬ 
ing: Let 2 be a Lie algebra over Z p and suppose that £ satisf ies the n-th 
Engel condition for some n ^p; then £ is locally nilpotent, i.e., the sub¬ 
algebra generated by any finite set of elements of £ is nilpotent. 
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If %p = l for all xt (3, and if © has r generators, one is in the situation 
of the "Burnside problem” for prime exponent: Is © finite? A negative 
answer to this question has been announced by P. S. Novikov [309] 
for p > 72 and r Si 2; positive answers are known for general r with 
p = 2, 3 [161], and with the non-prime exponents 4 [338] and 6 [160]. 
Since 2 is generated by Sr, which is generated by the cosets modulo © 2 
of a set of generators for @, one may apply Kostrikin’s theorem to 
conclude that 2 is a nilpotent Lie algebra, hence that ©/, = ©, ;+1 for 
some k. Since 2 is finite, the finiteness of ©/©,, also follows. The method 
of the Lie ring wipes out <35,, if (35,, — (55,, +1, and (35^ — fl 555,, in every 

case; thus one can only exf)ect this method to yield information about 

©/©,*,. 

Now suppose (55 has r generators, and that x‘" — 1 for all %k: ©; 
suppose further that (55 is nilpotent (which is equivalent with finiteness 
of (55 when m is prime). Suppose one has a bound l(m, r) in terms of m 
and r for the order of the Lie ring S associated with the group § m 
ft/ft"', where ft is the free group on r generators and where ft m is the sub¬ 
group generated by m-th powers of elements of ft. Then ft* = ft,, + i 
for some k — k(m, r), so that (55,, = (55,, + 1 = 1 by nilpotency and the 
fact that (35 is a homomorphic image of ft; in fact, © is a homomorphic 
image of ,§/.§*, so has nilpotency class at most k and order at most 
(•$): £>,,) sS,l(m,r). For m = p, a prime, the theorem of Kostrikin 
establishes the existence of the bound l(p,r). This is an affirmative 
solution to the “restricted Burnside problem’’ for prime exponent: 
Among all finite groups (55 on r generators and having prime period p, 
there is one, ,§/£*, having all others as homomorphic images. Thus l{p,r ) 
is a bound for the orders of such groups ©. Some admissible values for 
l(m,r ) and bounds on the nilpotency class of © are found in [l6l |, 
especially for r = 2. 

One may conjecture that solvable groups © satisfying x m = 1 will 
be somewhat more accessible than general groups in the context of the 
restricted Burnside problem; in fact, the result of Feit and Thompson 
[130] shows that if © is finite and m is odd, then © must be solvable. 
In this connection, P. Hall and G. Higmax [164] have shown that a 
bound s(m,r) on the orders of finite solvable groups on r generators 
exists if one has the existence of bounds l(pf, t) for all t, where m — 
pi . . . p e * is the prime factorization of m. Thus the restricted Burnside 
problem is answered affirmatively if m is a product of distinct odd primes. 

In fact, W. Feit has informed the author that the restricted Burnside 
problem is answered affirmatively whenever m is a product of distinct 
primes, possibly including 2. Namely, by results of Hall and Higmax 
164) and that of Kostrikin it suffices to show that there arc only 
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finitely many simple non-abelian finite groups of exponent dividing m, 
and that the group of outer automorphisms of each of these is solvable. 
Now Walter [403] has shown that the non-abelian finite simple groups © 
whose 2-Sylow subgroups are elementary abelian (a group of exponent 2 
is necessarily abelian) are as follows: 

1) © = PSL(2, q), q = p" odd, q = 3 or 5 mod8; 

l@[ = k(? 2 ~ f)- 

2) © ~ PSL(2, 2") , n > 1; |®| = 2»(2*» - 1). 

3) © ~ di(q), q = 3*»«, n> 0; |@| = q*(q 3 + 1) (q - 1). 

(It is not known at this writing whether such a group is necessarily 
the group discovered by Ree and associated with a Lie algebra of type G 2 
[331]). 

4) © = 3- the simple group of Janko [239]; [@| = 266-660. 

For given m as above, it is clear that only a finite number of these 

groups can have exponent dividing m. It is also known [103, 148, 239] 
that the groups of outer automorphisms are solvable. Thus the affir¬ 
mative answer is established. 

In various cases, the effect of an Engel condition in Lie algebras 
has been studied by Zorn [426], Gruenberg [157], Higgins [185], 
Cohn [87] and Higman [186]. Zorn showed that the n- th Engel con¬ 
dition and the maximum condition for Lie subrings imply nilpotency 
for an arbitrary Lie ring. Gruenberg showed that nilpotency of a fini¬ 
tely generated Lie ring follows from solvability and the nilpotency of 
ad a for all x. Higgins gave bounds for the nilpotency class of a solvable 
Lie ring satisfying the n- th Engel condition, all of whose elements have 
additive order which is infinite or prime to n !, and applied these results 
in the cases n = 2, 3 > 4. In the case n = 4, Higgins proved nilpotency 
of a general Lie ring without 2-, 3-, 5- or 7-torsion; Higman was able 
to establish the same result in the absence of 2- and 3-torsion. Cohn 
gave an example of a solvable, non-nilpotent Lie algebra over a field 
of prime characteristic p, satisfying the (p + l)-th Engel condition. 

Other (usually more general) connections between central series for 
groups and associated Lie rings have been studied by Magnus (who 
seems to have initiated the idea) [289, 290], Zassenhaus [420], Sanov 
[340], and Lazard [278]. In several of these works, the observation of 
Magnus, that the elements 1 -f- x a of the power series ring in non¬ 
commuting indeterminates {x a } (over Z) are free generators for a free 
group, is used in a fundamental way. This fact and some recent work 
of Golod and Shafarevitch [154] is the basis for an example due 
to Golod [153] °f 311 infinite />-group on finitely many generators, thus 
providing a fairly simple negative answer to the strong form of the 
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unrestricted Burnside problem. (In this case, the elements of the group 
have unbounded orders, in contrast to the case studied by Novikov.) 
For surveys of work on the Burnside problems, see : 189, 286]. 

Another case where Lie ring methods have had some effectiveness 
in group theory is the study of groups admitting a regular automorphism, 
i.e., one which fixes only the identity. Some results on Lie algebras 
satisfying the analogous condition have already been cited in Chapter V, 
§ 5 . Thompson [388, 389] has shown that a finite group admitting a 
regular automorphism of prime period is nilpotent. One thus reduces 
the study of such groups to that of nilpotent Lie rings, at least insofar 
as orders, nilpotency class, etc. are concerned. Higman [188] has shown 
that if a nilpotent group G admits a regular automorphism of prime 
period p , and contains no elements of order p , then the automorphism 
induced in the obvious way on an associated Lie ring is also regular. 
He also showed that any Lie ring with a regular automorphism of order p 
is nilpotent of class at most k{p), where k(p) depends only on p. It 
seems likely that a finite group with a regular automorphism is solvable 

[156, 132]. 
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In this and the next section, we indicate two directions in which an 
attempt has been made to develop an analogy, for general fields, of 
the Lie group-Lie algebra correspondence which has proved so useful 
in the real and complex cases. The first of these directions, in which 
Chevalley has led much of the way [71, 72, 79; see also 254, 405, 42, 
22, 335] consists of replacing the notion of Lie group by that of linear 
algebraic group. Generally, without attempting to be complete as to 
definitions, one can describe an algebraic group as an (abstract) algebraic 
variety S3 whose underlying point-set G admits a group multiplication 
x y such that (x, y) -> x y- 1 is a morphism from S3 X S3 to S3 in the cate¬ 
gory of algebraic varieties (fields of reference being suppressed here). 
As in the case of Lie groups, one may define tangent vectors (linear 
mappings into a specified field of reference g, which we assume alge¬ 
braically closed, of the local ring of a point, satisfying the differentiation 
property with respect to products), and of left-invariant (with respect 
to translations) tangent vector fields. The totality of the latter con¬ 
stitute the Lie algebra £ of the algebraic group, being a linear space 
over % of dimension equal to that of S3 as algebraic variety, closed 
under the Poisson bracket and under £-th powers if g has prime cha¬ 
racteristic p. The space £®gfy(33) may also be identified with the 
Lie algebra of ^-derivations of the field g(S3) of rational functions on S3, 
and the subalgebras of £®gg(S3) stable under conjugation by those 
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automorphisms of g($) determined by left translations in G are the 
subspaces of the form 3Jt <g) g g(S3), TO a subalgebra of £ (cf. 364]). 

In the above degree of generality, the structure of the Lie algebra 
(as abstract Lie algebra) does not carry enough information about 
the group G to determine G within any reasonable sense of equivalence. 
This is seen most strikingly when SB is complete, in which case G is an 
abelian variety [364, 23]. However, an algebraic group G has a unique 
normal subgroup H which is an affine algebraic set, and such that the 
factor-group GjH carries a natural structure of abelian variety [22, 
335, 77]. Moreover every affine algebraic group (irreducibility not 
assumed) is isomorphic, as algebraic group, to a subgroup of G L (n , $) 
for some n, this subgroup being the intersection with GL(n,%) of 
an affine algebraic set in g" 2 , regarded as consisting of all n by n matrices. 
Thus the structure of G reduces to that of the linear group H , the abelian 
variety GjH, and the extension 1 H G ->■ GjH \. The direct 
analogy with the Lie theory is most meaningful in the study of the linear 
algebraic groups. 

Namely, let G 0 be an irreducible component, containing the identity, 
of the linear algebraic group G. Then G 0 is a normal subgroup of finite 
index in G, and the irreducible components of G are the cosets of G 0 . 
Let 3 be the ideal vanishing on G 0 in the polynomial ring in n 2 variables 
over fy, which variables may be thought of as entries in an “indeter¬ 
minate” n by n matrix (X 0 ). Then each n by n g-matrix («) = (sq ■) 
determines a unique g-derivation I) x; of g[X ;/ ] sending X ik into 
2 Xi j ocj k . The ideal $ is a prime ideal and the field %(G 0 ) is the field 
of quotients of If $D (xj C 3, then D (x) induces a derivation 

of % (G 0 ), which commutes with left translations by elements of G 0 . 
In fact, all elements of £ = fl(G 0 ) have this form, and the mapping 
(a) -+D {x) yields an isomorphism onto £(G„) of the Lie algebra of n 
by n matrices (a) with 3£\«) S 3- In prime characteristic, this is a 
restricted isomorphism. Thus one identifies £(G„) with a Lie algebra 
of n by n matrices, which is also regarded as the Lie algebra £ (G). 
In this sense, subgroups of G have as Lie algebras subalgebras of 2(G ), 
and for irreducible algebraic linear groups GD H implies 2(G) D 2 (H). 
If G is solvable, nilpotent, resp. abelian, so is 2(G). For 17€G, the 
mapping Ad f7: Y U~ l Y U is an automorphism of £ (G), and Ad is 
a homomorphism (of algebraic groups) of G into the linear algebraic 
group Aut(£(G)). If H is a normal algebraic subgroup of G, then 2(H) 
is stable under AdG, and is in fact an ideal in 2(G). 

This brief list of elementary properties, which are established in 
[71], appears to promise a fruitful correspondence between algebraic 
linear groups and Lie algebras. If we call a Lie algebra £ of n by n 
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matrices algebraic if 8-= 8(G) for some algebraic subgroup G of 
GL(n,%), it is natural to ask which Lie algebras are algebraic. In the 
case of characteristic zero, a fairly simple test may be given: For each n 
by n matrix (tx), there is a unique irreducible algebraic group G ( „, in 
GL(n, %) contained in all algebraic groups G with (oc) G 8(G); the Lie 
algebra 8(G v ) contains (oc) and is thus the smallest algebraic Lie algebra 
containing (oc) [71, 199]. Its elements are called replicas of (oc), and may 
be described in terms of the (infinitesimal) tensor invariants of (a ), or 
more explicitly in terms of the Jordan canonical form for (oc) [68, 71, 
199]. If (oc) is diagonalizable, 8(G (a) ) has dimension equal to the rank 
of the additive group generated by the characteristic roots; otherwise 
the dimension exceeds this rank by one. A Lie algebra 8 of n by n 
matrices is algebraic if and only if 8 contains S(G (<x) ) for every (oc) 6 8, 
i.e., if and only if 8 is closed under taking replicas. For prime charac¬ 
teristic p, it is clear that each algebraic Lie algebra 8 containing (oc) 
must contain (oc)p, (oc)p\ ... If the notion of replica is defined by tensor 
invariants as indicated above, the replicas of (oc) are just the linear 
combinations of (oc), (oc)p, . . . [68, 84, 104, 402], and one can show 
[104] that this commutative Lie algebra £((<*)) is algebraic. Its dimen¬ 
sion is the linear dimension over the prime field of the additive group 
generated by the characteristic roots of (oc), plus the number of non¬ 
zero matrices N,Np, Np\ . . ., where (oc) = S + A T is the decompo¬ 
sition of (oc) into commuting semisimple (S) and nilpotent (N) matrices. 
It ist not in general true that 8((oc)) is the Lie algebra of a unique 
irreducible algebraic group G, a] of n by n matrices; hence it is not true 
that the intersection of all algebraic groups G with (oc) G 8 (G) again 

has this property. For example, («)={, . ) is a basis for £(G]) ff 
8 (G 2 ), where ' ' 0 ' 



Chevalley has also displayed ([71]; Chap. II, § 10) two 2-dimensional 
irreducible algebraic groups of 3 by 3 matrices, one of which is non- 
commutative and one commutative, having the same (commutative) 
Lie algebra. 

The above remarks point out some shortcomings of the group-Lie 
algebra correspondence in characteristic p. For characteristic zero, the 
situation is much better; starting with a basis (a)i, . . ., (oc) s for 8(G), 
G irreducible, one may form a matrix 77 exp T,- (oc) , with entries in the 

formal power series field 7J, T 2 , . . ., 7],», and show that this 
matrix is a generic point for G [71]. One thus obtains a one-one corre- 
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spondence between irreducible algebraic subgroups of GL(n, %) and 
algebraic Lie algebras in Abelian, nilpotent, solvable, semi- 

simple, resp. simple Lie algebras and groups with the analogous pro¬ 
perties correspond. In particular, the totality of all simple algebraic 
groups acting linearly in may be read off (to within linear isomorphism) 
from the list of simple Lie algebras over % and the list of their »-dimen- 
sional representations. (Although there is no remark to this effect in 
(71 or 72], it is clear from [71] that such is the case.) 

The difficulties in applying the methods of Lie algebras in prime 
characteristic have been partly responsible for the development of the 
very rich intrinsic theory of linear algebraic groups, which theory has 
as one of its most striking features the determination of all simple 
algebraic linear groups [79], It turns out, upon comparing the results 
of this classification with ours in Chapter II, that except for type A H 
with p | (n + 1) (where there are still quite close relations), the Lie 
algebras of such groups are exactly our classical Lie algebras (characte¬ 
ristic 4= 2,3). In his dissertation [206], Humphreys has made a syste¬ 
matic study of the structure of algebraic (linear) Lie algebras in prime 
characteristic. In particular, if G is an irreducible semisimple algebraic 
group, and if 2 = 2(G), g = center of 2, then t(G) = [S S]/gcs[S £] 
is a classical Lie algebra, provided that the characteristic is not 2 or 3 
(for characteristic 2, 2(G) can be solvable). The adjoint representation 
of G in 2 induces an isogeny (homomorphism of algebraic groups with 
finite kernel) of G onto the Chevalley group G(St) (cf. Chap. Ill, § 1) 
of automorphisms of St, the component of the identity in Aut (£). 
Humphreys is able to establish these facts using only general structural 
properties of algebraic groups (Exposes 1 — 17 of [79]) and some recent 
work of Borel and Springer [44] on semisimple and nilpotent elements 
of algebraic Lie algebras. 

Maintaining the restriction to characteristics -]= 2,3, and appealing 
to some general results on isogenies in [79, Expose 18], Humphreys 
deduces the principal theorem of Chevalley on existence of isogenies 
of semisimple algebraic groups [79, Expose 23, Th. 1] by studying the 
representations induced in the Lie algebras S (G) . Since ® (G) = £ (G) 
unless S (G) has direct summands of type A n , n = — l(mod^)), it is 
only in the latter case that one may hope to distinguish non-isomorphic 
isogenous groups G by the structure of their Lie algebras 2(G). For 
the case where ®(G) is simple of this type, Humphreys has shown 
that 2 (G) must have one of three distinct forms, and that each of these 
reflects divisibility by p of one or both of d and (n -f- 1 )jd, where d is 
the "numerical invariant” of G [79, Expose 20]. 

From these results and general theory, Humphreys is able to fill 
a number of gaps in the (irreducible) algebraic group-Lie algebra cor- 
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respondence in prime characteristic (usually assumed not 2 or 3)- l‘ or 
example: G is reductive (no non-trivial irreducible normal unipotent 
subgroups) if and only if 2(G) has no non-trivial ideals consisting of 
nilpotent matrices (“nil ideals”)', G is solvable if and only if £(G) is 
solvable; the maximal tori of 2(G) (i.e., maximal commutative sub¬ 
algebras consisting of semisimple elements) are the subalgebras 2(T), 
where T runs over the maximal tori of G, and the correspondence 
T 2(T) is one-one if G is reductive. Conjugacy of maximal tori T of G 
is reflected by conjugacy under the adjoint group of maximal tori % in 
2 (G), as well as that of their normalizes 51 (%) in 2 (G). As in Chapter V, 
§ 7, the latter are Cartan subalgebras, and one can show that every 
Cartan subalgebra § of 2(G) has the form 91(2;), with 2 the set of 
semisimple elements of §. Thus all Cartan subalgebras of 2 (G) are con¬ 
jugate under the adjoint group (compare with Chap. V, § 7). With G 
the automorphism group (= Chevalley group) of a classical Lie algebra 
of type Eg over g, one finds that 2(G) is again a classical algebra of 
type Eg] the conjugacy of Cartan subalgebras in 2(G) now enables us 
to drop the exclusion of characteristic 5 from Th. IV. 1.1 and IV. 1.2. 

In view of the fact that algebraic linear Lie algebras display behavior 
so much more regular than that of general Lie algebras of prime cha¬ 
racteristic, the desirability of a simple useful criterion for a linear Lie 
algebra 2 to be algebraic is apparent. By the fact that not all restricted 
Lie algebras are algebraic, whereas restricted Lie algebras with one 
generator are algebraic, a criterion requiring that 2 contain with each 
of its members (oi) all matrices of some set associated with (<x) cannot 
be sufficient by itself. 

§ 3. Formal groups, hyperalgebras and Lie algebras 

A second adaptation of Lie theory to general fields has been the 
study of “formal Lie groups”, wherein the notion of local group is 
abstracted from the n power series in 2 n variables which, in a Lie group, 
give the group multiplication in an M-dimensional coordinate neighbor¬ 
hood of the identity. One begins with n formal power series in 2 n indeter- 
minates {x^yj} over the field (y, without constant term, such that 
the i-th series is congruent to x, mod (y x , . . ., y„) and congruent to 
y i mod (x lt ..., x n ) , and such that the formal associative law holds. 
The form of these series yields the existence of n formal series in n 
variables corresponding to the inverse operation. Homomorphisms of 
formal groups are systems of formal power series, without constant 
term, satisfying the homomorphism property when combined in the 
expected way with the families of power series giving the two "group 
laws”. These ideas, which seem to have been initiated by Bochner (40], 



134 VI. Related Topics 

have been studied in great detail by Dieudonne [107—111 11 3 —120 

122 ]. 

The theory of formal Lie groups is not unrelated to the theory of 
algebraic groups; namely, if G is an algebraic group over $ then all 
points of G are simple, and in particular the local ring £ of G at 1 is a 
regular local ring, as is the local ring 2J l of G X G at (1, 1). Let u u ... ,u„ 
be a system of “uniformizing parameters” for £; then the elements 
u i® 1. 1 ® Ui form a system of uniformizing parameters for 911. Now 
the completion 911* of 911 is the ring of formal power series in the 2 n 
indeterminates {u t ® 1, 1 <8> w,}. The condition that G be an algebraic 
group yields that if f£ £, then /° n (71 the product: G x G -+ G) is 
in 911, hence in 911*; applying this with / = u i} \ <^n, gives the 

n formal power series Ui° n in 2 n indeterminates, defining a formal 
Lie group as above. The formal Lie groups resulting from different 
choices of uniformizing parameters are isomorphic by a substitution 
isomorphism, i.e., by a reversible change of variables in the power series. 
The associated formal Lie group is thus seen to be an appropriate 
device for defining and studying the notion of “local isomorphism” 
for algebraic groups. For a systematic analysis of connections between 
formal Lie groups and algebraic groups, especially linear algebraic 
groups, see [117], where Dieudonne has also given a meaning to such 
notions as normal subgroup and supremum resp. infimum for a pair 
of subgroups of a formal Lie group. He has also developed there the 
notions of isogeny and linear represent ability for formal Lie groups, 
and has used the corresponding ideas for algebraic groups [22, 42, 335 ] 
to establish the analogues of a number of results on algebraic groups 
to be found in these papers. 

The notion of isogeny, rather than that of isomorphism, appears 
to provide a context wherein one can best effect a classification of general 
types of formal Lie groups. For example, Dieudonne has classified, to 
within isogeny, all commutative formal Lie groups over an algebraically 
closed field. (An isogeny ip from a formal Lie group G t to a formal Lie 
group G 2 may be defined as an epimorphism with finite kernel, where 
the notion of epimorphism is given in terms of “cancellability”. A 
kernel of 95 is a pair consisting of a formal group H , in the more general 
sense to be given below, and a morphism tp:H > G 1 such that whenever 
f] is a morphism G-vGi such that rj composes with q> to give the trivial 
morphism of G into G 2 , then there is a unique morphism y\G ->• II 
making the following diagram commutative: 


G— y —+H 
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The formal group H is finite if the algebra of functions on II , also defined 
below, is finite-dimensional over the field of reference. Two formal groups 
G, H are isogenous if there is a finite sequence G = G„ , Gj,..., G n = H of 
formal groups and isogenies such that, for each i, either <p t : I'd -*■ G i+1 
or <p t :G ;+1 -> G t .) The reader is here referred to [111 and 116]. For some 
results on an isomorphism-classification of low-dimensional formal 
groups, see [119, 280, 294, 296]; for connections with algebraic groups, 
especially in the commutative case, see also [23, 24, 63, 293, 296]. 

In the case of characteristic zero, Bochner [40] showed how to 
assign a Lie algebra to a formal Lie group, and proved that all the basic 
theorems of Lie on the (local) Lie group-Lie algebra correspondence 
have valid counterparts in this setting. One may define the Lie algebra 
as a family of homogeneous linear first-order differential operators on 
the ring of formal power series, namely those which are left-invariant 
relative to the formal Lie group (Bochner actually obtains the multi¬ 
plication table for the Lie algebra by differentiating the group laws). 
This concept is equally meaningful in the modular case, so that the Lie 
algebra of a formal Lie group is defined; it is a restricted Lie algebra 
and, in the case of a formal Lie group obtained as above by “localiz¬ 
ing’' an algebraic group, it coincides with the Lie algebra of the algebraic 
group [108, 117]. The inadequacies for algebraic groups of the Lie 
algebra and the fact that all elements of the Lie algebra vanish on 
powers of the variables hint rather strongly that one cannot expect 
the Lie algebra to reflect faithfully the structure and mapping-behavior 
of the formal Lie group. Indeed, if one denotes by G' s> the formal Lie 
group obtained from G by replacing by their ^> s -th powers the coefficients 
in the power series giving the group law in G, then the isogeny of G 
“onto” G (1> which we may denote by {x t } -> {xf} has “differential” 
vanishing on the entire Lie algebra of G. 

In an attempt to surmount difficulties of this sort, Dieudonne 
has enlarged the class of differential operators to be considered [108]. 
Roughly speaking, one enlarges the tangent space at the identity to 
that spanned over the ground field g by the formal analogues of the 
d pk 

operators {■p k \)~ x —j-, k = 0, 1,2, . . ., and extends these operators 
by left-invariance to differential operators on the ring of formal power 
series. Monomials over ^ in these operators, with exponents less than p , 
generate an (infinite-dimensional) space Sq , with an increasing filtration 

•9ii C $1 C £>2 C ‘ 1 ■: .§ = S - 1 © U where Jp r consists of the left- 
invariant semi-derivations of height r. That is, if D,. denotes the subring 
of formal power series in {xf}, elements of leave D r stable and satisfy 
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the derivation rule on products of elements from D = D 0 , whenever 
at least one factor is in 0 r . For each r > 0, one has an ^-subspace 8,., 
§r-i C ©r C fe r , consisting of all elements of vanishing on D r , and 
called the space of (left-invariant) special semi-derivations of height r. 
Some compositions admissible in § may be summarized as follows: 
■t>r S &>■', S ©G [&• §,-] Q §,•; [§/■. <©] Q <©■; ©■ S ©/■ • In particular, 
K) is an associative algebra over %. The algebra § admits an augmen¬ 
tation mapping e (projection onto g • 1 in the decomposition § =■ 

5 • 1 © U §i), and a diagonal mapping A ® §, which may 

be regarded as the differential of the “diagonal homomorphism” x L -> 
(xi, Xi) of formal Lie groups: G ->-GxG. 

In terms of its product, augmentation, diagonal mapping (“co¬ 
product”) and filtration, an abstract definition of hyperalgebra has 
been given by Cartier [58]. When the filtration is ignored, such a 
structure is currently referred to as a “bialgebra”. We shall adopt this 
term at what seems to be a convenient point in the sequel. The analogue 
of the third fundamental theorem of Lie is not valid: it is not true 
that each abstract hyperalgebra is the hyperalgebra !q of a formal Lie 
group, nor is it true that each sub-hyperalgebra of the hyperalgebra 
of a formal Lie group is the hyperalgebra of a subgroup. Conditions 
on associated “structure constants” which assure these properties are 
given in [115 and 116]. However, it is true (from more general results of 
Cartier indicated below) that a homomorphism of hyperalgebras of 
formal Lie groups (i.e., a map preserving all the structures indicated 
above) is the “differential” of a homomorphism of the groups. 

The hyperalgebra reflects properties of the formal Lie group more 
faithfully than does the Lie algebra. For example, the hyperalgebra 
of a formal Lie group is commutative if and only if the group is, while 
the Lie algebra of a non-commutative group can be commutative [108]; 
differentials of distinct homomorphisms of formal Lie groups are distinct, 
although they can coincide on the Lie algebras [108]. One case in which 
some information about a formal Lie group G can be obtained from its 
Lie algebra is that in which the Lie algebra is simple (as restricted 
Lie algebra): then if one has an isogeny q of G onto a formal Lie group 
G', o defines an isomorphism between G and G' l-W for some h S; 0 [108]. 

A somewhat more general notion of formal group has been given 
by Cartier [63], one in which the correspondence with Lie algebras, 
and especially with bialgebras, is more nearly perfect. Very imprecisely 
put, one considers substitutions, for the variables in a ring of formal 
power series (associated with a formal Lie group G), of nilpotent elements 
from a commutative algebra 91 over jlf, and uses the group law of G 
to define a product in the set G 9( of such substitutions from 91. More 
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generally, a formal group G over % is a covariant functor 21 > G 3l from 
the category of commutative ^-algebras to the category of groups, 
subject to certain conditions of “ representability” [63]. A function f 
on G is a family of mappings / 4l , / 3I : G 3l ->■ 21, such that the diagram 



21 33 


is commutative whenever a G Horn(21, 23) (in the category of com¬ 
mutative ^-algebras). An element u G G, a defines a mapping % u \f -*■ f %(«) 
into 21 of the totality D(G) of functions on G. The representability 
conditions guarantee that 0(G) may be regarded as a set, indeed a 
commutative ^-algebra, which one topologizes as weakly as possible 
subject to the conditions that each %~ x (a) (mGG 3[ , a €21) be open. 
It turns out that 0(G) is a (Hausdorff) topological ring which is com¬ 
plete. 

Now let 11(G) be the subspace of the (%-) dual space of 0(G) consist¬ 
ing of those linear forms with open kernels. Regarding 0 (G) as a space 
of “test functions’’ on G, one calls 11(G) the space of distributions on 
G. As in the analytic theory of distributions, a product (convolution) 
is defined in U (G), and the ordinary product in 0 (G) has as dual mapping 
a “coproduct” A: 11(G) -> 11(G) ® U(G). The mapping T-»-<l,r>, 
where 1 is the unit element of 0(G), defines an augmentation s in 
11(G) and completes the introduction in 11(G) of the structure of a bi¬ 
algebra, the bialgebra ("hyperalgebra”), of G. Cartier distinguishes 
two important classes of formal groups: the separable formal groups 
(roughly, those G which are determined by G g , it the algebraic closure 
of %), and the infinitesimal formal groups (those for which G ft consists 
of the identity). Over a perfect field g, one has a semi-direct factorization 
of a formal group into unique separable and infinitesimal subgroups, 
the infinitesimal group being an invariant subgroup [63]. 

If G is a formal group over the primitive elements of U(G) are 
those * for which A (x)=x®i + i®%, where 1 is the unit element 
of 11(G) in its convolution product: </, 1> = f%(e%) = % e {f ), e the 
“identity” of G. The primitive elements form a Lie subalgebra of the 
associative algebra 11(G), a restricted subalgebra in the modular case 
([58, 305]); this Lie algebra is the Lie algebra 2(G) of the formal group G. 

Given a bialgebra 11 over %, one can construct a formal group G 
from 11 as follows: For each commutative g-algebra 21, consider the 
maps A', e[ , e 2 of U ® 2t into 11 <S> 11 ® 2(, defined respectively as 
A’ = A ® i d, e'i = Ei ® i d, e^u) = u ® 1, e 2 (u) = 1 ( S > u. Let 11+ 
be the augmentation ideal (kernel of e) in 11; let G 9( be the subset of 

10* 
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U <E) 21 consisting of all Z such that Z^jA -1 (mod U' ® 91), ,1' (Z) = 
Si{Z)e 2 (Z). The resulting formal group G has U as its bialgebra, 
and is isomorphic with H if 11 = 11 (H). One may express this by saying 
that the functor G-> 11(G) is an equivalence of the category of formal 
groups over % with that of bialgebras over $ [63]. 

Now let G be an infinitesimal formal group over in this case, 
D (G) is a local ring with maximal ideal the kernel m of ■/,. as above. If m is 
finitely generated, G is said to be of finite type, and the powers of m form a 
fundamental system of neighborhoods of zero in D ( G) . When gf is of char¬ 
acteristic zero, D (G) is a ring of formal power series in a minimal set of 
generators for m; when g is perfect and of prime characteristic p, £) (G) is 
obtained from a power-series ring by specializing to zero the p’ H -t h power 
of the i- th variable for some positive integers n t and some set (possibly 
empty) of indices i [63]. The infinitesimal formal groups of finite type in¬ 
clude the formal Lie groups of Dieudonne, in the sense that the functor 
assigning to each G of the latter category the groups G % obtained by 
substitution of elements of 91 for the variables as indicated above sends 
formal Lie groups to infinitesimal formal groups of finite type, and the 
associated formal groups are isomorphic if and only if the original formal 
Lie groups are isomorphic. 

If one begins with a Lie algebra £ over %, the universal associative 
algebra 11(2) carries the structure of bialgebra in a natural way, as 
does the “w-algebra”, written here U p (2), of a restricted Lie algebra 
over a field of prime characteristic p [58, 305]. Together with the con¬ 
structions above, this yields a functor from the category of g-Lie 
algebras to that of formal groups over %, and one from the category 
of restricted Lie algebras to that of formal groups. Since a formal group 
is not usually determined by its Lie algebra, these functors cannot 
be expected to be equivalences with the entire category of formal groups. 
In particular, 2(G) is always restricted in prime characteristic, so that 
one cannot expect to recover any but the restricted Lie algebras from 
the formal groups. In the case of characteristic zero, 2 is indeed the 
set of primitive elements of U(2); in the restricted case, 2 is the set 
of primitive elements of U p (2) [58, 305]. The equivalence thus established 
between the category of Lie algebras (of restricted Lie algebras, in 
the modular case) and its “image” under the functor 2 -> 11(2) (or 
2 -+ Up (2)) yields, by composition with the equivalence U -> G of 
bialgebras and formal groups described above, an equivalence between 
the category of Lie algebras (resp. restricted Lie algebras) and a sub¬ 
category of the category of formal groups over %. It remains to dis¬ 
tinguish these subcategories more explicitly. In the case of character¬ 
istic zero, the corresponding formal groups are simply the infinitesimal 
groups [63]; that those of finite type correspond to the finite-dimensional 
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Lie algebras is essentially a reformulation of the results of Bochner 
cited above. 

Now consider the case of a modular field g. Each commutative 
^-algebra 91 carries another structure of commutative g-algebra 9I P 
in which the ring-operations are unchanged, but with the structure of 91 
as fy-module replaced by a new scalar multiplication A • a defined as 
Ip a (X £ g, a € 31) in the original module-structure. Then the mapping 
a -> a>' is in Horn (91, 9f p ), and yields for each formal group G over % 
a "Frobenius homomorphism” <p% = G (a -* a?) in Horn , G% p ). When 
G is obtained from 11 P (S) as above, one has q>%(x) = e^ p for all 91 and 
all x£G % , i.e., q> is trivial. Conversely if G is a formal group over g 
for which the Frobenius homomorphism is trivial, the algebra U(G) 
is the w-algebra of 2(G) [63]. By this means, one obtains an equivalence 
between the category of restricted Lie algebras over % and that of formal 
groups with trivial Frobenius homomorphism. In particular, finite¬ 
dimensional restricted Lie algebras correspond to finite infinitesimal 
groups. These results indicate a class of formal groups which may be 
of special interest, namely those corresponding to the simple restricted 
Lie algebras of Chapter V, § 4. It appears likely that the constructions 
of [265] are relevant in this connection. 

This brief survey has neglected to take into account direct approaches 
to formal groups, not utilizing bialgebras or Lie algebras. Notable pro¬ 
gress along such lines has been made, especially in the commutative 
case. The reader is referred to the works of Dieudokne [111, 11 6], 
of Lazard [279, 280], and of Maxin [ 296]. A generalized and somewhat 
more detailed exposition of the results of [63] has been given by 
Gabriel [142 a]. 

§ 4. Lie derivation algebras and purely inseparable extensions 

Let S be a field extension of g, of prime characteristic p, of degree 

pn, with ft = g (ft_l„) Where |f £ %. That is, is a finite purely 

inseparable extension of exponent one (S'' £ %), and {|;} is a p-basis 
for ffi/g (noli is in §({!j | j 4= »})■ Let ® = ®(*/g) denote the set of 
derivations of ® as g-algebra. Then $ is a restricted Lie algebra over g, 
and is in addition a right S-module under the action D ->- D X defined 
by i(D A) = (|D) X (|, AG S, D6$). $ is an g-form of the split 
Jacobson-Witt algebra 9S n over S, has dimension n over t and has 
dimension n p n over %. For A, /t £ ffi, D, E 6 2), one has \D A, E [X] = 
[DE]X[i + D((XE) fi) -E((fiD) A), (D A)p = Dp a» + D(X(D A)?" 1 ). 
It follows that the right ^-module generated by D, Dp, Dp 2 , . . . £ $ is 
a restricted Lie subalgebra of ®. If I £ ®, | £ A. one may take | as 
a member of a /j-basis for ,f over % and obtain D £ ® (S6/ft) with | D »§? 0. 
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Thus % is the set of 2 )-constants of £, i.e., g = {£ E St' | gD = 0}. (For 
these and most of the other results of this section, cf. [223, Chap. IV].) 
Baer (cf. [223, P- 185]) has shown that there exists D € % such that the 
set of /1-constants of £ is g. Thus ^ is the field of constants for the 
£-module generated by D,Dp,Dp\ ... as above, and this is a re¬ 
stricted Lie subalgebra £ (over %) of $(ft/g). 

The ring 91 of (additive) endomorphisms of £ generated by D and 
right multiplications by elements of £ (i.e., by 8) evidently acts irredu- 
cibly in .ft 1 , and has as its centralizer the left multiplications by elements 
of 51 thus 91 is the full ring of ^linear transformations of £, has 
dimension [S:^] 2 = ^> 2n over %, and is of dimension r £:g]=^>'» 
over £. Corresponding conclusions hold with £ replaced by $(£/g). 
Therefore 91 is the enveloping £-algebra of $(£/g); but [91: £] is the 
degree of the minimum polynomial over £ of D, and this degree is 
at most ft n by the fact that all Dp‘ 6 ®(£/S)> which has dimension n 
over K. From [91: £] = ft' 1 , it follows that D, Dp, . . ., Dp "~ 1 generate 
2>(f/g) as S-module, or that £ = $(£/$). That is, ®(£/g) *s the 
module generated by D, Dp, . . ., where D € ®(ft/g) has % as its con¬ 
stants. 

This last fact has been used by Gerstenhaber [146] as the basis 
for an extension of previous results of Jacobson [211, 219], Gersten- 
haber’s theorem reads as follows: Let £ be a field of characteristic ft, 
and let £ be a right £-submodule of the derivations $(£) of £, closed 
under ft-th ftowers; let % be the field of constants of fl. Then [£: £] is 
finite if and only if [£:g] is; when this is the case, £ is a Lie ring, and 
£ = 3)(£/jtf). i he correspondence £<—>^ is a duality between finitely 
generated £- submodules, closed under ft-th ftowers, of $ (£) and subfields $ 
of £ such that [£:g] < oo and ®pQ%. 

By the fact that all elements of £p are constants for all D £ $(£), 
it is clear that £p C g, where g is the field of £-constants of £, and 
that [£:££]< °° implies [£: £] ^ [25 (£/§): £] < oo. Gerstenhaber’s 
generalization of the generation of ®(£/g) by a single D as above lies 
in showing that if D', D" are in ® (ft); if &, f„ t E £ are ^-independent 
over the constants of D'; if v\ is a Z)'-constant, but not a D"-constant, 
then there is D E £ (/)', D") (the smallest £-module of derivations of £ 
closed under ft-th. powers and containing D' and D") such that 
£ m >V are ^-independent over the constants of D. From this it follows 
that [£:£]< oo implies [£:g] < oo. In this case, £ = S>(£/g) by 
earlier remarks and the fact that £ must contain D having exactly $ 
as constants (using the result above on £(/)', /)")). The remainder 
of the theorem now follows. The original formulation of Jacobson 
set up a duality of intermediate fields between £ and % ([£:$] < oo, 
£r£$) and restricted Lie ^-algebras £ in 2)(£/g) which are £-sub- 
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modules; the above shows that ^-submodules closed under fi-th powers 
are $-Lie subalgebras. 

By analogy with the infinite Galois theory of Krull (cf. [223, 
Chap. IV]), one may extend the above theory to include infinite-dimen¬ 
sional cases. One must restrict attention to the class of t-submodules 
of ®(t) closed under ft-th powers and closed in the finite topology on the 
set of mappings (the topological product of the discrete topologies 
on the ] ffi| copies of £ involved in forming £ fi ). One then has the same 
kind of duality between the set of these closed restricted ^'-submodules 
of $(£), and all subfields % °f ® with. £ p Q § [147, 322]. 

Attempts to generalize the Galois duality above to purely insep¬ 
arable extensions of arbitrary exponent lead to consideration of higher 
derivations, which are sequences of mappings serving as substitutes 
for the operators k\~ x D k , k — 0,1,2,..., where D is a derivation 
(cf. [169, 223 , Chap. IV], and especially [410], where Weisfeld gives 
a characterization of purely inseparable extensions such that 
is the field of constants of a single higher derivation of £). These are 
rather clumsy in their algebraic structure, and it seems more convenient 
to analyze such extensions as sequences of extensions of exponent one 
or else by means of the general linear Galois theory (cf. [223, Chap.I]). 
The semi-derivations of Dieudonne discussed in § 3 seem first to have 
been introduced by him to study purely inseparable extensions of arbi¬ 
trary exponent [101]. Weisfeld [409] has established a similar Galois 
duality for division rings, analogous to the Galois theory in terms of 
automorphisms as presented in Chapter VII of [ 226 ]. 

The existence of a derivation D of £ (as above) with § as constant 
field suggests an analogy with cyclic Galois extensions. This analogy 
is quite complete in the theory of normal simple associative algebras 91 
over $ having las a maximal subfield, or of the Brauer group B§ 
of similarity classes of normal simple algebras over g split by ®. Each 
such class has a representative which contains S as a maximal subfield, 
and the normal simple algebras over g with $ as maximal subfield 
have been described by Jacobson [212] as follows: Let Z> pn + D pB_1 Ti + 
-f • • • + D r n = 0 be the first g-linear relation among D, Dp, . . . The 
derivation D is the restriction to £ of an inner derivation of 91 [211], 

say 2idd.de 91. It follows that dP n + dP"~ x t, -|- \-dr n = y € £, and, 

from the fact that y ad d = 0 =yD, that y € $. Then 91 consists of all 
right ^-combinations of 1, d, d 2 , . . ., dP"~ x , with Xd = [X d] dX = 
d X V XD (X G £), and with dP" expressed as a combination of lower 
powers of d as indicated above. This construction may be interpreted 
as taking the factor-ring by a certain ideal of the ring of differential 
polynomials in one variable over £ with respect to the derivation D 
[ 314 , 14]. For each choice of y € %, the construction gives a normal 
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simple algebra (ft, D, y) over % split by ft and having ft as a maximal 
subfield; thus, by remarks above, the mapping y-> (ft, D,y) yields 
a mapping of % onto the Brauer group Bg. Now this mapping is in fact 
a homomorphism of the additive group of $ onto B§ [202], and its kernel 
is the set of those y € % of the form V (A), A G ft, where V is the additive 
mapping 

* -> V P „(A) + V p „-, (A) r, + •••f Vi (A) r„, 
with the T; as above, and 

v p i(X) = + (xdp -h -p (abp 1 - 1 ). 

Thus an isomorphism B§ s g + /F(ft+) results, wherein the right-hand 
side may be regarded as an additive analogue of 3*/lV(ft*), where ft 
is a cyclic galois extension of % (cf. [100, Chap. V; 5, Chap. VII; 226, 
Chap. VI]) and N is the norm mapping. Thus V can be thought of as 
an analogue of the norm mapping N. Whereas the mapping N is inde¬ 
pendent of the choice of a generator for the Galois group, the mapping 
V seems to depend on the choice of generating derivation D (cf. [202]). 

For an invariant” description of B|, it is more useful to appeal 
for analogy to the general case where ft/$ is (finite) galois, with group ®; 
then Bg is isomorphic with the group of extensions of ft* by ®, or with 
the second (multiplicative) cohomology group H 2 (©, ft) ([226', Chap. VI). 
(When © is cyclic, the isomorphism with g*/lV(ft*) follows from this 
by the periodicity of the cohomology of © and the identification of 
H 0 (®, ft) with (ft*)—cf. [56, Chap. XII].) An approach along 

these lines has been made by Hochschild [195], who established, for 
ft 1 /S' finite and purely inseparable of exponent one, an isomorphism 
between B | and the group of equivalence classes of "regular ” exten¬ 
sions (as restricted Lie algebras over g) of ft by $ = ®(ft/g) where ft 
is regarded as an abelian restricted Lie algebra over g with its natural 
^>-th power. A regular extension of ft by % is a restricted Lie algebra <S 
over containing ft, together with a (restricted) homomorphism (p 
of <S onto ® having kernel ft, such that @ can be given the structure 
of a (right) ft-module satisfying 

[x X,y n] = [xy] + x([Xy] fi) —y([px] A), 

(x X)i’ = %p 2.P + x{X{s.dx A)? -1 ) for all x,y£ 3, A, /r 6 ft (compare the 
identities for \DX,E [i\ and (D A)p at the beginning of this section, 
where D,E € 2)). It should be noted that the above does not establish 
an isomorphism between B§ and a subgroup of B|($, ft), as defined 
in Chapter V, §3, since II\ {%, ft) is identified with extensions of ft 
by $, where ft is regarded as an abelian Lie algebra with trivial p -th 
power. (A unifying cohomology theory for fields has been given by 
Amitsur [17]; for relations with the above results in the case of purely 
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inseparable extensions of exponent one, cf. [334].) In another paper 
[196], Hochschild has refined this theory to study the structure of 
normal simple algebras having maximal commutative subrings which 
are purely inseparable extensions (of arbitrary exponent) of the center. 
His methods yield a proof that if $ is a finite purely inseparable extension 
of %, the operation of extending the ground field to S induces a homo¬ 
morphism of the Brauer group JBg onto (cf. also [202]). His work 
involves an analysis of "regular extensions” of 21 by T>, where 21 is 
a normal simple algebra over ffi, a finite purely inseparable extension 
of % of exponent one, and where ® = ®($/g) as before. 

The Galois correspondence for purely inseparable extensions of expo¬ 
nent one has been used by several authors [ 23 , 61, 291, 364] in studying 
isogenies of algebraic groups, especially of abelian varieties. A purely 
inseparable isogeny of height one is a homomorphism tp (in the sense 
of algebraic groups over 6 ) of the irreducible algebraic group G (defined 
over the algebraically closed field @) onto the algebraic group G', such 
that if g is the field of G', regarded as embedded by means of <p in the 
field £ of G, t/g is (finite and) purely inseparable of exponent one. 
The field § essentially determines G' and the isogeny cp [ 364 ]. Those 
fields g between t and ®p (ft/ftp is finite since $ is finitely generated 
over @) associated with isogenies correspond to certain restricted S-sub- 
modules (actually g-Lie subalgebras) of $(S/(S) = T(.f/S p ), and 
these correspond to restricted subalgebras of the Lie algebra 2(G) 
which are stable under the adjoint representation of G on 2(G). This 
correspondence of purely inseparable isogenies of height one with 
certain ideals in 2(G) has been used especially effectively in [ 364 ] 
when G is commutative. For other applications and related questions, 
see [ 60 , 62]. 

§ 5. Infinite-dimensional analogues of the classical Lie algebras 

Let 21 be a simple associative ring, not necessarily having a unit 
element. As 21 is a generalization of a normal simple finite-dimensional 
associative algebra, so the derived Lie ring of 21 and the quotient of 
the derived ring by its center are generalizations of the normal simple 
Lie algebras of type A x of Chapter IV, § 3 . Likewise, if 21 has an invo¬ 
lution f], one obtains generalizations of the other simple Lie algebras 
of Chapter IV, § 3 by considering the Lie ring © of skew elements, its 
derived Lie ring, and the quotient of the latter by its center. Both these 
cases can be subsumed under the second if we assume that (21 ,rj) is a 
simple involutorial ring in the sense analogous to that of Chapter IV, 
§ 3 . If 21 is not simple, one has 21 = 23 © 2K where SB is a simple ideal, 
and the Lie ring @ of skew elements is isomorphic with the Lie ring SB 
as in Chapter IV, § 3 . The structure of © and the structure of 21 as 
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Lie ©-module have been studied by Herstein [175 — 180] and Baxter 
[25—28]. In the case of characteristic 2, results on the structure of 
©(=33) have been obtained when 2( =33 0 33’'; in particular, the 
quotient of [33 33] by its center is a simple Lie ring except when the 
center 3 of 33 is a field and [33:3] =4 [177, 25]. Other results of this 
kind have involved the assumption of a characteristic different from 2, 
and will be summarized below under this hypothesis. 

The general form of Herstein’s results on Lie ideals in © is that 
every Lie ideal U of © is either contained in the center of 31 or contains 
[@ ©], and that [@ @] is not abelian, hence is equal to its derived ring. 
These assertions are valid when one of the following holds: (1) the center 
3 of 31 is zero; (2) 91 = 31 0 33’', as above; (3) 21 is a simple ring, 3 a 
field fixed under r], [31:3] > 16; (4) 31 is a simple ring, 3 is not fixed 
under rj, and [31:3] > 4. Baxter showed that [© ©]/(3 ^ [© ©]) is 
a simple Lie ring under any of these conditions (in cases (1) and (3), 
this means that [© @] is simple). These authors and others have also 
considered the (associative) subrings of 31 generated by © and by [© ©] 
[178, 179, 26, 15, 351, 253]- Some of these papers also contain results 
on the Jordan ring § of symmetric elements of 31 and its actions on 31. 

In the case corresponding to 31 = 33 © 33”, most of these questions 
amount to questions about the Lie structure of a simple ring 33. Even 
if 33 does not have a unit element, one may define inner automorphisms 
of 33 as mappings — a! b — b a a' b a, where a a' — a a'= 

0 = a + a' — a' a, and one may study additive subgroups, subrings, 
etc., which are stable under all inner automorphisms. Amitsur [15] 
has shown that if 33 contains an idempotent e =j= 0, 1, then such sub¬ 
groups are exactly the Lie ideals of S3, so that the results of Herstein 
and Baxter may be applied; less general results on subgroups and 
subrings stable under the full group of automorphisms were obtained 
by Hattori [170], Kasch [248], and Baxter [25]. A slight extension 
of the method of Amitsur may be used to show that if 33 contains two 
non-zero orthogonal idempotents, whose sum is not 1, and if the center 3 
of 33 is sufficiently large, then the 3-submodules of 33 which are stable 
under the commutator subgroup of the inner automorphisms are those 
which are Lie (3-) submodules under the adjoint action of [33 S3]. A 
tempting conjecture, to which the author knows no counter-example, 
is that the commutator subgroup above is simple under such conditions. 
Since this group is a projective special linear group when 31 is a simple 
Artinian ring, the conjecture is correct for these rings. It is not evident 
how the structure of 33 as [33 33]-module can be used to advantage in 
studying the internal structure of the group of inner automorphisms. 

As in Chapter IV, one may ask whether all automorphisms (or, 
more generally, homomorphisms) of the Lie structure discussed above 
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arise from mappings closely connected with their original involutorial 
rings; e.g., are all automorphisms of [© @]/3 [© ©] induced by auto¬ 

morphisms of (91, rfj? Results in several special cases have been obtained 
by Hua [204], Martindale [297], and Klotz [253]- Hua determined 
the Lie automorphisms of a simple Artinian ring 93 whose unit element 
is the sum of at least three non-trivial orthogonal idempotents. These 
automorphisms arise from automorphisms and anti-automorphisms of 
93, to which one may add homomorphisms, vanishing on [93 93], of the 
additive group of 93 into that of the center of 93. Martindale extended 
these results to primitive rings with unit, subject to the same assumption 
on idempotents and the exclusion of characteristics 2 and 3. His argu¬ 
ments deal with the Lie isomorphisms of two such rings, and yield 
that the rings must be isomorphic or anti-isomorphic. Klotz considered 
Lie ^-isomorphisms of [@i ©J onto [©2 ©2], where (91,-, rji) is a normal 
simple involutorial g-algebra and where ©* is the set of 27,-skew elements 
of 9t, : , under the following restrictions: (1) The characteristic of g is 
not 2; (2) (9li,»?i) contains a finite-dimensional normal simple involu¬ 
torial subalgebra of the type A,., B r , C r or D r (with r> 4 for 

D r , r + f prime to the characteristic for A,), the unit element of 21! 
being that of 2l 0 ; (3) [®i @1] is a simple Lie ring. He proved that each 
such Lie isomorphism is the restriction of an isomorphism of (2li, ry,) 
onto (2l 2 ,172). The effect of the assumption (2) is to introduce into 2L 
not only an adequate number of idempotents, but also some associated 
matrix units on which, the behavior of rfr can be rather well described. 

For related work, see [151, 171, 182, 298, 404, 427]. 
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